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Preface
The content of this bachelor thesis will be an introduction to Schramm-Loewner
Evolution. The chosen approach will be rather mathematical, but I will leave out
detailed proofs; otherwise it would go beyond the constraints of this paper. In-
stead I will go into the physical importance of this topic at the end, especially to
the two-dimensional Ising model at critical temperature.
This thesis was written after I had visited the lecture about Statistical Physics in
the winter semester of 2013/2014 at the University of Munich. Basic knowledge
about partition functions and, in some extent, about the Ising model will there-
fore be assumed. Since it is the aspiration of this paper to convey the topic of
Schramm-Loewner Evolution to a Bachelor’s student of physics, there will be an
appropriate introduction to important concepts of mathematics, e. g. of proba-
bility theory, which go beyond the basic knowledge offered by the mathematics
courses for physicists but will play an important role in the course of this paper.
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1 Introduction
In this introductory chapter, we will first motivate the topic “Schramm-Loewner
Evolution” with the physical example of the exploration process for the Ising
model, which is given in [Ca1, p. 8] and [Ca2, p. 4 ff.]. In Section 1.2, a short
and easy example for the mathematics behind Schramm-Loewner Evolution will
be given. Here we follow [BN, p. 7 f.].

In Chapter 2 we will work out the mathematical framework, define Schramm-
Loewner Evolution, and give some of its properties then.

In Chapter 3 we will define certain random walks and give the connection of those
discrete processes to Schramm-Loewner Evolution.

In Chapter 4 finally, we will mathematically define the spin Ising model and the
FK-Ising model and show their connection to Schramm-Loewner Evolution.

1.1 The Exploration Process for the Ising Model

In the Ising model you consider a lattice in the plane whose sites r have spins s(r),
where s(r) ∈ {−1,+1}. For the following considerations it is the best to consider
the lattice to be a honeycomb lattice, which can be seen in Figure 1. Note that
in this example the lattice is bounded and all the sites on the boundary have spin
“+”. In the figure the interfaces between “+” and “−” are drawn with bold lines.
They form loops and some of the loops are contained in other loops, but of course

Figure 1: The Ising model on a honeycomb lattice, cf. [Ca1, p. 6]
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(a) (b)

Figure 2: The exploration process for the Ising model (1), cf. [Ca1, p. 8]

none of the loops intersects with another one. From fundamental statistical physics
it is known that the temperature of the model is responsible for the probability
that two neighbouring sites have the same spin resp. the opposite spin.
Now we can also fix the spin values for the sites on the bottom only. We want
to do this such that all spins on the left-hand side are “−” whereas all spins on
the right-hand side are “+”. The situation is illustrated in Figure 2a. We can
now construct a possible distribution of spins “+” and spins “−”, and thereby the
associated interface between “+” and “−”, by choosing the sign of the next site
in each step. So whereas in Figure 2a the next site is marked by a “ ? ”, we have
already chosen the site to have sign “+” in Figure 2b and therefore the path of
the interface between “+” and “−” has turned to the left. If we had chosen the
site to have sign “−”, the path would have turned to the right. By this construc-
tion, we can be sure that all sites on the immediate left of the path have sign
“−” and all sites on the immediate right of the path have sign “+”. Note that
the probability to choose a site to have sign “+” resp. “−”, and thereby that the
interface curve turns to the left resp. to the right, is not equal to 1/2 in general
but depends on the boundary conditions and the path up to the considered site.
Also the temperature of the model plays an important role when determining the
probabilities. If we go on with the step-by-step-construction, we obtain a path like
it is shown in Figure 3a for example. Note that by construction, whenever the curve
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Figure 3: The exploration process for the Ising model (2), cf. [Ca1, p. 8]

approaches a site that has already been assigned a spin, it has to turn away from
this site and therefore never gets trapped.
If we not only fix the spins on the bottom of the model but also on the top, on
the left, and on the right, such that all spins on the left-hand side have to be “−”
and all spins on the right-hand side have to be “+”, as one can see in Figure 3b,
the curve finally hits the fixed interface at the top.
That this really always is the case, is guaranteed by the considerations above.
Note, however, that we have not constructed all spins in the lattice, since we
cannot make any statement about loops that may or may not occur. But we have
constructed a curve from the bottom of the Ising model to the top. Again, the form
of this curve strongly depends on the probability in each step that the curve turns
to the left or to the right and therefore especially on the temperature of the model.
From statistical physics one knows that there exists a critical temperature in the
two-dimensional Ising model, below which the spins are ordered. If we consider
the Ising model at this particular critical temperature and let the number of sites
go to ∞, it can be proven that the shape of the interface follows a certain law. It
can be described by so-called Schramm-Loewner Evolution (SLE for short), which
is a family of random curves in the complex plane. The aim of this paper will
be to define SLE mathematically and explain the exact connections to the Ising
model as well as to random walks, which also play an important role in physics.
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1.2 A Mathematical Example

gt

2
√
ti

0

Ht

Kt

2
√
t0

Figure 4: Illustration of the conformal map gt : z 7→
√
z2 + 4t

To give a first, short insight into the mathematics of Schramm-Loewner Evolution,
which will be discussed in depth in the following chapter, let us first consider the
special case of the Schramm-Loewner Evolution related to the parameter κ = 0
(SLE(0) for short). It will be helpful to compare results gained in the course of this
paper with this example. Because of its easiness, however, it makes no profound
statements and has no interesting application to physics.

Let (γt)t≥0 be the process defined by

γt := 2i
√
t

which evolves in the closed upper half-plane H = {z ∈ C : Im(z) ≥ 0} along the
imaginary axis. Consider then at every time t ≥ 0 the cut in half-plane
Ht := H\Kt, where

Kt := {γs : s ∈ (0, t]} =
{
iy : y ∈ (0, 2

√
t]
}
,

and the conformal isomorphism

gt : Ht → H, z 7→
√
z2 + 4t = z + 2t

z
+O(|z|−2).

The latter one is illustrated in Figure 4 and satisfies the condition gt(z)−z → 0 as
|z| → ∞. We will see later that this condition together with conformity defines the
maps gt uniquely and that the family of maps (gt)t≥0 can therefore be considered
equivalent to the original process (γt)t≥0. Define now for all z ∈ H\{0}

ζ(z) := inf{t ≥ 0 : γt = z} =

y
2/4 , if z = iy

∞ , otherwise.
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Figure 5: Effect of the driving function ξκ(t) [Du, p. 7]

It holds that ζ(z) > 0 for all z ∈ H\{0} and z ∈ Kt if and only if ζ(z) ≤ t. One
obtains that gt(z) is differentiable in t for all t < ζ(z) and that the relation

∂

∂t
gt(z) = 2

gt(z)
holds for all fixed z and t < ζ(z). This differential equation together with the
starting condition g0(z) = z describes the process (gt)t≥0 in a new way and is
called Loewner’s differential equation. In general, one has to add the so-called
driving function ξt to the denominator on the right-hand side, which is equal to
zero in the considered special case:

∂

∂t
gt(z) = 2

gt(z) + ξt

As we will see later on, this driving function is defined to be proportional to a
Brownian motion in the case of an SLE(κ):

ξt =
√
κBt

The driving term is responsible for a process to evolve in a certain direction. In our
case of κ = 0 however, the driving function vanishes and one obtains a straight
evolving process for an SLE(0). In Figure 5 you can see the curves generated
by the deterministic driving functions ξκ(t) = −2

√
κ(1− t) which is defined for

different values of κ ≥ 0 and 0 ≤ t ≤ 1. See [KN1, p. 9 ff.] for the exact
solutions. Driving functions which alter in their signs, though, describe curves
which evolve alternating to the left and to the right. Since the driving function
is a non-deterministic random variable in the case of SLE(κ), also the evolution
of the curve is non-deterministic. So the formed curve is random and only bends
statistically more or less, in dependence on the associated κ.
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2 Schramm-Loewner Evolution
We now want to introduce the mathematical aspects already broached in the pre-
vious chapter. You should always keep in mind the notion from the introductory
chapter, since it might be helpful if you want to understand for what reason we
introduce certain concepts. In this chapter, we first want to develop the principle
of Loewner’s differential equation, which, as in the previous chapter, describes the
evolution of certain processes. After that, we will restrict to the special case of
Schramm-Loewner Evolution and discuss some of its properties. The main refer-
ences for this chapter are the lecture notes [BN, p. 15-33] by N. Berestycki and
J. R. Norris for their lecture on Schramm-Loewner Evolution at the University of
Cambridge in 2014. The used notation therefore is mostly borrowed from [BN],
what will make it easier to switch between the two papers and understand the
proofs given there, which will be skipped in these elaborations.

2.1 Compact H-Hulls and Their Mapping-Out
Functions

In this section we will introduce the concept of compact H-hulls and mapping-out
functions, which will play an important role throughout the following sections.

Definition 2.1 Consider the upper half-plane H ⊂ C and a subset K ⊆ H. K is
called a compactH-hull if it is closed inH, bounded, and its complementH = H\K
is simply connected.

Theorem 2.2 Let K be a compact H-hull and set H = H\K. There exists a
unique conformal isomorphism gK : H → H such that gK(z)− z → 0 as |z| → ∞.
Moreover gK(z)− z is bounded uniformly in z ∈ H. Moreover, for some aK ∈ R+

0 ,
we have

gK(z) = z + aK
z

+O(|z|−2), |z| → ∞.

Moreover gK extends by reflection to a conformal isomorphism g∗K on H∗, where
H∗ := H ∪ {z ∈ C : z ∈ H} ∪ {x ∈ R : H is a neighbourhood of x in H}.

See [BN, p. 17] for the corresponding proof, which is based on Riemann’s mapping
theorem, resp. [BN, p. 23] for the fact that aK ≥ 0.
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i
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g(0,i]

i

0

(0, i]

10

Figure 6: Illustration of the mapping-out functions for D ∩H and (0, i]

Definition 2.3 Consider the same conditions as in theorem 2.2. Then the function
gK is called the mapping-out function of K and hcap(K) := aK is the so-called
half-plane capacity of K.

NB. The name “half-plane capacity” may seem a little random at this point. This
is because we have to leave out a couple of aspects here which would be necessary to
define the half-plane capacity in its original way. The interested reader is referred
to [BN, p. 23] for the actual definition as well as for the proof of the fact that the
half-plane capacity is equal to aK .

Examples (a) Consider the half-disc D ∩ H which is obviously a compact H-
hull. The related mapping-out function, which is sketched in figure 6, is of
the form

gD∩H(z) = z + 1
z

and therefore we obtain the half-plane capacity hcap(D ∩H) = 1.
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(b) Consider now the interval (0, i] on the imaginary axis which also is a compact
H-hull. Then the related mapping-out function has the form

g(0,i](z) =
√
z2 + 1 = z + 1

2z +O(|z|−2)

and therefore we obtain the half-plane capacity hcap((0, i]) = 1/2. The
mapping-out function g(0,i] can be seen in figure 6, as well.

If you are given a certain H-hull and its mapping-out function and you want to
vary the size or position of the H-hull it is possible to derive the new mapping-out
function from the given one. This result is stated in the following propositions.
The first one can easily be proven by the definitions of a compact H-hull and the
mapping-out function. The proof for the second proposition is given in [BN, p. 18].

Proposition 2.4 Let K be a compact H-hull. Let r ∈ (0,∞) and x ∈ R. Set

rK = {rz : z ∈ K}, K + x = {z + x : z ∈ K}.

Then rK and K + x are compact H-hulls and we have

grK(z) = rgK

(
z

r

)
, gK+x(z) = gK(z − x) + x.

Proposition 2.5 Let K0 and K1 be compact H-hulls. Set K = K0 ∪ g−1
K0(K1).

Then K is a compact H-hull containing K0 and we have

gK = gK1 ◦ gK0 , aK = aK0 + aK1 .

Moreover we obtain all compact H-hulls K containing K0 in this way.

From Propositions 2.4 and 2.5 one can directly derive the following rules for the
half-plane capacity [BN, p. 23]:

Proposition 2.6 For r ∈ (0,∞) and x ∈ R, we have

hcap(rK) = r2hcap(K), hcap(K + x) = hcap(K).

Proposition 2.7 Let K ⊆ K ′ be compact H-hulls. Set K̃ = gK(K ′\K). Then

hcap(K ′) = hcap(K) + hcap(K̃).

In particular hcap(K) ≤ hcap(K ′).
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grD∩H

ri

r−r

rD ∩H

2r−2r
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ti

0

(0, ti]

t0

Figure 7: Illustration of the mapping-out functions for rD ∩H and (0, ti]

Examples Consider again the examples we have looked at above. With Propo-
sitions 2.4 to 2.7 we can determine the mapping-out functions and corresponding
half-plane capacities for the stretched resp. compressed or for the compounded
H-hulls then. The maps can be seen in Figures 7 and 8.

(a) Consider the half-disc rD∩H = r(D∩H) of radius r > 0. With Proposition
2.4 and gD∩H(z) = z + 1

z
from the example on page 7 we obtain

gr(D∩H)(z) = z + r2 1
z
.

Either by reading off this expression or by proposition 2.6 we then get

hcap(r(D ∩H)) = r2.
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Figure 8: Illustration of the mapping-out function for K

(b) Consider for t ≥ 0 the interval (0, ti] = t(0, i] on the imaginary axis. With
Proposition 2.4 applied on g(0,i](z) =

√
z2 + 1 from page 8 we obtain

g(0,ti](z) =
√
z2 + t2 = z + t2

2z +O(|z|−2)

then and the half-plane capacity

hcap(t(0, i]) = t2

2 .

(c) Consider now K0 = D ∩ H and K1 = (0, i] as above. Then one can easily
derive that g−1

K0(K1) = (i, (1 +
√

5)i/2]. Proposition 2.5 tells us then that for
K := K0 ∪ g−1

K0(K1) = (D ∩ H) ∪ (i, (1 +
√

5)i/2] the mapping-out function
gK is given by

gK(z) = gK1 ◦ gK0(z) =
√(

z + 1
z

)2
+ 1 = z + 3

2z +O(|z|−2)

and that
hcap(K) = hcap(K0) + hcap(K1) = 1 + 1

2 = 3
2 .
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2.2 Loewner Transform and Loewner’s Differential
Equation

We now want to describe certain processes of compact H-hulls using the previous
concepts.

Definition 2.8 Let K be a compact H-hull. Define then the radius of K as

rad(K) := inf
{
r ≥ 0 : K ⊆ rD + x for some x ∈ R

}
.

Definition 2.9 Let (Kt)t≥0 be an increasing family of compact H-hulls, i. e.
Ks ( Kt whenever s < t. For s < t set Ks,t := gKs(Kt\Ks). (Kt)t≥0 is then
said to have the local growth property if rad(Kt,t+h) → 0 as h → 0 uniformly on
compacts in t.

For each process having the local growth property, we can find a corresponding
real-valued process, as proven in [BN, p. 25 f.]:

Proposition 2.10 Let (Kt)t≥0 be an increasing family of compact H-hulls having
the local growth property. Then the map t 7→ hcap(Kt) is continuous and strictly
increasing on [0,∞). Moreover, for all t ≥ 0 there is a unique ξt ∈ R such that
ξt ∈ Kt,t+h for all h > 0, and the process (ξt)t≥0 is continuous.

Remark 2.11 The obtained real-valued process (ξt)t≥0 is called the Loewner
transform of (Kt)t≥0.

Example Consider the process Kt := t(0, i] = (0, ti] for t ≥ 0. As seen in the
previous examples, we then get the mapping-out functions to be

gt(z) := gKt(z) =
√
z2 + t2.

Hence, we get

Kt,t+h = gt(Kt+h\Kt) =
{√

(si)2 + t2 : t < s ≤ t+ h
}

= (0, i
√

2th+ h2]

and

rad(Kt,t+h) = rad
(
(0, i
√

2th+ h2]
)

=
√

2th+ h2

h→0−−→ 0, uniformly on compacts in t.
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Therefore by definition, (Kt)t≥0 has the local growth property. Further, one can
easily see that 0 ∈ Kt,t+h = [0, i

√
2th+ h2] for all h > 0. So in this case, the

Loewner transform is (ξt)t≥0 with ξt = 0 for all t.

Remark 2.12 The process Kt := tD∩H does not have the local growth property,
because rad(Kt,t+h)→ 2t, as h→ 0.

Since a family of compact H-hulls is sometimes parametrized on an interval [0, T )
instead of the interval [0,∞), it is useful to know that reparametrization does not
affect the preceding concepts:

Proposition 2.13 Let T, T ′ ∈ (0,∞] and let τ : [0, T ′) → [0, T ) be a homeomor-
phism. Let (Kt)t∈[0,T ) be an increasing family of compact H-hulls having the local
growth property and having the Loewner transform (ξt)t∈[0,T ). Set K ′t := Kτ(t) and
ξ′t := ξτ(t). Then (K ′t)t∈[0,T ′) is an increasing family of compact H-hulls having the
local growth property and having the Loewner transform (ξ′t)t∈[0,T ′).

By Proposition 2.10 the map t 7→ hcap(Kt)/2 is continuous and strictly increasing
on [0, T =∞). When choosing τ from Proposition 2.13 to be the inverse map, we
obtain a family (K ′t)t∈[0,T ′) such that hcap(K ′t) = 2t for all t ≥ 0. In this case, we
say that (K ′t)t∈[0,T ′) is parametrized by half-plane capacity.

Example Look at the process Kt := (0, ti] once more. As seen before we have

hcap(Kt) = t2

2 .

By the just given recipe we can reparametrize the process to be parametrized by
half-plane capacity. First, look at

τ−1 : R+ → R+, t 7→ hcap(Kt)
2 = t2

4 .

We then get
τ : R+ → R+, t 7→ 2

√
t

and can define
K ′t := Kτ(t) = K2

√
t = (0, 2i

√
t],

which, by the way, is the process considered in the introduction. So we have that

gt(z) =
√
z2 + 4t = z + 2t

z
+O(|z|−2)
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and hence
hcap(K ′t) = 2t.

Thus, the process obtained is parametrized by half-plane capacity, indeed.

We now come to famous Loewner’s differential equation:

Proposition 2.14 Let (Kt)t≥0 be an increasing family of compact H-hulls, satis-
fying the local growth property and parametrized by half-plane capacity, and let
(ξt)t≥0 be its Loewner transform. Set gt = gKt and ζ(z) = inf{t ≥ 0 : z ∈ Kt}.
Then, for all z ∈ H, the function (gt(z) : t ∈ [0, ζ(z))) is differentiable, and
satisfies Loewner’s differential equation

ġt(z) = 2
gt(z)− ξt

.

Moreover, if ζ(z) <∞, then gt(z)− ξt → 0 as t→ ζ(z).

The proof can be found in [BN, p. 27].

So we have got a differential equation which describes the dynamics of the family
(gt)t≥0 and therefore of (Kt)t≥0. Since we know that certain differential equations
have unique solutions it is quite natural to hope that Loewner’s differential equa-
tions have unique solutions as well. The following proposition shows that this,
indeed, is the case by using common theory of differential equations. Note that it
solves the differential equation in the entire complex plane and that we therefore
have to restrict our solutions to the upper half-plane at the end.

Proposition 2.15 Let (ξt)t≥0 be a continuous real-valued function. For all
z ∈ C\{ξ0}, there is a unique ζ(z) ∈ (0,∞] and a unique continuous map
(gt(z) : t ∈ [0, ζ(z))) in C such that, for all t ∈ [0, ζ(z)), we have gt(z) 6= ξt

and
gt(z) = z +

∫ t

0

2
gs(z)− ξs

ds

and such that |gt(z)− ξt| → 0 as t→ ζ(z) whenever ζ(z) <∞. Set ζ(ξ0) = 0 and
define Ct = {z ∈ C : ζ(z) > t}. Then, for all t ≥ 0, Ct is open, and gt : Ct → C
is holomorphic.

Remark 2.16 Note that (gt(z) : t ∈ [0, ζ(z))) is the maximal solution starting
from z and that ζ(z) is its lifetime.
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So at least if we obtain Loewner’s differential equation by starting with a family
of compact H-hulls, we can be sure to get back to it by solving the differential
equation. But we also want to obtain new processes in the half-plane. Therefore,
fix a continuous real-valued function (ξt)t≥0 and solve the corresponding differential
equation which has a unique solution (gt)t≥0 by Proposition 2.15. The function
(ξt)t≥0 is called the driving function and (gt)t≥0 is the so-called Loewner flow.
Define now

Kt = {z ∈ H : ζ(z) ≤ t}, Ht = {z ∈ H : ζ(z) > t} = H\Kt.

Then (Kt)t≥0 is called Loewner chain.

As you can see in [BN, p. 28], it holds that gt(Ht) ⊆ H and hence it makes sense
to restrict ζ to the upper half-plane and gt to Ht.

That solving the differential equation brings us back to an equal situation as we
have started with on page 13, is shown by the following proposition, proven by
Berestycki and Norris in [BN, p. 29].

Proposition 2.17 The family of sets (Kt)t≥0 is an increasing family of compact
H-hulls having the local growth property. Moreover (Kt)t≥0 is parametrized by half-
plane capacity, i. e. hcap(Kt) = 2t, and gKt = gt for all t. Moreover the driving
function (ξt)t≥0 is the Loewner transform of (Kt)t≥0.

We have seen, in Theorem 2.2, that the mapping-out functions gt : Ht → H extend
by reflection to a conformal isomorphism g∗t on H∗t . The following proposition
shows that this is exactly the Loewner flow from Proposition 2.15 defined on the
entire complex plane.

Proposition 2.18 For z ∈ C, define ζ∗(z) = inf{t ≥ 0 : z 6∈ H∗t }. Then we have
ζ∗ = ζ on C. Moreover, H∗t = Ct and g∗t = gt on Ct for all t > 0.

For the proof refer to [BN, p. 30].

One can then immediately deduce the following corollary which describes the real
limit points of Kt:

Corollary 2.19 For all x ∈ R and all t > 0, we have

x ∈ Kt ⇐⇒ ζ(x) ≤ t.

14



Finally, we want to summarize the latter results in the Loewner-Kufarev theorem.
For that reason, denote by K the set of all compact H-hulls and by L the subset of
all increasing families of compact H-hulls (Kt)t≥0 in C([0,∞),K) having the local
growth property and being parametrized by half-plane capacity, i. e. hcap(Kt) = 2t
for all t. You can consider K to be a metric space by fixing a metric d of uniform
convergence on compacts for C(H,H) and defining the Carathéodory metric

dK(K1, K2) := d(g−1
K1 , g

−1
K2)

on K. Then we can also fix a metric of uniform convergence on compact time
intervals on L ⊆ C([0,∞),K). Hence, the concept of continuity makes sense in
the Loewner-Kufarev theorem [BN, p. 31]:

Theorem 2.20 There is a bi-adapted homeomorphism L : C([0,∞),R)→ L given
by

L((ξt)t≥0) = (Kt)t≥0, Kt = {z ∈ H : ζ(z) ≤ t}

where ζ(z) is the lifetime of the maximal solution to Loewner’s differential equation

żt = 2
zt − ξt

starting from z. Moreover,

Kt ∩ R = {x ∈ R : ζ(x) ≤ t}

where ζ(x) is the lifetime of the maximal solution to ẋt = 2/(xt− ξt) starting from
x. Moreover (ξt)t≥0 is then the Loewner transform of (Kt)t≥0, given by

{ξt} =
⋂
s>t

Kt,s, Kt,s = gKt(Ks\Kt)

where gKt is the mapping-out function for Kt.

NB. The homeomorphism L from Theorem 2.20 is the so-called Loewner map.

Remark 2.21 Note that the theory that we have discussed in Section 2.2 is the so-
called “chordal” theory, since the compact H-hulls always evolve to the boundary
point∞. If we had chosen another point in H for this role, we would have obtained
the so-called radial theory, which is just as important as the chordal theory for
application. Also in the following Section 2.3 we will restrict ourselves to the
chordal case when developing the theory, but we will give a short remark on the
radial case at the end.
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2.3 Schramm-Loewner Evolution

In this section we want to restrict the concept from section 2.2 to a special class
of families (Kt)t≥0 satisfying certain important conditions, the SLE. In fact, this
class will contain many of so-called scaling limits to important examples of lattice-
based planar random systems such as the loop-erased random walk (LERW), the
uniform spanning tree (UST) and the Ising model at criticality. The reason for
this family to have such an important property is its special driving function which
will turn out to be a Brownian motion.

Definition 2.22 Let (Ω,F , (Ft)t≥0,P) be a filtrated probability space. An
(Ft)t≥0-adapted, real-valued process B = (Bt)t≥0 is called a Brownian motion
if it satisfies the following conditions:

(a) B0 = 0 P-almost surely, i. e. P(B0 = 0) = 1.

(b) B is continuous P-almost surely, i. e. P (B(t) is continuous in t) = 1.

(c) B has independent increments, i. e. Bt1−Bs1 and Bt2−Bs2 are independent
random variables for all 0 ≤ s1 ≤ t1 ≤ s2 ≤ t2.

(d) For all s < t, it holds that Bt −Bs ∼ N (0, t− s).

NB. 1. In particular, each Bt is normally distributed with expectation 0 and
variance t.
2. If one is familiar with conditional expectations, condition (c) can be reformu-
lated as follows:

(c’) Bt −Bs is independent of Fs for all s < t, such that i. a.

E [Bt −Bs | Fs] = E [Bt −Bs] = 0.

Since a Brownian motion B = (Bt)t≥0 is a (non-deterministic) continuous, real-
valued function of time, by the Loewner-Kufarev theorem we get a solution to
Loewner’s differential equation with driving function ξt =

√
κBt for each κ ≥ 0.
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Definition 2.23 Let ξt =
√
κBt for t ≥ 0, κ ≥ 0 and B = (Bt)t≥0 a Brown-

ian motion. Then by the Loewner-Kufarev theorem we get a family of H-hulls
Kt = {z ∈ H : ζ(z) ≤ t}, where ζ(z) is the lifetime of the maximal solution
to Loewner’s differential equation. This non-deterministic family is then called
Schramm-Loewner Evolution for the parameter κ (SLE(κ) for short).

As mentioned above, SLE will be the scaling limit to several important systems.
Therefore, it will turn out to be scale invariant, i. e. rescaling of time does not
affect the distribution. Another property of scaling limits suggested by local de-
termination of certain paths in the lattice models is the domain Markov property,
which says that time-shifts do not affect the distribution. Both properties are
important for the understanding of SLE(κ) and hence given more precisely in the
following definitions:

Definition 2.24 For λ ∈ (0,∞) and (Kt)t≥0 ∈ L, define Kλ
t := λKλ−2t, which

is a rescaling of time. Then (Kλ
t )t≥0 ∈ L. Say that (Kt)t≥0 is scale invariant if

(Kλ
t )t≥0 has the same distribution as (Kt)t≥0 for all λ ∈ (0,∞).

Definition 2.25 For s ∈ [0,∞) and (Kt)t≥0 ∈ L, defineK(s)
t = gKs(Ks+t\Ks)−ξs.

Then (K(s)
t )t≥0 ∈ L. Say that (Kt)t≥0 has the domain Markov property if (K(s)

t )t≥0

has the same distribution as (Kt)t≥0 and is independent of Fs = σ(ξr : r ≤ s) for
all s ∈ [0,∞). This means that K(s)

t is independent of all information about ξ
before time s.

In [BN, p. 32 f.] it is proven that SLE is unique with these properties:

Theorem 2.26 Let (Kt)t≥0 be a random variable in L. Then (Kt)t≥0 is scale
invariant and has the domain Markov property if and only if (Kt)t≥0 is an SLE(κ),
i. e. if and only if it has the driving function ξt =

√
κBt, where κ ∈ [0,∞) and

B = (Bt)t≥0 is a Brownian motion.

The following result about SLE is the important Rohde-Schramm theorem, which
has been proven by Rohde and Schramm in [RS, p. 21] for κ 6= 8. The proof by
Lawler, Schramm and Werner for κ = 8 can be found in [LSW, p. 52 f.].

Theorem 2.27 Let (Kt)t≥0 be an SLE(κ) for some κ ∈ [0,∞). Write (gt)t≥0 and
(ξt)t≥0 for the associated Loewner flow and transform. The map g−1

t : H → Ht

extends continuously to H for all t ≥ 0, almost surely. Moreover, if we set
γt = g−1

t (ξt), then (γt)t≥0 is continuous and generates (Kt)t≥0, almost surely.
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So we get that an SLE corresponds to a path (γt)t≥0 in the upper half-plane, which
is easier to imagine and, therefore, sometimes referred to as the SLE itself.

The obtained path is going from the origin 0 to ∞. Therefore this type of SLE is
called chordal SLE. It is important to note that by conformal mappings one can
obtain arbitrary chordal SLE going from one point on the boundary of a simply
connected domain to another point on the boundary.

Remark 2.28 As already mentioned at the end of section 2.2, we now want to
give a brief explanation of SLE in the radial case, which is given in [KN2, p. 14]:
Set Wt := exp(i

√
κBt), where Bt is a Brownian motion and κ > 0. Then Wt is

a Brownian motion on the unit circle starting in 1 almost surely, since B0 = 0
almost surely. We call radial SLE(κ) the solution of the Loewner equation

∂

∂t
gt(z) = gt(z)Wt + gt(z)

Wt − gt(z) , g0(z) = z, z ∈ D,

where D := {z ∈ C : |z| ≤ 1} is the closed unit disk. More concepts similar to the
ones from chordal theory and chordal SLE could be introduced, but this would go
to far at this point. We close this remark be noting that again there exists a path
associated to the given radial SLE which goes from the point 1 on the boundary
of the unit circle to the origin 0. By conformal mappings one can obtain radial
SLE from an arbitrary starting point on the boundary of some simply connected
domain to some arbitrary point in the interior of the domain.

2.4 Phases of Schramm-Loewner Evolution

Since SLE is a non-deterministic process we cannot predict its shape completely.
We, however, can describe some of its features, which are different for certain
intervals of κ ∈ [0,∞).

The first property still holds for all 0 ≤ κ < 8 and is proven separately for κ ∈ (4, 8)
resp. κ ∈ [0, 4] in [La1, p. 150] resp. [La1, p. 151].

Theorem 2.29 Let (γt)t≥0 be an SLE(κ) for some κ ∈ [0, 8). Then |γt| → ∞ as
t→∞, almost surely.
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Figure 9: The three different phases of SLE [KN2, p. 16]

There are now three different intervals for κ whose corresponding SLE(κ) partly
show a different behaviour, namely κ ∈ [0, 4], κ ∈ (4, 8), and κ ∈ [8,∞). These dif-
ferent types of behaviour are sketched in Figure 9, showing the results of Theorems
2.30 to 2.33.

Theorem 2.30 In the range κ ∈ [0, 4], the SLE(κ) trace γ is almost surely a
simple path and γ[0,∞) ⊂ H ∪ {0}.

This result is shown in [RS, p. 24]. Therefore, the interval κ ∈ [0, 4] is called the
simple phase, because its path does neither intersect with itself nor with the real
axis.

The interval κ ∈ [8,∞) is called the space-filling phase, because each point z ∈ H
is hit by γ at some time as proven by Rohde and Schramm in [RS, p. 34]:

Theorem 2.31 For κ ∈ [8,∞), γ[0,∞) = H almost surely.

The middle interval κ ∈ (4, 8) is then the so-called swallowing phase, because its
SLEs gradually swallow the upper half-plane in the following sense:

Definition 2.32 We say that z ∈ H is swallowed by the SLE if z 6∈ γ[0,∞), but
z ∈ Kt for some t ∈ (0,∞). The smallest such t is then called the swallowing time
of z.

Theorem 2.33 If κ ∈ (4, 8) and z ∈ H\{0}, then almost surely z is swallowed.
If κ 6∈ (4, 8), then almost surely no z ∈ H\{0} is swallowed.

The proof for this is given in [RS, p. 31].
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Remark 2.34 That almost no z ∈ H\{0} is swallowed for κ ∈ [0, 4], can be seen
from the fact, that the simple curve γ does not intersect with itself or the real axis.
Hence, (Kt)t≥0 coincides with the path (γt)t≥0 and by definition no z ∈ H\{0} can
be swallowed. As stated above, for κ ∈ [8,∞) every z ∈ H is hit and cannot be
swallowed in the sense of the definition, therefore.

Remark 2.35 As given in [BN, p. 39] and [La1, p. 150] we get:

• P(ζ(x) <∞) = 0 for all x ∈ R\{0} and κ ∈ (0, 4].

• P(ζ(x) <∞) = 1 for all x ∈ R and κ ∈ (4,∞).

• P(ζ(x) = ζ(y)) > 0 for all x, y ∈ R with 0 < x < y and κ ∈ (4, 8).

• P(0 < ζ(x) < ζ(y) <∞) = 1 for all x, y ∈ R with 0 < x < y and κ ∈ [8,∞).

With this remark we want to end the mathematical introduction to SLE and come
to applications of it in the next chapters now.
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3 Random Walks
As already mentioned above, the reason for SLE being such important is that it
describes the scaling limits of many random processes in the plane. In this chapter,
we want to introduce a couple of them and give the corresponding SLEs.

3.1 Simple Random Walk

Consider the lattice Z×Z whose points are all those with integer coordinates. You
can now create a process on this lattice by starting at point 0 = (0, 0) and going
up, or down, to the left, or to the right in each step with certain probabilities.
Such a process is then called random walk on the lattice Z × Z. The following
formal definition is given in [LL, p. 1]:

Definition 3.1 Let X1, X2, . . . be a sequence of random variables on some prob-
ability space (Ω,F ,P) with values in {(±1, 0), (0,±1)} and P(Xi = (±1, 0)) =
P(Xi = (0,±1)) = 1/4. The process of partial sums

Sn :=
n∑
i=1

Xi, n ∈ N,

is then called simple random walk on Z× Z.

Remark 3.2 In the given case of simple random walk, the random variables
X1, X2, . . . are independent and symmetric. We could also define them more gen-
eral, i. e. not symmetric or even not independent. One would call such a process
just random walk on Z × Z then. We are also interested in the limit of random
walks, i. e. in limits of mesh size δ going to zero. For this, you can replace Xi in
the previous definition by δXi for some δ ∈ R+ and obtain a simple random walk
on the lattice δ(Z× Z).

NB. One can show that the simple random walk in the limit for δ → 0 converges
to a two-dimensional Brownian motion.

If you define a 2-dimensional lattice L to be an additive subgroup of R × R, you
can introduce the same concepts on this lattice L as well. It can sometimes be
useful to know that all lattices of dimension two in R×R are isomorphic to Z×Z
and it is therefore sufficient to show certain properties of random walks only on
the lattice Z× Z. This fact is shown in [LL, p. 8].
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3.2 Loop-Erased Random Walk and Uniform Spanning
Tree

As suggested by its name, the loop-erased random walk has to do with loop-erasure.
In fact, a loop-erased random walk can be obtained from a simple random walk
by erasing its loops chronologically. Consider the loop-erasure as defined in [La2,
p. 198] for that:

Definition 3.3 Given a finite sequence ω = (ω0, ω1, . . . , ωn) ∈ (δ(Z × Z))n+1,
define s0 to be the largest index such that ωs0 = ω0. Define sm inductively by
saying that if sm−1 < n, then sm is the largest index j such that ωj = ωsm−1+1. If
l is the smallest index such that sl = n, then define the loop-erasure L(ω) of the
sequence ω as

L(ω) = (ωs0 , . . . , ωsl
).

If ω is an infinite sequence such that for each x it holds that #{j : ωj = x} <∞,
you can similarly define its loop-erasure L(ω).

Obviously L(ω) is then a new sequence with the same starting point as ω. Fur-
thermore, L(ω) is a self-avoiding sequence. That means that there are no i 6= j ∈
{s0, . . . , sl} such that ωi = ωj.

If you now apply this loop-erasure on a sequence obtained from a simple random
walk, you get the so-called loop-erased random walk.

The loop-erased random walk is strongly connected with the uniform spanning
tree. In fact, they have the same law and Wilson was able to give an algorithm
which generates uniform spanning tree using loop-erased random walk. This is
given in [We, p. 73]. For completeness, we give here a definition of uniform
spanning tree as well [We, p. 72].

Definition 3.4 Let G be a graph with vertices V and edges E. A subgraph T of G
is called spanning tree if it is a connected graph without any cycles and spanning
G, i. e. including all of the vertices of G. If you now consider a uniform probability
measure on the set of spanning trees of G, this is called uniform spanning tree.

Uniform spanning tree is therefore not a simple path. But we can introduce the
associated Peano curve which emerges from the uniform spanning tree and is a
simple curve.
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Figure 10: A spanning tree, its dual tree, and the Peano curve

Definition 3.5 Consider a spanning tree T of a graph G. Define then the dual
tree T ∗ as the unique spanning tree of the dual graph G∗ whose edges connect
exactly those vertices that are not separated by an edge of the original tree T .
The Peano curve emerges then by winding through the path between the edges of
T and T ∗. Note, that by definition of the dual tree also the Peano curve is defined
uniquely by T and given starting and end points on the boundary.

See Figure 10 for better illustration, where the vertices of the graph are given by
grey dots and the vertices of the dual graph by crosses. The spanning tree is given
by grey lines, the dual tree by dashed lines and the resulting Peano curve by bold
lines.

We can formulate then the following theorems connecting the just defined discrete
processes and the former introduced concept of SLE [LSW, p. 7]:

Theorem 3.6 The law of loop-erased random walk on δ(Z× Z) converges weakly
to radial SLE(2) as the mesh size δ → 0.
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In particular, loop-erased random walk is conformally invariant in the scaling limit.
With the connection between loop-erased random walk and uniform spanning tree
discussed above, one can therefore derive that uniform spanning tree is conformally
invariant in the scaling limit as well. In [LSW, p. 10] you can find a statement
then, describing the behaviour of the uniform spanning tree Peano curve. The
main idea of this statement is given in the following theorem. For a rigorous
formulation, however, you have to consult the original source [LSW, p. 10] and
[LSW, p. 7 ff.] for the used notation there.

Theorem 3.7 The law of the uniform spanning tree Peano curve converges weakly
to chordal SLE(8).

Remark 3.8 In particular, the curve is space-filling, just as the original Peano
curve discovered by Giuseppe Peano.

So we have seen in this chapter that SLE occurs as scaling limit to some discrete
processes. Of course, the list of such processes is not complete with just the loop-
erased random walk and the uniform spanning tree Peano curve. In the conclusion
we will name some other processes whose limits can or are assumed to can be
described by SLE.
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4 The Ising Models
In this final chapter, we want to consider the spin Ising model and the FK-Ising
model. In each part we will first give a definition of the respective model and then
show the connection between this model and the concept of Schramm-Loewner
Evolution. We will start, however, by giving an illustration of how the Ising model
depends on its temperature and how SLE finds its way into the Ising model.

Recall the deliberations from the introductory, physical example in Section 1.1.
There we have seen that for boundary conditions where on the one arc we only
have spin “+” and on the other arc we only have spin “−” it can be constructed
a certain spin interface. It was already mentioned that this path highly depends
on the probability that two neighbouring sites have the same or the opposite spin.
This probability on the other hand highly depends on the temperature T of the
Ising model resp. on the inverse temperature β := (kBT )−1, where kB is the Boltz-
mann constant. For the cases of β < βc, β = βc, and β > βc, typical configurations
of an Ising model are plotted in Figure 11 where the lower half has boundary condi-
tion “−” (white) and the upper half has boundary condition “+” (black). Here βc
is the inverse of the critical temperature Tc of the Ising model, i. e. the temperature
at which phase transition between the ordered and the disordered phase occurs.

Figure 11: Ising configurations at β < βc, at β = βc, and β > βc resp. [DS1, p. 3]
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You can see that for β < βc the spins are disordered and no pattern for the inter-
face between spins “−” and “+” (white and black) is recognizable. But for β ≥ βc

the domain is mainly split in a white and a black area (interspersed with relatively
few opposite spins) and such a pattern emerges. What we are interested in now, is
the shape of the interface curve at criticality β = βc which is nothing else than a
path going from one point on the boundary to another point on the boundary and
could therefore possibly be explained by chordal SLE. That this, indeed, is the
case will be the content of this chapter. We will mainly follow [DS1, p. 8 ff.] here.

4.1 The Spin Ising Model

Definition 4.1 Consider the graph with vertices eiπ/4Z2 and edges between near-
est neighbours. We will denote this graph by L and call it the (rotated) square
lattice. For a subgraph G of L, the boundary ∂G of G will be the set of sites
of G with fewer than four neighbours in G. Also we define the medial lattice L�

as the graph with vertices being the centres of edges of L and edges connecting
nearest vertices. For any given graph G ⊂ L we define the medial graph G� as the
subgraph of L� composed of all vertices of L� corresponding to edges of G. We will
call a face of the medial lattice L� black if it contains a vertex of L. Otherwise we
will call it white. By this, we obtain that the faces of the medial graph L� form a
chessboard pattern.

We can then define the spin Ising model on the (rotated) square lattice L, although
it can actually be defined on any graph.

Definition 4.2 Let G be a finite subgraph of L and b ∈ {−1,+1}∂G a boundary
condition on the boundary ∂G of G. Then the spin Ising model with boundary
conditions b is a random assignment of spins σx ∈ {−1,+1} to vertices x of G
such that σx = bx for x ∈ ∂G. We say that σ1 ≤ σ2 resp. b1 ≤ b2 if σ1

x = +1
implies σ2

x = +1 resp. b1
x = +1 implies that b2

x = +1. So all spins “+1” in σ1 resp.
b1 are also “+1” in σ2 resp. b2. The partition sum depending on G, b and inverse
temperature β is then denoted by

Zb
β,G =

∑
σ∈{−1,+1}G: σ=b on ∂G

exp
[
β
∑
x∼y

σxσy

]
,
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and the probability of a configuration σ is equal to

µbβ,G(σ) = 1
Zb
β,G

exp
[
β
∑
x∼y

σxσy

]
.

Analogously, one can define the spin Ising model without boundary conditions,
also called free boundary conditions, and denoted by Zf

β,G resp. µfβ.G.

To make some further statement about the Ising model we need the following
considerations:

Definition 4.3 We call an event A increasing if it is preserved by switching some
spins from “−” to “+”, i. e. whenever σ1 ≤ σ2 and A holds for the configuration
σ1 then it also holds for the configuration σ2.

In [DS1, p. 9] we can find the following theorem:

Theorem 4.4 The Ising model on a finite graph G at temperature β > 0 satisfies
the following properties:

• FKG inequality: For any boundary condition b and increasing events A,B,

µbβ,G(A ∩B) ≥ µbβ,G(A)µbβ,G(B).

• Comparison between boundary conditions: For boundary conditions
b1 ≤ b2 and an increasing event A,

µb
1

β,G(A) ≤ µb
2

β,G(A).

Due to the last inequality, we say that µb2
β,G stochastically dominates µb1

β,G and
denote this by µb1

β,G ≤ µb
2
β,G. We then obtain that there is a minimal and a maximal

measure regarding this stochastic ordering, namely µ−β,G and µ+
β,G where all spins

on the boundary of G are “−1” resp. “+1”. Starting from this, in [DS1, p. 9]
is explained how we can construct measures µ+

β resp. µ−β on the infinite-volume
Ising model where the number of vertices in G has opposed ∞. µ+

β resp. µ−β are
again the measures for the boundary conditions where all spins on the boundary
of G are “+1” resp. “−1”. They are extremal among all infinite-volume measures
regarding the inequality above.
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Using this notations we can give the following theorem [DS1, p. 9]:

Theorem 4.5 Let βc = 1
2 ln(1 +

√
2). The magnetization µ+

β [σ0] at the origin is
strictly positive for β > βc and equal to 0 when β < βc.

So we get that there is long range memory and the phase is ordered for β > βc,
whereas for β < βc the phase is disordered. Note that here we have chosen all the
spins on the boundary to be “+1” whereas in Figure 11 we have chosen the lower
half of the boundary to be “−1” and only the upper half of the boundary to be
“+1”.

Let now (Ω, a, b) be a simply connected domain with the two marked points a and
b on the boundary ∂Ω of Ω. The two points a and b will be the points between
which the interface curve will evolve. We can then define the Dobrushin boundary
conditions as given in [DS2, p. 2]:

Definition 4.6 Let Ω be a bounded simply connected domain and a, b ∈ ∂Ω two
distinct boundary points of Ω. Let Ωδ ⊂

√
2δL =: Lδ be a simply connected

approximation defined by Ωδ := Ω ∩ Lδ, and aδ, bδ be two vertices near a and b

on the boundary ∂Ωδ. When going in anticlockwise order, aδ and bδ define two
arcs of ∂Ωδ denoted by (aδbδ) and (bδaδ). We now call the boundary conditions
“−1” on (aδbδ) and “+1” on (bδaδ) Dobrushin boundary conditions in (Ωδ, aδ, bδ).
These Dobrushin boundary conditions ensure the existence of a spin interface γδ,
a simple curve going from aδ to bδ with spins “+1” on its immediate left and spins
“−1” on its immediate right.

If we let δ → 0, the approximation (Ωδ, aδ, bδ) of (Ω, a, b) will get more and more
refined, but for each δ > 0 we still obtain a finite graph Ωδ.

For given (Ω, a, b) a simply connected domain with marked points a and b on the
boundary, we define now Ω�δ as the medial graph of Ωδ composed of all the vertices
of L�δ bordering a black face associated to Ωδ. If now aδ and bδ are two vertices
of ∂Ω�δ close to a and b, where bδ is on the bottom right corner of a black face for
technical reasons, we call (Ω�δ , aδ, bδ) a spin-Dobrushin domain. You can see the
situation illustrated in Figure 12.
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Figure 12: An example of a spin-Dobrushin domain, cf. [DS1, p. 13]

In [DS1, p. 14] you can find the main theorem of this chapter, giving the explicit
law for the spin interface of the spin Ising model at criticality and especially
identifying it as SLE:

Theorem 4.7 Let (Ω, a, b) be a simply connected domain with two marked points
on the boundary. Let γδ be the interface of the critical Ising model with Dobrushin
boundary conditions on the spin-Dobrushin domain (Ω�δ , aδ, bδ). Then (γδ)δ>0 con-
verges weakly as δ → 0 to the chordal Schramm-Loewner Evolution with parameter
κ = 3.

We cannot give the proof for this theorem here, but we refer to section 6 of [DS1] for
this. At the beginning of section 6 in [DS1] however, Duminil-Copin and Smirnov
give a short outline of how the proof is structured. In the first step they show that
the family of interface curves is tight. Then they show that any sub-sequential
limit is a time-changed Loewner chain with continuous driving process. And in
the end using Lévy’s theorem, they show that those driving processes have to be
Brownian motions and identify the diffusity κ to be equal to 3.
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4.2 The FK-Ising Model

After having discussed the so-called spin Ising model and its behaviour at critical
temperature, we come to a second Ising model now, called “FK-Ising model” after
its inventors C. M. Fortuin and P. W. Kasteleyn. We follow again [DS1, p. 15 ff.].

Definition 4.8 Let G be a graph. We call ω a configuration on G if it is a random
subgraph of G consisting of the same sites and a subset of the edges of G. Edges
belonging to ω will be called open, all the others will be called closed. Denote the
number of open edges of ω by o(ω) and the number of closed edges of ω by c(ω).
We say that two sites x and y are connected if there exists a path of open edges
connecting them. Denote this by x↔ y. Maximal connected components of ω are
called clusters.
We can then define a boundary condition ξ as a partition of ∂G and k(ω, ξ) as the
number of connected components of the subgraph obtained from ω where vertices
on ∂G are wired if they are in the same class defined by ξ.
Now we can define the FK percolation φξp,q,G on a finite graph G with parameters
p ∈ [0, 1] and q ∈ [1,∞) and boundary condition ξ for a subgraph ω of G by

φξp,q,G(ω) := po(ω)(1− p)c(ω)qk(ω,ξ)

Zξ
p,q,G

,

where Zξ
p,q,G is the partition function for the FK percolation, functioning as nor-

malization such that φξp,q,G defines a probability measure.

NB. Note that for q = 1 you can consider p to be the probability for an edge to
be open. In the case that q is an integer you can think of it as something like
the number of different “colours” you can assign to each connected component. In
the general case there is no such nice picture, but you can proof all the following
statements also for general q ≥ 1. We will, however, only need the integer case
q = 2 anyway, since we want to assign spins “+” and “−” to the connected
components.

As for the spin Ising model, we define increasing events. They are characterized
by being preserved when adding open edges to some configuration ω. We obtain
a theorem similar to Theorem 4.4 [DS1, p. 16].
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Theorem 4.9 For q ≥ 1 and p ∈ [0, 1], the FK percolation on G satisfies the
following two properties:

• FKG inequality: For any boundary condition ξ and any increasing events
A,B,

φξp,q,G(A ∩B) ≥ φξp,q,G(A)φξp,q,G(B).

• Comparison between boundary conditions: For any ξ being a refine-
ment of ψ and any increasing event A,

φψp,q,G(A) ≥ φξp,q,G(A).

As in the spin Ising case, we can introduce stochastic domination then and obtain
the wired boundary condition resp. the free boundary condition as maximal resp.
minimal among all boundary conditions. Here wired boundary condition is denoted
by ξ = 1 and means that all vertices on the boundary are pairwise connected. Free
boundary condition is denoted by ξ = 0 and means that there is no information
about the connectedness of boundary sites.
Again as in the spin Ising case, one can obtain infinite-volume measures φp,q when
letting the number of vertices of G going to ∞ [DS1, p. 16].
In [DS1, p. 16+18] there are now given the following two theorems:

Theorem 4.10 For any q ≥ 1, there exists pc(q) ∈ (0, 1) such that for any infinite
volume measure φp,q,

• if p < pc(q), there is almost surely no infinite cluster under φp,q,

• if p > pc(q), there is almost surely a unique infinite cluster under φp,q.

Theorem 4.11 The critical parameter pc(q) of the FK percolation on the square
lattice equals √q/(1 +√q) for every q ≥ 1.

If we now choose q to be equal to 2, we obtain the setting from the Ising model,
since we can assign either the spin “+” or “−” to each cluster of ω, independently
and with probability 1/2. Therefore we will call the q = 2 FK percolation model
also the FK-Ising model. The following proposition gives the connection between
the parameters p resp. β in the free FK-Ising model resp. in the free spin Ising
model.
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Proposition 4.12 Let p ∈ (0, 1) and G a finite graph. If the configuration ω

is distributed according to an FK measure with parameters (p, 2) and free bound-
ary conditions, then the spin configuration σ is distributed according to an Ising
measure with inverse temperature β = −1

2 ln(1− p) and free boundary conditions.

For the proof, see [DS1, p. 18 f.].

As a corollary we obtain:

Corollary 4.13 For p ∈ (0, 1), G a finite graph and β = −1
2 ln(1− p), we obtain

µfβ,G[σxσy] = φ0
p,2,G(x↔ y),

µ+
β,G[σx] = φ1

p,2,G(x↔ ∂G).

In particular, βc = −1
2 ln [1− pc(2)].

We need one more definition before we can come to the main theorem of this
section.

Definition 4.14 Let (Ω, a, b) be a simply connected domain with a and b two
marked points on the boundary ∂Ω. Further, let Ωδ be an approximation of Ω and
∂ab resp. ∂ba the anticlockwise arcs in ∂Ωδ between a and b resp. b and a. We
consider now an FK-Ising measure with wired boundary on ∂ba and free boundary
on ∂ab and call those boundary conditions Dobrushin boundary conditions. Define
also the dual boundary arc ∂∗ba as the set of sites of Ω∗δ adjacent to ∂ba whereas
the dual boundary arc ∂∗ab is the set of sites of L∗δ\Ω∗δ adjacent to ∂ab. Here we
mean by L∗δ the dual graph of Lδ and by Ω∗δ the dual graph of Ωδ. For better
imagination you find the situation illustrated in Figure 13. An FK-Dobrushin
domain (Ω�δ , aδ, bδ) is then given by the medial graph Ω�δ , which is defined as the
set of medial vertices associated to edges of Ωδ and to dual edges of ∂∗ab, and the
medial sites aδ, bδ ∈ Ω�δ between the two arcs ∂ab and ∂∗ab. Again, we make the
technical assumption that bδ is on the bottom right corner of a black face.

Let now (Ω�δ , aδ, bδ) be an FK-Dobrushin domain. We can then construct a loop
configuration on Ω�δ for any given FK-Ising configuration on Ωδ with Dobrushin
boundary conditions. The interfaces between the primal and the dual clusters
following the edges of the medial lattice form a family of loops and a path going
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Figure 13: An example of an FK-Dobrushin domain [DS1, p. 21]

from aδ to bδ. Note that we consider not the original edges in the medial lattice
but those of an auxiliary square-octagon lattice with octagons corresponding to
the vertices of Ωδ. This is to avoid (self-)touching of the curve and the loops. In
Figure 14 you can see an example for such a configuration of loops and the curve
from aδ to bδ, which is called the exploration path and denoted by γ := γ(ω).
We obtain γ as the interface between the cluster of Ωδ containing the vertices of
∂ba and the cluster of Ω∗δ containing ∂∗ab. Note, however, that γ not necessarily
coincides with the spin interface between spins “+” and “−”, since we have not
assigned spins to the clusters of Ωδ, so far.

We come to the main theorem of this section now.
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Figure 14: An example of an FK percolation configuration [DS1, p. 22]

Theorem 4.15 Let Ω be a simply connected domain with two marked points a, b on
the boundary. Let γδ be the interface of the critical FK-Ising model with Dobrushin
boundary conditions on (Ωδ, aδ, bδ). Then the law of γδ converges weakly, when
δ → 0, to the chordal Schramm-Loewner Evolution with κ = 16/3.

For the proof we refer again to section 6 in [DS1]. The steps for the proof are the
same as for the proof of Theorem 4.7, but identifying κ to be 16/3 in the end.

With this result, we want to end this final chapter about SLE in the Ising models.
We have seen that the interfaces of the spin Ising model as well as of the FK-Ising
model can be described by SLE(3) resp. SLE(16/3) at criticality.
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5 Conclusion
The aim of this thesis was to give an introduction to Schramm-Loewner Evolution,
and then give insight into physical applications. In the last chapter we have seen
that SLE plays a role in the description of the Ising model in two dimensions at
criticality, so the connection between SLE and physics is clear in this case. In
Chapter 3 we have discussed loop-erased random walk and uniform spanning tree
as examples for discrete processes which are conformally invariant in their scaling
limits. Those are applicable in Quantum field theory for example. Another ran-
dom walk is the so-called self-avoiding random walk which can be obtained from
simple random walk by conditioning it on never touching itself. It is assumed
that SLE(8/3) is the corresponding scaling limit, but it has only been proven so
far that if a process has converging limit SLE(8/3), then it must be self-avoiding
random walk [Ca1, p. 23]. The other direction still remains to be shown. The re-
sult, however, is very desirable, since self-avoiding random walk has some physical
applications, too. For example polymer growth can be described by self-avoiding
random walk. So you see that SLE also has application to physics as scaling limit
of random walks. Another physical application of SLE is percolation which has
been shown to converge to SLE(6) in the scaling limit [We, p. 85].
In [SS] the so-called harmonic explorer was considered and shown to converge to
SLE(4). Actually this process has no physical application or interpretation yet,
but since SLE(4) has such an important role in the theory of SLE as we have seen
in Section 2.4, it has been constructed anyway. In fact, for example the BCSOS
model of roughening transition is believed to correspond to SLE(4).
So you see that SLE is an important concept of theoretical physics, but there are
still problems to be solved in future.
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