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Exercise∗ 1 (12 points):

i) Let (Xn)n∈N be a discrete martingale on some filtered probability space with bounded
increments, i. e. |Xn+1 −Xn| ≤ c a. s. for all n ∈ N and some c <∞. Moreover, let τ be
a stopping time satisfying E[τ ]<∞. Prove that E[Xτ ]= E[X0].

ii) Consider a perfect six-sided dice and for n ∈ N let Zn ∈ {1, 2, 3, 4, 5, 6} the result of the
n-th roll. Using i), for each of the following two sequences compute the expected number
of rolls that is necessary to see them for the first time:

(a) 1, 2, 3, 4, 5, 6

(b) 6, 6, 6, 6, 6, 6

You may consider the following setting: At each time n ∈ N there appears a new gambler
with a fortune of 1e betting on Zn = 1. If she wins, she receives 6e all of which she bets
on Zn+1 = 2 and so on.

Exercise 2: Let X = (Xt)t∈R+ be a progressively measurable Rn-valued process, and let τ be
a stopping time with τ <∞ a.s. Prove that

i) Xτ = (Xτ∧t)t∈R+ is progressively measurable,

ii) Xτ∧t is Ft-measurable for all t ≥ 0,

iii) Xτ is Fτ -measurable.

Exercise 3: Let (Ω,F , (Ft)t∈R+ ,P) be a filtered probability space, (Ft)t≥0 a right-continuous
filtration and X := (Xt)t≥0 an Rn-valued Ft-adapted process. Proof the following statements:

i) If X is right-continuous, then TA := inf{t ≥ 0 |Xt ∈ A} is a stopping time for every open
set A ∈ B(Rd).

ii) If X is even continuous, then TB := inf{t ≥ 0 |Xt ∈ B} is a stopping time for every closed
set B ∈ B(Rd).

Exercise 4: Let (Ω,F , (Fn)n∈N,P) be a filtered probability space.

i) Let A ∈ Fn for some n and let m,m′ ≥ n. Show that m1(A) + m′1(Ac) is a stopping
time.

ii) Show that an adapted process (Xn)n∈N is a martingale if and only if it is integrable, and
for every bounded stopping time τ it holds E[Xτ ]= E[X0].


