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Problem Sheet 2

Bond Maturity T Coupon C pclean(t, T, C)
A 04.07.2019 3.50% 100.70
B 04.07.2020 3.00% 104.22
C 04.07.2021 3.25% 108.38
D 04.07.2022 1.75% 107.40
E 04.07.2023 2.00% 110.75
F 04.07.2024 1.00% 107.45

Table 1: Quoted prices of several German government Bonds (Bundesanleihe) on 30.04.2019.

Problem 1 (∗): The characteristics of six different German government Bonds with nominal
value L = 100 for the day t = 30.04.2019 are shown in Table 1. In the following we will assume
that the day-count convention is act/365 Fixed and that coupons are paid annually on the date
of maturity.

i) Compute the dirty prices of the bonds.

ii) Determine the term structure of zero-coupon bond prices (also known as discount curve)
using the given data and the method of least squares. Assume that the discount curve is
given by

P (t, T ) = P (τ) = a0 + a1τ + a2τ
2 with τ := T − t.

iii) Furthermore a Bund with maturity TG = 04.01.2022 and with a coupon rate C = 2.00%
was quoted at 106.96 on the 30.04.2019. Validate this price by using your result from ii)!
(The error should be within ±0.1).

Note that the dirty price of a coupon paying bond is the value of a bond as it was considered
in the lecture. Contrarily the clean price (or quoted price) is the price which is quoted at an
exchange, it is the dirty price less the accrued interest, i.e.

pclean(t) := pdirty(t)− AI(i; t), t ∈ (Ti−1, Ti],

where Ti are the coupon payment days and

AI(i; t) := Ci
t− Ti−1

Ti − Ti−1

.

Loosely speaking the accrued interest is the amount of the coupon which you have earned
between two coupon payment dates, but which was not paid out yet.
REMARK: For this exercise you can use every program which you deem appropriate. In
the exercises we will use the statistical software R to determine the last squares estimates of
a0, a1, a2. Also hand in your commented source code from which it should be clear what you
have done.
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Problem 2 (∗): We want to compute the Swap-Rate RSwap(0) of a (payer) Interest Rate Swap
with the help of the Zero-Coupon Bond prices. Therefore we look at the points in time

• t = 0 (today),

• T0 = 1
4
(Reset Date),

• Ti = Ti−1 + 1
4
, i = 1, ...7 (Cash Flow Dates),

• T7 = 2 (Maturity).

Let the Forward Curve be given by


F (0; 0, 1

4
)

F (0; 1
4
, 1
2
)

...

F (0; 7
4
, 2)

 =



0.06
0.09
0.1
0.1
0.1
0.09
0.09
0.09


.

i) Compute the corresponding Term Structure P (0, T0), ..., P (0, T7) of the Zero-Coupon
Bond prices.

ii) Compute the corresponding Swap Rate Rswap(0) of a Payer Swap.

Problem 3: Consider a Cap with cash flow dates T0 < T1 < ... < Tn and strike rate k. The
payments of the Cap in Ti, i = 1, ..., n, are

δ
(
F (Ti−1, Ti)− k

)+
,

where 0 < δ = Ti − Ti−1 and F (Ti−1, Ti) describes the Simple Spot Rate over [Ti−1, Ti].

i) Show that this payment in Ti corresponds to the (1 + δk)-times payment in Ti−1 of a put
option on a Ti-Bond with Strike 1

1+δk
and maturity Ti−1, i.e.

δ(F (Ti−1, Ti)− k)+ =
(1 + δk)

P (Ti−1, Ti)

(
1

1 + δk
− P (Ti−1, Ti)

)+

. (∗)

ii) Find a relation analogous to (∗) for a Floor with the same Cash Flow Dates and the same
Strike Rate.

iii) Let Πp(t) be the price of a Payer Swap with Swap Rate k, nominal value (face value)
N = 1 and Cash Flow Dates T0 < T1 < ... < Tn, where Ti − Ti−1 = δ > 0. Further let
Cp(t), F l(t) be the prices of a Cap respectively Floor with the same Cash Flow Dates
T0 < T1 < ... < Tn and the same Strike Rate k in t. Show that

Cp(t)− Fl(t) = Πp(t).

iv) Show in the situation of iii) that for the price Πp(t) of the Payer-Swap (t ≤ T0) we have

Πp(t) = δ(Rswap(t)− k)
n∑
i=1

P (t, Ti).
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v) Examine for t = 0 and in the situation of iii) and with help of iv) the terms in the money,
at the money and out of the money for a Cap respectively Floor.

Problem 4: Under the assumption that logF (Ti−1, Ti) is Gaussian distributed with mean

µ := logF (0, Ti−1, Ti)−
σ2(0)

2
Ti−1

and variance ν := σ2(0)Ti−1, show that Black’s formula for the ith caplet price at t = 0 equals

δP (0, Ti)EP

[(
F (Ti−1, Ti)− k

)+]
.
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