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The solutions to the numerical exercises are found in the program
net.finmath.experiments.montecarlo.BrownianMotionTestsSolutions. The charts were generated
in a spreadsheet by copy-pasting the output values of that program.

Exercise Solution 1

(a) What does the program net.finmath.experiments.montecarlo.BrownianMotionTests do? What do
the four columns of output mean?

The program simulates a one factor Brownian Motion sampled at time steps of length 0.1 starting from 0.0
to 4.0. The simulation is done by declaring the variable brownian, an object of type BrownianMotion. The
five columns of output mean the following:

Column 1 The time discretization points.

Column 2 The values of the empirical mean Ê(
∑k

i=0 ∆W (ti)) where ∆W (ti) are the realizations of the
increments of brownian.

Column 3 The empirical variances V̂ar(
∑k

i=0 ∆W (ti)) corresponding to the realizations in column 2.

Column 4 The empirical mean Ê(
∑k

i=0(∆W (ti))
2) of the cumulative sums of the squared Brownian Incre-

ments

Column 5 The corresponding empirical variances to column 5.

The values computed in the last two columns reflect a special case of the symbolic equality dWdW = dt
from Ito’s Lemma. This symbolic equality is a shorthand notation for the property

[X,X]t =

∫ t

0

σ2(s)ds (1)

for any Xt =
∫ t

0
σ(s)dWs, where σ(t) is an Ito integrand and [X,X]t is the quadratic variation process

of X. For a reference, see the proof of Theorem 4.1.2 in B. Oksendal. Stochastic Differential Equations.

Springer-Verlag, 2010.

(b) Based on your previous answer, try to copy-and-paste the output values into a spreadsheet such as
Excel, and produce some charts, for example a time series or a histogram, that visually represents
the output.

Figures 1-3 are examples of charts of the output columns generated by the program
net.finmath.experiments.montecarlo.BrownianMotionTests.

Figure 1: Chart of Column 2 output. This is Ê(W (tk)) where W (tk) are the
realizations simulated by the object brownian over the time discretization.

(c) Which interfaces from finmath lib are used by this program? Describe what concepts these
interfaces represent, i.e. what objects are defined by each class? What is the difference between
ImmutableRandomVariableInterface and RandomVariableInterface?
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Figure 2: Chart of Column 3 output. This is the empirical variance V̂ar(W (tk)) of
the realizations W (tk) of brownian at each time point tk. We can see that it is very
close to the theoretical variance, which is just Var(W (tk)) = tk at each point.

Figure 3: Chart of the Column 4 output. The values are Ê(
∑k

0(∆W )2) at each
point tk. By the equality dWdW = dt from Ito’s Lemma, the theoretical value at
each row k of Column 4 is equal to tk.

Figure 4: Chart of the Column 5 output. The values computed are V̂ar(
∑k

0(∆W )2).
Since the L2(P )-limit of the sum (as ∆t → 0) is deterministic and equal to tk, the
variance is zero. The chart shows that there is a Monte Carlo error ∝ ∆t (in this
example the parameter dt was initialized to 0.01).
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The interfaces used by this program are TimeDiscretizationInterface,
ImmutableRandomVariableInterface and RandomVariableInterface.

The TimeDiscretizationInterface defines objects which are arrays of double representing a sequence of
time points. The differences between successive time points are constant and equal to a user defined time-
step (the variable dt of type double in the code). TimeDiscretizationInterface defines getters for the
index numbers given a time value and also getters for the values of time points given index numbers.

The ImmutableRandomVariableInterface defines random variable objects as a set of n Monte Carlo realiza-
tions where n is defined by the user. The contents of an object of type ImmutableRandomVariableInterface
are the values of the realizations stored in an array of type double whose size is equal to the n. These objects
can also represent deterministic variables, which likewise store an n-array of typedouble but whose elements
are all filled with the same value. Getters such as getAverage() and getVariance() are defined for these
objects.

RandomVariableInterface extends ImmutableRandomVariableInterface by defining a getMutableCopy

member function and various getters on the mutable copy that performs mathematical operations on the

contents of the object. (for example, arithmetic operations, squaring, etc.)

(d) Suppose we need to simulate two independent Brownian motions W1 and W2. How can this be im-
plemented using the BrownianMotion class? What is the difference between the following approaches
(verify numerically your answer):

(i) Declare two instances with the same seed, i.e.
BrownianMotion brownian1

= new BrownianMotion(timeDiscretization, 1, numberOfPaths, seed); and
BrownianMotion brownian2

= new BrownianMotion(timeDiscretization, 1 ,numberOfPaths, seed);

(ii) Declare two instances with different seed, i.e.
BrownianMotion brownian1

= new BrownianMotion(timeDiscretization, 1, numberOfPaths,seed1); and
BrownianMotion brownian2

= new BrownianMotion(timeDiscretization, 1, numberOfPaths,seed2);,
where seed1 6= seed2.

(iii) Declare one instance with two factors (a two dimensional vector), i.e.
BrownianMotion brownian2D

= new BrownianMotion(timeDiscretization, 2, numberOfPaths,seed);.

To check independence, check independence at a fixed time. For tk > 0 let X := W1(tk) and
Y := W2(tk) and check the numerical value of E(XY ) (what does independence of X and Y imply
about the theoretical value of E(XY )?).

A pair of independent Brownian Motions W1 and W2 can be simulated by using the techniques (ii) and (iii);
technique (i) is wrong because it generates exactly the same realizations.

Implementing technique (i) we obtain the chart in Figure 5 for E[XY ] for values of tk from 0.0 to 4.0.

Figure 5: Chart of the points Ê[XY ] for tk from 0.0 to 4.0 using technique (i).
Since this technique generates W1(tk) = W2(tk) ∀tk, then X = Y and E[XY ] =
V ar[X] = tk
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To implement technique (ii), we may define W1 to be the previous object brownian from Exercise 1, and then
define the second object W2 by declaring another object of type BrownianMotion with a new seed2 6= seed1.
Figures 6 - 7 were generated using technique (ii) in this way.

Figure 6: Chart of W2 using technique (ii). Notice that it is different from the path
in 1.

Figure 7: Chart of the Ê[XY ] for tk from 0.0 to 4.0 using technique (ii). Indepen-
dence of X and Y for each tk implies E[XY ] = 0.

Implementing technique (iii) we obtain Figures 8-10. In Figure 10 we observe the presence of a Monte
Carlo error ε ∝ ∆t. Technique (iii) is preferred according to “best practice” because the author of the
BrownianMotion implementation must ensure the independence of factors in the implementation internally
as a default behavior and the user should not have to worry about it.

Figure 8: Chart of the first factor of brownian2D.

Exercise Solution 2

(a) For t > s prove (analytically) the result

E (W (t)W (s)) = s.

Proof. First we claim that
Cov(W (t),W (s)) = s.

Indeed, by linearity of the covariance and independence of Brownian Motion increments we have that

Cov (W (t),W (s)) =Cov (W (t)−W (s) +W (s),W (s))

=Cov (W (t)−W (s),W (s)) + Cov (W (s),W (s))

=0 + Var (W (s)) = s
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Figure 9: Chart of the second factor of brownian2D.

Figure 10: Chart of Ê[XY ] with W1 and W2 defined as the first and second factors
of brownian2D respectively.

Substituting the definition of the covariance,

Cov (W (t),W (s)) =E ((W (t)− E (W (t)))(W (s)− E (W (s))))

=E ((W (t)− 0)(W (s)− 0)) = E (W (t)W (s)) .

Thus we obtain E(W (t)W (s)) = s.

(b) Check numerically that
Ê (W (t)W (s)) ≈ s.

using the classes BrownianMotion and RandomVariable. Here Ê denote the Monte-Carlo approxi-
mation of E, as returned by the method getAverage applied to an object of class RandomVariable.

To check numerically that Ê (W (t)W (s)) ≈ s, we fix a time s ∈ {t0, t1, . . . , tN} from our set of discretization

points. We then compute Ê (W (t)W (s)) for t = t0, t1, . . . tN . We expect the values to equal t for t < s and

then to be equal to s constantly for t ≥ s. For example, let s = 2.0 be the half-time point for the object

timeDiscretization in the code. The following is the chart we obtain of the output:

Figure 11: Chart of Ê (W (t)W (s)) for t = t0, t1, . . . tN < 4.0. We obtain the
expected hockey-stick shape with corner at t = s = 2.0.
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Exercise Solution 3

Let W (t) be a standard Brownian Motion for t ≥ 0.

(a) Prove analytically that ∫ t

0
W (s)dW (s) =

W (t)2 − t
2

(2)

Proof. Please see Exercise 3.1.9 in B. Oksendal. Stochastic Differential Equations. Springer-Verlag, 2010.

(b) Verify numerically that

n−1∑
i=0

W (ti)∆W (ti) ≈
W (tn)2 − tn

2
(3)

by using the classes BrownianMotion and RandomVariable.

Note that by taking expectations of both sides of equation (2) we get 0 = 0, therefore it is not so meaningful

to compare Ê
{∑n−1

i=0 W (ti)∆W (ti)
}

with Ê
{

0.5 · (W (tn)2 − tn)
}

. Instead we can verify the numerical

approximation (3) more meaningfully if we check that

Ê

{
n−1∑
i=0

W (ti)∆W (ti)−
W (tn)2 − tn

2

}
?→ 0

and

V̂ar

{
n−1∑
i=0

W (ti)∆W (ti)−
W (tn)2 − tn

2

}
?→ 0.

Both of these should be approaching zero and indeed we see this in the following charts:

Figure 12: Chart of Ê
{∑n−1

i=0 W (ti)∆W (ti)− 0.5 · (W (tn)2 − tn)
}

which is quite

close to zero.

Figure 13: Chart of V̂ar
{∑n−1

i=0 W (ti)∆W (ti)− 0.5 · (W (tn)2 − tn)
}

. We observe

that the Monte Carlo error converges to some value ε ∝ ∆t.

If you have further questions or need clarifications, please write an e-mail to the address:
montes@math.lmu.de
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