
Numerical Methods in Financial Mathematics. Exercise Handout 10

Prof. Dr. Christian Fries, Juan Miguel Montes Wintersemester 2013/2014

Exercise 26

(a) Give the Kahan Summation Algorithm (write the steps or formulas).

(b) Suppose that you must compute the following value

YN =

N∑
n=1

n−1

where YN is stored in a single-precision floating point variable in Java. Explain why, choosing the
order of summation to be increasing or decreasing can change the value of the final sum? Is the
difference between the sum of each ordering increasing or decreasing with respect to N?

(c) Explain the Acceptance-Rejection method for Random Number generation.

Exercise 27

Consider the root-finding algorithms Newton Search, False-Position Method and Secant Method.

(a) State how each of the algorithm functions?

(b) In the solution to Exercise Handout 1, we designed root-finder classes in which
FalsePositionMethod and SecantMethod are both sub-classes of the NewtonsMethod class. Ex-
plain how this is possible? (hint: a sub-class either implements additional methods or overrides one
or more methods of the parent class. what is being over-riden or being added to NewtonsMethod?)

(c) What are the advantages and disadvantages of each of the three methods? Give examples when one
method is better than the other. Here, better can be either higher accuracy for a given number of
iterations, or lower iterations for a desired level of accuracy.

Exercise 28

Let
dS(t) = µS(t)dt+ σS(t)dW (t) S(0) = s0.

(a) Let 0 = t0 < . . . < tn = T be a set of time-discretization points. What is the Euler-Maruyama
discretization scheme approximating S(T ) over ti, i = 0, . . . n? (give the recursive formula).

(b) Write the formula for the Monte-Carlo approximation of E[S(T )] where S(T ) is approximated by
S(tn) from an Euler-Maruyama scheme?

(c) What is the definition of the Monte-Carlo numerical error?

(d) In your own words, explain the reason for the presence of Monte-Carlo numerical errors?

Exercise 29

Let
V (T, S,K) = max {S(T )−K, 0} ,

where
dS(t) = rS(t)dt+ σS(t)dW (t), S(0) = s0.

(a) Derive formulas for E[V (T, S,K)] in terms of the model parameters S0, r, σ and the maturity T



(b) State the Tschebyscheff inequality. Prove the following:

Theorem: Let X1, X2, X3, ... be i.i.d. real valued random variables on the same probability space
(Ω, P ) with

µ = EP (Xi), σ2 = EP
(
(Xi − µ)2

)
,

for i = 1, 2, 3, . . .. Then

P

(∣∣∣∣∣ 1n
n∑

i=1

Xi − µ

∣∣∣∣∣ ≥ ε
)
≤ σ2

ε2n
,

and

P

(∣∣∣∣∣ 1n
n∑

i=1

Xi − µ

∣∣∣∣∣ ≥ σ

δ1/2n1/2

)
≤ δ.

What does this result tell us about the Rate of Convergence of a Monte-Carlo Estimate?

Exercise 30

(a) What is the Black-Scholes model for a stock price?

(b) What is the numeraire asset N(t) assumed for the Black-Scholes model? Provide the formula for
the value of N(t).

(c) State the Black-Scholes formula for the value V (S, T,K) of a European Call-Option written on the
stock S with maturity T and strike K.

(d) What is the definition of each of the following greeks? (Give your definition in terms of partial
derivatives of V with respect to model parameters): delta, gamma, theta, vega, rho.

(e) Derive the formulas for the delta and gamma of a European Call option under the Black-Scholes
model.

Exercise 31

Let V (t, S,N) denote the value at time t of a derivative claim having underlying S and numeraire N and
let Π(t) denote the value of the replicating portfolio of V

(a) State the self-financing property of Π(t).

(b) Let φN (t) and φS(t) denote the number of units of the numeraire asset and number of units of S
that one must hold at time t according to a given hedging strategy φ. State how must one define
the functions φN (t) and φS(t) in order to follow a Delta-Hedge strategy, to replicate the payoff
V (t, S,N) ?

Exercise 32

Implement the calculation of Vega of a European call option by

(a) Monte-Carlo valuation of the expectation using the path-wise method, that is, by path-wise diffe-
rentiation of the payoff. Compare your implementation with the analytic formula (under a Black-
Scholes model).

(b) Monte-Carlo valuation of the expectation using the Likelihood-Ratio weighted payoff. Compare
your implementation with the analytic formula (under a Black-Scholes model).



Exercise 33

In the mid-term project, we asked you to calibrate the parameter σ by matching the value of call prices
to given (market-observed) call prices.

(a) How would you modify your program in order to match instead of the value of the call prices, match
the black-scholes implied volatility of a model to given (market-observed) volatility?

(b) How would you modify your program in order to calibrate a generic vector of multiple parameters?
(For e.g. instead of only σ, calibrate (α, σ).)

Please hand in until Friday 7.2.2014 before the final exam. Source code and spreadsheet (Excel/Open
Office) files may be saved in your repository shared project folder and checked-in. Alternatively they may
be sent to the following e-mail address: montes@math.lmu.de


