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Exercise 1

Consider the following market instruments: Libor rates L(0, 0, 0.5) = 0.3%, L(0, 0, 1) = 0.65%, a one-to-
two years forward rate L(0, 1, 2) = 0.9%, a swap rate S3 = 1.2% for a swap with semi annual payments
entered at time 0, and a swap rate S5 = 1.55% for a swap with annual payments and entered at time 1.

Bootstrap the yield curve and use it to price a cap entered at year 1 and maturing at time 5, with annual
reset dates, a notional N and a strike K of your choice. Assume the following physical dynamics for the
Libor rates Lt = L(t, Ti−1, Ti), i = 3, 5 observed in the whole period:

dLt = µ2,3Lt + σ2,3LtdW
1
t , t ≤ T2

dLt = µ3,4Lt + σ3,4LtdW
2
t , t ≤ T3

dLt = µ4,5Lt + σ4,5LtdW
3
t , t ≤ T4

with σ23 = 0.15%, σ34 = 0.25%, σ45 = 0.4%. for some given independent Brownian motions Wt, i = 1, 2, 3.

Exercise 2

In the setup of exercise 3 of the previous sheet, assume now that the conversion constant from foreign to
domestic currency, is not set at the contract initiation, but it is the the prevailing rate at the fixing date,
that is, fT1 . Therefore the underlying of the option is now the domestic value L̃(t, T1, T2) = ftL

f (t, T1, T2)
(compare: in Exercise 3, sheet 2 it was Lf itself).

(a) Prove that L̃(t, T1, T2) follows
dL̃t = σ̃d̃Wt

for some Brownian motion W̃t and diffusion coefficient σ; calculate σ.

(b) Augment the class in Exercise 2, sheet 2, with a method calculating the price of this product, using
an appropriate parametrization of the Black formula for caplets.

Exercise 3

Let Lt = L(t, T1, T2) be the stochastic process representing the Libor rate payed between T1 and T2 with
dynamics:

dLt = µdt+ σdWt,

for t ≤ T1, some Brownian motion Wt and µ, σ > 0. Set the initial forward rate L0 = 0.8%, a notional
N = 10.000 , T1 = 0.5, T2 = 1 and σ = 0.35L0. Assume further that the current yield of the zero coupon
bond maturing at T2 is 0.85%.

Calculate and plot the Black-Scholes implied volatility smile extracted from a caplet having the specified
parameters, and using strikes Ki ranging from −20% to +20% at-the-money, with a 10% step increase.


