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Exercise 11

Construct a design matrix with orthogonal columns. Show, that such a design matrix can be easily
generated by application of the properties of the LS-method. In this case the covariates are uncorrelated.

(Hint: Use the fact that in a linear regression model the residuals based on LS-estimation are orthogonal
to the columns of the design matrix.)

Exercise 12

In the praxis, the residuals are used to check the model assumptions of the linear regression model. But
in the lecture it has been shown that the ordinary residuals are heteroscedastic and correlated (compare
Proposition 2.2.18). In particular, the heteroscedasticity causes some serious problems, if one wants to
test the assumption whether the underlying true error terms are heteroscedastic.

(a) Think about a useful standardization of the residuals to overcome the problem of heteroscedasticity.

(b) Why are the nominator and the denominator of the standardized residuals from (a) not indepen-
dent? Which distribution would have resulted if they were independent?

(c) The problem of the dependency of the nominator and the denominator of the standardized residuals
from (a) can be overcome in an elegant way by defining residuals based on so-called “leave-one-
out”-estimators. Derive the estimates based on all but the i-th observation, compute the residuals
based on these estimates and then show that, after suitable standardization, these residuals follow
a t-distribution.

(d) Think about another type of residuals, which is especially suitable for checking the type of modeling
of a certain covariate xj .

Exercise 13

You want to investigate, if the number of publications (X) for three different groups of Ph.D. students
(Group 1: engineers, Group 2: economists, Group 3: humanists) has an influence on the starting salary
(Y ). Thus, you interview for each of the three groups 20 doctors, which have recently finished their Ph.D.
thesis, about their starting salary.

(a) Establish a suitable regression model, which is also accounting for interaction effects. Consider
dummy-encoding for the categorical variable, which is describing the studied subject, and choose
Group 1 (engineers) as the reference category. Also derive the corresponding design matrix X, which
contains all predictor variables.

(b) Show for each of the three groups the general equations, which yield the predicted starting salaries,
and merge for each equation those parts, which describe the slope.

(c) Suppose that you have obtained the following estimates:

β̂k σ̂β̂k t-value Pr(> |t|)
(Intercept) 70031.1789 2033.7050 34.44 < 0.0001
as.factor(Group)2 -9848.2987 2938.7922 -3.35 0.0015
as.factor(Group)3 -19984.4464 2794.0068 -7.15 < 0.0001
X -11.2147 82.8739 -0.14 0.8929
as.factor(Group)2:X 210.8903 131.4754 1.60 0.1145
as.factor(Group)3:X 414.2095 115.6276 3.58 0.0007



Explain, how you can get the coefficients of the regression line for the humanists (see Figure below)
on the basis of these parameter estimates.

(d) Interpret the parameters of the three regression lines shown in the figure.

Exercise 14

Create a data set similar to Section 2.2.6 (Encoding of Categorical Predictors) of the lecture notes, with
response variable Y denoting the response time (in msec) in a reaction test, and with two categorical
covariates “city” (with three levels:1=Munich, 2=Berlin and 3=Hamburg) and “time of day” (with three
levels: 1=in the morning, 2=at noon and 3=at night). Use σ2 = 36 (msec2) and create n = 1000
observations, assuming normally distributed error terms. Choose “Munich” and “in the morning” as
reference categories and determine the true vector of regression coefficients βββ such that E[y|x] ≈ 100
(msec).

(a) Fit your model and compare your estimates with your (true) underlying regression coefficients βββ.

(b) Aggregate the data in the grouped structure, following Example 2.3.1 from the lecture notes, and
perform weighted least-squares estimation. Compare your results with (a).


