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1. Introduction

The object of study of this paper is the stochastic differential equation (SDE)
t
Xt:er/ b(s,X%)ds+ B;, 0<t<T, x¢cR% (1)
0

where B. is a d-dimensional Brownian motion on some complete probability space (2, F, u) with
respect to a p-completed Brownian filtration {F;}o<i<r and where b : [0,7] x R? — R is a
Borel-measurable function.

In this article we are interested in the analysis of strong solutions X. of the SDE (1), that is
an {F; }o<i<r-adapted solution processes on (€2, F, u) when the drift coefficient is irregular, e.g.
non-Lipschitzian or discontinuous.

A widely used construction method for strong solutions in this case in the literature is based on
the so-called Yamada-Watanabe principle. Using this principle, a once constructed weak solution,
that is a solution which is not necessarily a functional of the driving noise, combined with pathwise
uniqueness gives a unique strong solution. So

Weak solution| + ‘ Pathwise uniqueness ‘ = ‘ Unique strong solution ‘ (2)

Here, pathwise uniqueness means the following: If XD and X@ are {ffl)}ogtST- and re-
spectively {ft(Q)}ogtST-adapted weak solutions on a probability space, then these solutions must
1
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coincide a.s. See [31]. In the milestone paper from 1974 [32], A.K. Zvonkin used the Yamada-
Watanabe principle in the one-dimensional case in connection with PDE techniques to construct a
unique strong solution to (1), when b is merely bounded and measurable. Subsequently, the latter
result was generalised by A.Y. Veretennikov [30] to the multidimensional case.

Important other and more recent results in this direction are e.g. [15], [9] and [14]. See also the
striking work [2] in the Hilbert space setting, where the authors use solutions of infinite-dimensional
Kolmogorov equations to obtain unique strong solutions of stochastic evolution equations with
bounded and measurable drift for a.e. initial values.

In this article we want to employ a construction principle for strong solutions developed in
[22]. This method which relies on a compactness criterion from Malliavin Calculus for square
integrable functionals of the Brownian motion [3] is in diametrical opposition to the Yamada-
Watanabe principle (2) in the sense that

‘ Strong existence ‘ + ‘ Uniqueness in law ‘ = ’ Strong uniqueness |,

that is the existence of a strong solution to (1) and uniqueness in law of solutions imply the
existence of a unique strong solution. A crucial consequence of this approach is the additional
insight that the constructed solutions are regular in the sense of Malliavin differentiability.

We mention that this method has been recently applied in a series of other papers. See e.g.
[20], where the authors obtain Malliavin differentiable solutions when the drift coefficient in R¢
is bounded and measurable. Other applications pertain to the stochastic transport equation with
singular coefficients [23], [24] or stochastic evolution equations in Hilbert spaces with bounded
Hoélder-continuous drift [8]. See also [10] in the case of truncated a-stable processes as driving
noise and [1] in the case of fractional Brownian motion for Hurst parameter H < 1/2, which is a
non-Markovian driving noise.

Using the above mentioned new approach, one of the objectives of this paper is to construct
Malliavin differentiable unique strong solutions to (1) under the integrability condition

be L7([0, T}, LP(R*,R)) (3)
for p > 2, g > 2 such that
d 2
-+ -<1
p q

The idea for the proof rests on a mixture of techniques in [20] and [6]. More precisely, we approx-
imate in the first step the drift coefficient b by smooth functions b,, with compact support and
apply the Ito-Tanaka-Zvonkin ”trick” by transforming the solutions X;"* of (1) associated with
the coefficients b,, to processes

Vit = XPT 4 Un(t, X70),
where the processes Y;"" satisfy an equation with more regular coeflicients than (1) given by
Ay = NU, (¢, X"")dt + (Zg + VU, (t, X;"")) dB;
for solutions U,, to the backward PDE’s

ou,
ot

1
+ SAU, +0,VU, = AUy = by, Un(T,) = 0. (4)

In the second step we use the compactness criterion for L?(Q) in [3] applied to the sequence
Y, n > 1 in connection with Schauder-type of estimates of solutions of (4) and techniques from

While nOiSe analySiS tO ShOW lhal
s n— oo
jrn xT ]7x

in L2(Q) for all t and that
Xy =o(t,Y)),
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where (¢, -) is the inverse of the function z — x + U(¢, ) for all ¢t and U a solution of (4), is a
Malliavin differentiable unique strong solution of (1).

Our paper is organised as follows: In Section 2 we present our main results on the construction
of strong solutions (Theorem 2.1 and Theorem 2.15). As an application of the results obtained in
Section 2 we establish in Section 3 a Bismut-Elworthy-Li formula for the representation of first
order derivatives of solutions of Kolmogorov equations.

2. Main results

In this section, we want to further develop the ideas introduced in [6] and [22] to derive Malliavin
differentiable strong solutions of stochastic differential equations with irregular coefficients. More
precisely, we aim at analyzing the SDE’s of the form

dXy =b(t, X;)dt +dB;, 0<t<1, Xo=z¢€cR?, (5)

where the drift coefficient b : [0,7] x R? — R? is a Borel measurable function satisfying some
integrability condition and B; is a d-dimensional Brownian motion with respect to the stochastic
basis

(Q,F, ), {ft}OStST (6)

for the p—augmented filtration {F;},-,., generated by B;. At the end of this section we shall
also apply our technique to equations with more general diffusion coefficients (Theorem 2.15).
Consider the space
LY = L9 ([0,T], L?(R?,R?))

for p, q¢ € R satisfying the following condition
d 2

and denote by | - | the Euclidean norm in R%. The Banach space L] is endowed with the norm

1/q

T q/p
1£llg = ( | (] warras) dt) <0 ®)
for f € L.

The main goal of the paper is to show that SDE’s of the type (5) with drift coefficient b satisfying
the integrability condition given in (8) admit strong solutions that are unique and in addition,
Malliavin differentiable.

So, our main result is the following theorem:

Theorem 2.1. Suppose that the drift coefficient b : [0,T] x RY — R? in (5) belongs to Lg.
Then there ezists a unique global strong solution X to equation (5) such that X is Malliavin
differentiable for all 0 <t <T.

An important step of the proof of Theorem 2.1 is directly based on the study of the regularity
of solutions to the following associated PDE to equation SDE (5).

QU (t, ) + b(t,z) - VU(t, ) + %AU(t,m) —NU(t,2)+b=0, te[0,T), UT,z)=0, (9)

where U : [0,T] x R* = R4 A >0 and b € L%
The following result is due to [5] and stablishes the well-posedness of the above PDE problem
in a certain space.
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First, recall the definition of the following functional spaces
— a,p d B,q __ B, d
BY, = LA([0.7), W (RY), HZY = WP((0,T), P (RY)

and
HY,, = Hj, , N H,“.

The norm in H{ , can be taken to be
lullmg, = e, +10:ullLg-

Theorem 2.2. Let p,q be such that p>2, ¢ >2 and £ + 2 < 1 and A > 0. Consider two vector
fields b, ® € L]. Then there exists a unique solution of the backward parabolic system

dku—%%Au—l—eru—)\u—HI):07 te[0,7], w(T,z)=0 (10)
belonging to the space
Hy , := L9([0,T], W*P(RT)) nWh1([0,T], L”(R7)),
i.e. there exists a constant C' > 0 depending only on d,p,q,T, A and ||bl|s such that
lullg . < Clll 3. (1)

The following result is a part of [15, Lemma 10.2] that gives us some properties on the regularity
of u € Hy , that we will need for the proof of Theorem 2.1.

Lemma 2.3. Let p,q € (1,00) such that % + % <1landue Hg’p, then YVu is Holder continuous
in (t,z) € [0,T] x R, namely for any ¢ € (0,1) satisfying

d 2
e+-+-<1
p 9

there exists a constant C > 0 depending only on p,q and e such that for all s,t € [0,T] and
ryeRY zA#y

IVa(t, ) = Tuls, )| < CJt = 5|2V ull =Dyl 712, (12)
|Vu(t,z) = Vu(t)l| _
IVt )| + — < T (|lullug, + T)9rullzs) (13)
where || - || denotes any norm in RI*4

Our method to construct strong solutions is actually motivated by the following observation in
[17] and [21] (see also [22]).

Proposition 2.4. Suppose that the drift coefficient b : [0,T] x R4—s R® in (5) is bounded and
Lipschitz continuous. Then the unique strong solution X; = (X}, ..., X®) of (5) has the explicit
representation

@ (t. X)) = Bg | (4. Bi(@)) £40)] (14)

forall o : [0, T] xR — R such that ¢ (LB;:) € L*(Q) forall0 <t <T,i=1,...,d,. The random
element ES.(b) is given by

_ ;/OT (Wg‘(w) n w(s,és(a)))°2 ds). (15)
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Here ((NZ,]T', ﬁ) , (Et) - is a copy of the quadruple (2, F, ), (Bi);~q in (6). Further Ey denotes
‘ >

a Pettis integral of random elements ® : Q — (S)" with respect to the measure f. The Wick
product o in the Wick exponential of (15) (see 60) is taken with respect to y and W} is the white
noise of Bl in the Hida space (S)* (see (57)). The stochastic integrals fOT G(t,@)dBI (@) in (15)
are defined for predictable integrands ¢ with values in the conuclear space (S)*. See e.g. [12] for
definitions. The other integral type in (15) is to be understood in the sense of Pettis.

Remark 2.5. Let 0 = t7 <ty < ... <ty =T be a sequence of partitions of the interval
[0, T] with max™ ! |tryy — t'] — 0 . Then the stochastic integral of the white noise W3 can be
approximated as follows:

T my
(DB (D) — i By B (oW
| wit)Bi@) = i > (Bl (@ - B @)W )
in L*(\ x 1;(8)"). For more information about stochastic integration on conuclear spaces the
reader is referred to [12].

In the sequel we shall use the notation Yt“) for the expectation on the right hand side of (14)
for p(t, z) = x, that is

vty [B0E50)

fori=1,...,d. We set
) — (ijb, . ,Yf”’) . (16)

The form of Formula (14) in Proposition 2.4 actually gives rise to the conjecture that the
expectation on the right hand side of Y;? in (16) may also define solutions of (5) for drift coefficients
b lying in L.

Our method to construct strong solutions to SDE (5) which are Malliavin differentiable is
essentially based on three steps.

e First, we consider a sequence of compactly supported smooth functions b, : [0, T] x R¢ — R?,
n > 0 such that by := b and sup,,>¢ [|bn L3 < oo approximating b € L a.e. with respect to

the Lebesgue measure and then we prove that the sequence of strong solutions X = Y},
n > 1, is relatively compact in L?(£;R?) (Corollary 2.9) for every t € [0,T]. The main tool
to verify compactness is the bound in Lemma 2.6 in connection with a compactness criterion
in terms of Malliavin derivatives obtained in [3] (see Appendix B). This step is one of the
main contributions of this paper.

e Secondly, given a merely measurable drift coefficient b in the space L], we show that YP,
t € [0,7] is a generalized process in the Hida distribution space and we invoke the S-
transform (58) to prove that for a given sequence of a.e. approximating, smooth coefficients
bn, with compact support such that sup,,~ [|bn[| £, a subsequence of the corresponding strong

n b
solutions X,” =Y, 7 fulfils
A
in L2(Q;R?) for 0 < ¢ < T (Lemma 2.12).

e Finally, using a certain transformation property for Y, (Lemma 2.14) we directly show that
Y} is a Maaliavin differentiable solution to (5).

We turn now to the first step of our procedure. The successful completion of the first step relies
on the following essential lemma:

Lemma 2.6. Let b, : [0,T] x R — RY n > 1 be a sequence of functions in C§°(R?) (space
of infinitely often differentiable functions with compact support) approzimating b € Lj a.e. such
that by := b and sup,,q [|ballLs < 00. Denote by X;"" the strong solution of SDE (5) with drift
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coefficient by, for each n > 0. Then for everyt € [0,T], 0 < v/ <r <t there exist a 0 < § < 1 and
a function C : R — [0,00) depending only on p,q,d,é and T such that

E[|Dy Xy = Do X[ |P] < O(llballzoa) " —rl° (17)
with
sup C([bll ) < 0.
n>1
Here || - || denotes any norm in R4*4.
Moreover,
sup sup F[||D,X[""|P] < o (18)
n>1rel0,T)
for allp > 2.

Proof. Throughout the proof we will denote by C, : R — [0,00) any function depending on the
parameters *. We will also use the symbol < to denote less or equal up to a positive real constant
independent of n.

We will prove the above estimates by considering the solution of the associated PDE presented
in (9) with b,, n > 0 in place of b which we denote by U,, n > 0 and then using the results
introduced at the beginning of this section on the regularity of its solution.

First, let us introduce a new process that will be useful for this purpose. Consider for each n > 0
and t € [0,7] the functions v;,, : R? — R? defined as ;. (x) = 2 + U, (¢, ). It turns out, see [5,
Lemma 3.5], that the functions 7 ,, t € [0,7], n > 0 define a family of C'-diffeomorphisms on
R?. Furthermore, consider the auxiliary process X;"* := v;.,(X;""), t € [0,T], n > 1. One checks
using It6’s formula and (9) that X;"* satisfies the following SDE

AX T = U (t, v (X[7))dt + (Id + VU, (t, W;Q(X;W))) dB;, Xi" =x+Un(0,2)  (19)

which is equivalent to SDE (5) if we replace b by b, n > 1. Using the chain rule for Malliavin
derivatives (see e.g. [25]) we see that for 0 < r < ¢,

D X" = V(X7 D X"
Because of Lemma B.4 it suffices to prove the estimates (17) and (18) for the process Xfm

Since b,, are now smooth we have that (19) admits a unique strong solution which takes the
form

t t
X7 a4 Up0.0) + 0 [ Ualss 32N s + [ (Lot VU (s, 400 ) dB.
0 0

Then the Malliavin derivative of X;"* for 0 < r < t, which exists (see e.g. [25]), is
Dy X" =Ty + VU (1,770 (X]7))

t
2 [ VUL R D A D, K s
:

t
+ / V2U,(s, V;i(Xg’””))ny;}L(X;L’I)DTX;"“’dBS.
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Denote for simplicity, Z!, := D, X/"*. Then for 7’ < r we can write
23y = 20 = VU 705 (X07)) = VU (7, (X057))
A [ VO )V (R 23 s
T‘t ) i
A [ VUL RPN T A (22, - 22,) s
4 [T ) AR 28 B
/ V2U (8, Yo (X2 Ve n(X25) (20, — Z1,) dB,
— Zn o Zn
+)\/ VU, (5,75 m (X)) Ve b (X2) (28, — Z2,) ds
s [ VAT RN (2, - 22,) 4B,
By dint of Lemma B.3 we know that VU, is bounded uniformly in n and Lemma B.2 shows
that V2U,, belongs, at least, to L] uniformly in n. This implies that the stochastic integral in the

expression for Z, , — Z'; is a true martingale, which we here denote my M;". As a result, since the

initial condition Z7; | Zﬁr is Fr-measurable for each n > 0, for a given a > 2, by Itd’s formula

we have

t
125 = 23" S 122, = 220+ [ 122 = 23 ds + 0y
T

t
+ [ 1zp, -z

% (VAU (5,72 (R0 Vs H(KDo) (23, — Z:f,s))*]ds

(V2Un (s, (RE NV A (RE) (20— 22 (20)

where here Tr stands for the trace and * for the transposition of matrices.
We proceed then using the fact that the trace of the matrix appearing in (20) can be bounded
by a constant C, 4 independent of n, times || 2}, , — Z |*[[V*Un(s, 73, X ””))V'y_l(X" 212
Altogether,

t
128, — 20 <20, — 20 + / 128, — Z7 | ds + M
d (21)

t
b [ 12— 22 IV ) Vs (R s
T

Consider thus the process

/ V20, (5,75 (K2)) Vs L (X750 2. (22)

The process V;" is a continuous non-decreasing and {F; };c[o,rj-adapted process such that V" =0

Then Lemma B.2 in connection with Theorem 2.2 we have that sup E[V}"] < co.
n>0

Then It6’s formula yields
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t t
TN B NG = 2 [Nz Zp s [ e)
T T

Then taking expectation

t
Be W NZp - 2| SENZE, - 251 + [ Bl 120, - 28] ds. (20
Then Gronwall’s inequality gives
Ele™25, - 200°] S B(1Z2 . — 21 - (25)

At this point, it is easy to see, following similar steps, that for the process Z}!; one has
V’rL
e \zz)] s B 12200,
where 7!, = Tq + VU,(r, 'yT_,lL(f(f”)) So

sup sup B e 22,)°] S 14+sup sup B [[VUL (s (R0 <00 (26)
n>0rel0,T] n>0rel0,T)

because of Lemma B.3 (ii) for a sufficiently large A € R.
Then, the Cauchy-Schwarz inequality and Lemma B.5 give

n 1/2 nl/2
sup swp B [|Z7,]1*] < sup sup B e 2P| sup B[] < oo
n>0rel0,T] n>0rel0,T) n>0

We continue to prove the estimate (17). Recall that
Z:},r = VU ( 777" n(Xn ZL’)) - VU (T Wrn(Xn I))
A [ VU5 M) T LX) 2, 1)
+ / / V2U (3, Yo (X27)) Ve b (XI7) Zyr 4B
Then taking norm and using Burkholder-Davis-Gundy inequality we get

B (128, - Z2,1°) S B [IVUL (0 27, (X)) = VU (7 () 2] (28)

+AQEK/ IV U (s, 750 (X2)) Vg (X7) T"Sd8>a]

| ([ IV omd ) s ) 2 |d)/]

= 1) + i) + D)

The aim now is to find Holder bounds in the sense of (17) for the expressions appearing in (28).
For i),, we may write
Do = B [IVU (7,775, (X57)) = VU (275 (X)) ]
S B [IVUL0 75 (R57) = VU (X)) ]

+ B (VU (975, (X)) = VU (o)1
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Then by Lemma 2.3 there exists an ¢ € (0,1/«) and a constant C} 4 4. > 0 independent of
n > 0 such that

B |IVU 2 (R2) = VO (b (R
< Cpaaa (Ir' = IV Ul /001 )
and
B | IV 2, (K37) = T 2RI
< CpaqaaT 1B [ (X057 = 7 (Z2n)1] (W0l + 10Ul zg)”
The above bounds in connection with inequality (11) in Theorem 2.2 give

i)vb < Cp,q,d,a,T(an‘

) (I = 71272 4 B [k (X37) = (K)o )
for some continuous function Cj 4 4.,7(-) and hence

Sup Cp7q7d7a,T(||bn||Lg) < 0.
n>0
Moreover, using Girsanov’s theorem, we obtain that

Bt (X17) - m(XM]:E[|Xﬁ*I—XW|J

T
& </0 b (u,x + Bu)dBu>

r 1/2
< | —r|'?E U by (5, 2 + BS)|2ds} + | = r|/?

S’ —r['?

<E / bn(s,x + Bs)ds

’

+E HBT’ - BT”

, where we used, Cauchy-Schwarz inequality and both that
T 2
supE | &€ / bn(u,x + By)dB, < 00
n>0 0

r 1/2
sup E [/ bn(s,x+Bs)|2ds} < 00,
n>0 r!

and

see [15, Lemma 3.2] or Lemma B.1.
By Jensen’s inequality for concave functions and the previous estimate we have

B [l (X57) = 3h(Re)1o] < B [t (i) = b (el ™ S 1 = rpeer>.
Altogether,
i)n < Cpgdat(ballg)lr’ —7l°
for a d € (0,1).

For the second term, ii),, we use Holder’s inequality, Lemma B.3 (ii) for a sufficiently large
A € R, Lemma B.4 and the estimate (18) to obtain
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Jas) "

1/2
iz‘>nsv|r'r|a1<sup B (VU (5,754 (X00)) WA (X0 2] ds) ([ =0z

s€[0,t]
< Cpgdarlt’ —7°

for a d € (0,1).
Finally, for the third term, for a > 2, we use Holder’s inequality to obtain

iii)n < |1’ [/ V20U (s, ven (X IVv‘l(X"))IlallZlﬁ,slladS] :

Then choose a = 2(1 + §) with ¢ € (0,1/4) and use Lemma B.4 to get

iy 5 107 =B | [ 1905 RPN 23 000

Then Fubini’s theorem, Holder’s inequality once more with respect to p(dw), with exponent 1+ 4§,
d' € (0,1/4) and Cauchy-Schwarz yield

B| [ 1920, st RNz P as| = [ 190, (iR 23, P as

1/(146")

(S/
n 148" ] T+87
< [ B[Iv v preoe) g [z e ) g

’

PR 1/(1435")
Ssup sup B[172, 20T B[00, e gy
n>0selr',r r!
T 1/(1468")
S [ B[IvussasiE e g
0

where the last step follows from (18). For the last factor, since 0 < 1/(1 4+ ¢’) < 1, using the
inverse Jensen’s inequality and the fact that 1 < (1 + d)(1 4+ ¢") < 2 for suitable 4,4’ € (0,1/4) in
connection with Lemma B.2 we have

1/(1468")

T _ 1Y
/ E[|v20n<s,vs,;ow))||2<1+‘”<1+‘s >] ds
0

/(1+8")
< iy ( [ It g o0 )dsD <M <o

for every n > 0, w.r.t. a constant M.
As a summary, it follows from (25) that

B (71200 = Z2P0 ) < Cpanr (bl = o1
Then by Holder’s inequality with exponent 146, § € (0, 1) together with Lemma B.5 we obtain
’
e 1
< B[2W] Bz, - 20

< Cpqdar(ballpz)lr’ — 7?0+

E [HZ:L/ ZntH :I E [6 141r6Vt e~ 1+6V”HZ;L/’t _ n’

with
sup Cp,q,d,a,7([|0n ||L,%) < 0.
n>0
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Remark 2.7. The bound given in (18) is in fact uniform in x € R?. Indeed, by Lemma B.3 item
(ii) we have that the bound given in (26) is also uniform in x € R%. Moreover, since AU, € Ll
for all n > 0, then by Lemma B.3 item (iii) in connection with Lemma B.1 we have that for any
keR
sup sup E[e"'T] < oc.
zERE n>0
Hence, for any a > 1
sup sup sup E[||D,X""||%] < oc.
z€R4 re[0,T] n>0

Remark 2.8. One also checks that the same holds for the spatial derivatives, that is for any o > 1

sup sup supF {HX"I } < 00
z€R? rel0,T] n>0

by using the fact that 2 X"" solves the same SDE as D, X{"", starting at r = 0.

As a repercussion of Lemma 2.6 we have the following result which is central in the proof of
the existence of strong solutions of (5).

Corollary 2.9. Let {b,}n>0 be a sequence of compactly supported smooth functions approzimating
b in L. Denote, as before, X" the solution to equation (5) with drift coefficient b,. Then for
each t € [0,T] the sequence of random variables X", n > 0 is relatively compact in L*(Q).

Proof. This is a direct consequence of the compactness criterion that can be found in Appendix C,
Lemma C.1 and C.2, which is due to [3], together with Lemma 2.6. One can check that the double
integral in Lemma C.2 is finite. Namely

TE HZ , /
/ / r|1+2ﬂ dr</ / r\2f3+1 6drdr<oo

forany0<d<land28+1—-0<1. O

The following lemma gives a criterion under which the process Y,” belongs to the Hida distri-
bution space.

Lemma 2.10. Suppose that

L,

exp (36 /OT |b(s,Bs)|2ds>1 < o0, (29)

where the drift b: [0,1] x R%— R? is measurable (in particular, (29) is valid for b € L because
of Lemma (B.1)). Then the coordinates of the process Y}, defined in (16), that is

Y = By | BVes )] | (30)

are elements of the Hida distribution space.

Proof. See [22] for a similar proof. O

Lemma 2.11. Let € € (0,1) and define p. :== 1+ ¢ and q- := £=. Let b, : [0,T] x R%"— R be
a sequence of Borel measurable functions with by = b such that

sup F
n>0

exp (16%(8% - 1)/0 b, (5, B)|? dsﬂ <00 (31)
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holds. Then
(S~ V) ()] < const - B[] - exp <2<8qg—1> / |¢><s>|2ds>
0

forallp € (Sc([0,1)))?,i = 1,...,d, where S denotes the S-transform (see Section A.1 in Appendiz
A) and where the factor J, is defined by

J_Zz

Pe
2

+

Pe

T
/(b“( BO)2 — ) (s, BY)?)ds
0

/ () (s, BD) — b (s, BO))ds

(32)

Here Sc([0,1]) is the complezification of the Schwarz space S([0,1]) on [0,1], see Section A.1 in
Appendiz A.
In particular, if b, approximates b in the following sense

E[J,] = 0 (33)

as n — 0o, it follows that

Y =YY in (8)”
asn—oo forall0<t<1,i=1,...,d.

Proof. Fori=1,...,d we obtain by Proposition 2.4 and (59) that

1S =Y ()| < B

. d T . ~ . . ~ .
1B | exp { ZRe{/ (09 (s, BY) + ¢V (s))dBY)
0

j=1

T
— %/0 (b9 (s, BY)) + ¢U)(s))2ds] }

X

d T
exp { Z/O b9 (s, BY)) — b (s, BY)))dBY)
=1

] |

Since | exp{z} — 1| < |z| exp{|z|} it follows from Hélder’s inequality with exponents p. =1+ ¢
and ¢. = 4= for an appropriate £ > 0, that

1 /T . . o
- 5/ (bW (s, B9 —bl9) (s, BY))?)ds
0

T
+/ ¢(j)(s)(b(j)(s7égj)) _ bSLj)(S,ng)))dS} -1
0

SV, = Y) ()] < Ep [|QnlP]7 Eg

. d T
(18 1ex { Sore| [ 0005, B) + 605 aB
0

j=1

- qe
_ %/O (b(j)(57égj)) 4 ¢(j)(s))2dsj| }) exp {q:|Qnl|}

1
de

)

where

T
Z/ (b9 (s, BD) — b (s, B(J)))dB(J)+2/ (b9 (s, BDY2 — b (5, BU))2)ds
0

+ [ D00 0, BY) 5, B s
0
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Then using the Cauchy-Schwarz inequality on the last integral and the fact that |z| < e® and
1 < e” for x > 0 we may write

Pe/2

Eq[|@Qn]*] < Cexp (/0 |¢(8)|2d8> Ep

d p€

D

j=1

T
|60 B~ 009 s, BB
0

Pe

|

d
Z 2
j=1

1 _

T
g [ 00 (s B b5, BY)ds
0

Pe
2

+

T pe/2
_ Cexp (/0 |¢(s)|2ds> E;

T
|69 B~ 4 (s, B ds
0

T
|09 B — b s, B s
0

Pe
2

T
|0 B 00 s, B s
0

Pe

_|_

where in the last inequality we used the Burkholder-Davis-Gundy inequality for the stochastic
integral. Then

1 T Pe/2
B [|@nl]re < Cexp g - (/ |¢(8)|2d8> Ep [Jn]7=
€ 0

Pe
2

+

d pE

Jn=) 2

Jj=1

T T
|0 B9 00 (5, B as| | [0 (s B9 < D (5, B s
0 0

Further we get that

T
09 (s, B) + 69 (s))dBY

VRN
H»U;\
o

i

o
—N—
=

=

]
| — |
S—

1
qe

_ %/0 (b(j)(&[ggj))+¢(j)(s))2ds}}) eexp{qlenl}]

. d T
(1689 ex0{ 3] [ 0900860 1 0
0

1
2qe

Ej

exp{zqsmznu] N

Then for z € C one has exp{|z[} < 3 (exp{2Re 2z} + exp{—2Re z} + exp{2Im z} + exp{—2Im z}).
Thus

1
2qe

exp {4¢-Re Q. } +E;

exp {—4q¢.Re Q. } ]

1
2qe )

Pre
1
Eﬁ[eXP{ZQS|Qn|}] = 22qs<Eﬁ

2qe

+ Ej | exp {4¢-Im Q,,} + Ej | exp{—4¢.Im Q,}
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By the Cauchy-Schwarz inequality and the supermartingale property of Doléans-Dade expo-
nentials we get

E;| exp{4q-Re Q,} | < Ej

d T
exp { Soae2 [ 04 BY) 49, B s
0

j=1
T . ~ . . ~ .
+4q5/ (b9 (s, B9 —bl9) (5, BY))?)ds
0

1
2

T
80 [ Re 60500 6, B - ) s, B H
0

T
SLneXp{QqE/O |¢(s)|2ds},

where the last step follows from the fact that (f,g) < 2(||fI*>+ [lg]/?), f,g9 € L*([0,T]) and where

L,=E;

d T
exp { Z4q5(8q5 + 1)/ () (s, BY)) — b (s, BY)))2ds
0

j=1
1
+ 4qs/ (b9 (s, BY))? — bgf)(s,ng))z)ds} }] .
0
Similarly, one also obtains

Ej

T
exp {—4¢-Re Qn}] < Ly exp {2%/ ¢(8)2d8}-

0
In the same way, one also obtains the same bounds for Ej [exp{4¢.Im @,}] and

Ej [exp{—4q.Im Qn}].
Finally, for the remaining factor we see that

Ej

d T
(1810 { 3 [ 0900 800) 1 9
0

j=1
1 T ) . . 2q. i
-5 <b<ﬂ><s,B§J>>+¢<J><s>>2ds]}) ]

< Ej [\Bﬁ”ﬁ"ﬂ " B | exp {4% ZRe[/O (b9 (s, BY)) + ¢ (s))dBY
j=1

1
4qe

_ %/0 (b9 (s, BY) +¢<j>(s))2ds]}

1
) L d T _ o _ Tgz
< Ej; [\Bt(”|4qs} " B | exp { > g (8¢ — 1)/0 Re (b (s, BY) + ¢(])(s))2ds}] .
j=1

Now, since Re (2?) < (Re 2)?, z € C we have that Re (b + ¢)?> < (b + Re ¢)? then using
Minkowski’s inequality, i.e. || f + gll5 < 2271([|f[IB + [|g]|%) for any p > 1 and Cauchy-Schwarz
inequality w.r.t. & one finally obtains
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Ej

; d T . ~ . . ~ .
(|é§”| exp { ZRe[ |09 B + 6 ))aB
=1 0

1

S5 [ 0908 0 }H )

T 8qe T
exp{lfsqs(ézqs—l) /O |b(syés>|2dsH exp{2(8qs—1> /0 ¢<s>2ds}.

Altogether, we obtain

< CE;

T
’S(Yf’b" - Yti’b)(qb)’ < const - E[J,] T - exp {2 <81 z < 1) / ¢(5)2d5} .
0

O

Lemma 2.12. Let b, : [0,T] x R®¥——=R% be a sequence of smooth functions with compact support
with by := b which approzimate the coefficient b : [0, T] x R*—R? in Li. Then for any 0 <t <T

b, .
there exists a subsequence of the corresponding strong solutions Xy, =Y, 7, j = 1,2..., such that
b b
i — Y
for j — oo in L3(Q). In particular this implies Y? € L?(Q2), 0 <t < T.

b, . . .
Proof. By Corollary 2.9 we know that there exists a subsequence Y, "/, j > 1, converging in L?().
Further, we need to show that E[J,,] — 0 as j — oo with J,; as in (32). To this end, observe
that for a function f € L} one has

E

T T
/ f(s,Bs)ds| = / (2ms) =42 f(s,z)e*‘zﬁ/(zs)dzds.
0 0 RY

Then by using Holder’s inequality with respect to z and then to s we see that for any
P, q € [1,00] satisfying
d 2
—~ + -~ <2,
p q
we have

T ~
E /0 f(s,Bs)ds

< Clfll -
p

where C' is a constant depending on T,d,p’,q’. Then from condition (7), since p,q > 2 we can

find an ¢ € [0,1) small enough so that p,q > 2(1 + 0). For these p, ¢ define p’ := 2(%5) > 1 and
q:= 2(1‘17;) > 1 and apply the above estimate to |f|?(179) to obtain

T
E / (s, BP0 ds| < CJfLg. (34)
0

Now since b%j) —b0) ¢ L{ for every j =1,...,d and 0 < 1% < 1 we have

1+e 1+e

T 2 T 2
E ( / <b£ﬁ><s,B§j>>b<j><s,B§f>>>2ds> <B| [ 00, B0) - b9 (s, B s
0 0
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which goes to zero by the above estimate (34) by just taking the case where 6 = 0.

Finally, for the the second term in E[J,,;] we have

E \ | 696 B~ 4 s B ds ]
0
<TE| [0 BO) + 00 (5. B0 (5, BY) ) (s, B s
0

T ) . . o 1/2 . . ) _ 1/2
< TE/ E {(b(J)(syng)) + bgli)(s7B£])))2(1+5)} E [(b(.7)(s73£.7)) _ bﬁf)(s,Bgﬁ))m*E)} ds
0
. 1/2 - 1/2
<T°E /0 (b9 (s, BY) + 05 (s, BY)))*+9)ds|  E /0 (b9 (5, BY)) = b (s, Béj)))z(lﬁ)dsl

Then since b9 + b, (j) € Lg% for every n > 0 we have

sup F
n>0

T 1/2
| 096,80+ bﬁf)(s71§§j)))2(1+8)ds] <o
0

for a sufficiently small € € (0,1) by Lemma B.2 and

T 1/2
B[ 060 B9) - bgg>(s,ég>)>2<l+s>ds] ~0
0

as n — oo by estimate (34) for a sufficiently small € > 0.

Thus, by Lemma 2.11, Ytbnj — Y} as j — oo in (S)*. But then, by uniqueness of the limit, also
Y, S Y) in L2(Q). 0
Remark 2.13. [t follows from the above proof that Ytb" — Y? asn — oo in L2(;RY) for all t
and x.

In fact, Lemma 2.12 enables us now to state the following ”transformation property” for Y2.

Lemma 2.14. Assume that b: [0,T] x R— R? is in L3. Then

o (6)) = Bg [¢V (1. By) £4.0)] (35)
ae. for al0<t<T,i=1,...,d and ¢ = (oW, ... o@D) such that ¢(B;) € L*(Q;RY).
Proof. See [29, Lemma 16] or [21]. O

Using the above auxiliary results we can finally give the proof of Theorem 2.1.

Proof of Theorem 2.1. We want to use the transformation property (35) of Lemma 2.14 to show
that Y,? is a unique strong solution of the SDE (5). To shorten notation we set fot o(s,w)dBs =
25:1 fot 0l (s, w)ngj) and x = 0. Also, let b,,, n = 1,2, ..., be a sequence of functions as required
in Lemma 2.12.

We comment on that Y? has a continuous modification. The latter can be seen as follows: Since
each Y is a strong solution of the SDE (5) with respect to the drift b,, we obtain from Girsanov’s

theorem and our assumptions that
n o\ ~0) o\ T ~ o~
E, [(Yt "y ) } - B; (Bt —Bf})) £ / b (s, Bs)d B,
0

< const - |t — ul?
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for all 0 < w,t < T, n > 1,4 = 1,...,d. The above constant comes from the fact that
{5 (fOT bn (s, és)dés)} is bounded in L?(Q;R?) with respect to the measure fi, see Lemma

n>1
3.2. in [15] or Lemma B.1.
By Remark 2.13 we know that
Y — Y2 in L2(Q;RY)

and hence we have almost sure convergence for a further subsequence, 0 <t < T'. So we get that
by Fatou’s lemma

ib o\ 2
E, (Yt -Yy ) < const - |t — u] (36)
for all 0 < u,t <T,i=1,...,d. Then Kolmogorov’s lemma guarantees a continuous modification
of V2.
Since B is a weak solution of (5) for the drift b(s,z) + ¢(s) with respect to the measure
At = & ( IS (b(s, By + ¢(s)) dés) dy we get that

Bie ( /0 ! (b@,és) + ¢(s)) d§5>
~ B [BY"]
= B, [/Ot (b(i)(s,és) + ¢(i)(s)> ds]

_ / tEﬁ b0 (s, B,)E ( /0 ' (b(u,éu)+¢(u)) d§u>

Thus the transformation property (35) applied to b yields

SV (¢) = Ez

ds + S (BS’)) ().

S(Y)(9) = S( / b (u, YY) (9) + S(BD) (6).

0

Then it follows from the injectivity of the S-transform that
t
vP = / b(s,Yb)ds + B;.
0

See Section A in the Appendix. 4 ,
The Malliavin differentiability of Y} comes from the fact that Y,;*** — Y;** in L2(Q2) and

sup Y, """ pr2 < M < o0
n>1

foralli=1,...,d and 0 <t < 1. See e.g. [25].

On the other hand, using uniqueness in law, which is a consequence of Lemma B.2 and Propo-
sition 3.10, Ch. 5 in [13] we may apply, under our conditions, Girsanov’s theorem to any other
solution. Then the proof of Proposition 2.4 (see e.g. [28, Proposition 1]) shows that any other
solution necessarily coincides with Y. O

We conclude this section with a generalisation of Theorem 2.1 to a class of non-degenerate
d—dimensional Ito-diffusions.

Theorem 2.15. Assume the time-homogeneous R*—valued SDE

dX; = b(X,)dt + o(X)dB;, Xo=xz€cR 0<t<T, (37)
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where the coefficients b : R? — R? and ¢ : RY — R%x Reare Borel measurable. Sup-
pose that there exists a bijection A : R — R, which is twice continuously differentiable. Let
Ay R — L (Rd,Rd) and Ayy : R4 — L (]Rd X Rd,Rd) be the corresponding derivatives of A
and assume that

A (y)o(y) = idra fory a.e.
as well as

A~ is Lipschitz continuous.

Require that the function b, : R* — R¢ given by
bi(z) = Ay (A" (z)) [B(A™" (2))]

d
b (A @) | Yo @) e, Y oA @) fed

=1

satisfies the conditions of Theorem 2.1, where e;, i = 1,...,d, is a basis of RY. Then there exists
a Malliavin differentiable solution Xy to (37).

Proof. The proof can be directly obtained from It6’s Lemma. See [22]. O

3. Applications
3.1. The Bismut-Elworthy-Li formula

As an application we want to use Theorem 2.1 to derive a Bismut-Elworthy-Li formula for solutions
v to the Kolmogorov equation

] - d 1 9
5Vt w) = ; bj(t,2) gt @)+ 5 ; a2V () (38)
with initial condition v(0,2) = ®(z), where b: [0,7] x R? — R belongs to L.
It is known that, see [15] or [7], that when ® is continuous and bounded there exists a solution
to (38) given by
u(t, ) = E[®(X])], (39)
where v is a solution to the Kolmogorov Equation (38) which is unique among all bounded solutions
in the space Hgm, as introduced in Theorem 2.2, with p,q > 2 satisfying (7). Moreover, %v €
L>=([0,T] x RY).
In the sequel, we aim at finding a representation for %v without using derivatives of ®. See
[20] in the case of b € L>([0,T] x RY).

Theorem 3.1 (Bismut-Elworthy-Li formula). Assume ® € C,(R?) and let U be an open, bounded
subset of R%. Then the derivative of the solution to (38) can be represented as

2 vttn) = Flox) [ a(s) (;;X) 4B, (10)

for almost all x € U and all t € (0,T], where a = a; is any bounded measurable function such that
fg at(s)ds =1 and where * denotes the transposition of matrices.

Proof. The proof is similar to Theorem 2 in [22] in the case of b € L>([0,T] x R%). For the
convenience of the reader we give the full proof.

Assume that ® € CZ(R?) (the general case of ® € C,(R?) can be proved by approximation of
® in relation (42)) and let b, and X{"" be as in the previous section. If we replace b by b, in (38)
we have the unique solution given by

v (t, ) = E[®(X;""))].



D. Bafios, S. Duedahl, F. Proske and T. Meyer-Brandis/Construction of Malliavin differentiable strong solutioh$

By using Remark 2.13 we see that v, (t,z) — v(t,x) for each t and x.
By [25, Page 109] we have that

d d
D X[ 2o X0 = 2o X,

where the above product is the usual matrix product. So it follows that

o t o
%Xt"*””:/o a(s) DX o= X[ ds. (41)

Interchanging integration and differentiation in connection with the chain rule we find that

0 nzy O
—n(t,) = B (X]"") 5

ox
¢ n,xr 8
= E[/; G(S)Déq)(Xt ? )%X;L’mdtg]

X

= o) [ o) (goxee) amy

where we applied the chain rule and the duality formula for the Malliavin derivative to the last
equality.
Choose ¢ € C§°(U). In what follows, we will prove that

0 o(z)v(t, z)de = — /]Rd o(z)E[®(XT) /Ot a(s) (;ﬂij)k dBg|"dx. (42)

R4 833

In fact, dominated convergence combined with Remark 2.13 gives

0 . n,r K 0 n,xr ' *
[ etattaio= -t [ p@Eee) [ oo (L) sl
t *
= — lim p(x)E[(P(X"") — @(Xf))/ a(s) (;X;lw> dB,]*dx
n—oo R4 0 xr
t 9 *
— lim go(:c)E[@(Xf)/ a(s) (X;””) dBs|*dx
n—o0 [pd 0 83)

= — lim ), — lim i),.
n—oo n—oo

As for the first term we get

1/2
76 0
) < Do || X° — X7 . . E ke |2, d
i)n < /Rd \90(20)|||6x lloo || X t ||L2(Q,Rd)||a|| (szsuep[o,T] [Hax s H]Rd d]) x,

which goes to zero as n tends to infinity by Lebesque dominated convergence theorem, Remark
2.13 and Remark 2.8.

For the second term, ii),, since X is Malliavin differentiable and ® € CZ(R?) it follows from
the Clark-Ocone formula that (see e.g. [25])

2(x7) = FR(XE + [ BIDS(XFI0B,
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So

i = [ e@Boo) [ ) (2xp) s (43)

:/Rd gp(x)E[(E[@(th)] + /OtE[DS<1>(Xf)|]:S]dBS) /Ot a(s) ((i?Xg’ﬂE)* dBS}*dx (44)
- () [ o) ED. a0 X7 dods. (45)

One checks by means of Lemma 2.6 that (-) D ®(X;) = ¢(-)®'(X;)DsX; belongs to L?(R%x Q; R?)
so that for each s, the function

n(s) = [ | pla) BLD.R(XT) XD o

converges to [pq p(2) E[Ds®(X7)2Z X]dx by the weak convergence of 2 X™ in L?([0,T]x U x Q)
for a subsequence in virtue of Remark 2.8. Further,

0
3n(s)| < [ @D a(0ime |5 X2 oo da

0
< swp DR e | XE s [ lel)lds
y€eR?, u<t, keN x Rd

so that Lebesgue’s dominated convergence theorem gives

lim i), :/0 a(s) /]Rd w(m)E[Dsil)(Xf)%Xf]dmds.

n—roo

By reversing equations (43), (44) and (45) with 2 X2 in place of -2 X™7 we obtain the result. O

Appendix A: Framework

In this appendix we collect some facts from Gaussian white noise analysis and Malliavin calculus,
which we shall use in Section 2 to construct strong solutions of SDE’s. See [11, 27, 16] for more
information on white noise theory. As for Malliavin calculus the reader may consult [25, 18, 19, 26].

A.1. Basic Facts of Gaussian White Noise Theory

A crucial step in our proof for the constuction of strong solutions (see Section 3) relies on a
generalised stochastic process in the Hida distribution space which is shown to be a SDE solution.
Let us first recall the definition of this space which is due to T. Hida (see [11]).

From now on we fix a time horizon 0 < T < oo. Let A be a (positive) self-adjoint operator on
L2([0,T]) with Spec(A) > 1. Require that A" is of Hilbert-Schmidt type for some r > 0 and let
{e;}j>0 be a complete orthonormal basis of L%([0,T]) in Dom(A) and let A; > 0, j > 0 be the
eigenvalues of A such that

1< <A <o — o0

Suppose that each basis element e; is a continuous function on [0, T]. Further let Oy, A € T', be an

open covering of [0, T such that

sup /\j_a()‘) sup |e;(t)] < oo
§>0 teOy

for a(A\) > 0.
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In the sequel let S([0,T]) be the standard countably Hilbertian space constructed from
(L?([0,T)), A). See [27]. Then S([0,71]) is a nuclear subspace of L?([0,T]). The topological dual

of §([0,T]) is denoted by S'([0,T7]). Then the Bochner-Minlos theorem entails the existence of a
unique probability measure 7 on B(S’([0,7])) (Borel o—algebra of §’'([0,7T])) such that

/ ¢ 1 (du) = e~ 219122 0.
s ([0,11)

for all ¢ € §([0,T7]), where (w, ¢) stands for the action of w € §'([0,T]) on ¢ € S([0,T]). Define

Q =8([0,T]), Fi=B(S'([0,T]), pi=m,

fori=1,...,d. Then the product measure
d
H= zzlui (46)
on the measurable space
d
d
O F):= Qi, ®F; 47
(,F) (1_1 5 ) (47)

is called d-dimensional white noise probability measure.
Consider the Doléans-Dade exponential

- 1
e(¢,w) = exp ((Wﬂb) -3 ||¢||2Lz([o,T];Rd)) ;

for w = (wi,...,wq) € (S0, 7)) and ¢ = (¢W,..., D) € (S([0,7)))¢, where
d
<w7 ¢> = Zi:l <wi7 ¢2> R
Now let ((S([0, T]))d)®n be the n—th completed symmetric tensor product of (S([0,7))¢ with
itself. One checks that €(¢,w) is holomorphic in ¢ around zero. Hence, there exist generalised

= /
Hermite polynomials H,(w) € (((S([O, T]))d)®n> such that

26.0) = 3 o (H(),6°7) (15)

n>0

for ¢ in a certain neighbourhood of zero in (S([0,77]))?. One proves that

{<Hn(w),¢(")> L™ e ((S([O,T}))d)®n, ne No} (49)

is a total set of L?(2). Further, it can be shown that the generalised Hermite polynomials satisfy
the orthogonality relation

(n) (m) _ 1 ) (1)
/ (Hn(),67) (Hin(), 0 ) () = Gl (600, 00) 0 (50)
for all n,m € N, 6™ € ((S([0,T])4) ", v™ € ((S([0,T])%)*™ where
1 ifn=m
On,m = { 0 else
Denote by ZQ([O,T " (R%)®") the space of square integrable symmetric functions f(z1,...,%,)

1"
with values in (R?)®". Then it follows from relation (50) that the mappings

o) s (Ho(w), 0" )
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®n
from (S ([o, T])d> to L?(Q) have unique continuous extensions

I, : L*([0,T]"; (RH®™) — L2(Q)

for all n € N. These extensions I,,(¢(™) can be identified as n-fold iterated Ité integrals of ¢(™) €
L2([0, T)™; (RY)®™) with respect to a d—dimensional Wiener process

B, = (B§1>, . ,Bt(d)> (51)

on the white noise space
(Q,F, ) (52)

We mention that square integrable functionals of B; admit a Wiener-I1t6 chaos representation
which can be regarded as an infinite-dimensional Taylor expansion, that is

L*(Q) = P 1.(Z*(0, T]™: (R)®™)). (53)

n>0

The definition of the Hida stochastic test function and distribution space is based on the Wiener-
It6 chaos decomposition (53): Set

A= (A,... A). (54)

Using a second quantisation argument, the Hida stochastic test function space (S) is defined as
the space of all f =3, (H,(-),¢™) € L?(Q) such that

1712, = Yont | (ayemy? 6|

= L2([0,7]3(R) )

(55)

for all p > 0. In fact, the space (S) is a nuclear Fréchet algebra with respect to multiplication of
functions and its topology is induced by the seminorms ||-||, »» P = 0. Further one shows that

e(o,w) € (S) (56)

for all ¢ € (S([0,T7)).
On the other hand, the topological dual of (S), denoted by (S)*, is called Hida stochastic
distribution space. Using these definitions we ontain the Gel’fand triple

(S) = L2(Q) = (S)*.

It turns out that the white noise of the coordinates of the d—dimensional Wiener process By, that
is the time derivatives

i d i .
W ::%Bt,zzl,...,d, (57)
belong to (S)*.
We also recall the definition of the S-transform. See [28]. The S—transform of a ® € (S)*,
denoted by S(®), is defined by the dual pairing

S(®)(¢) = (@, e(9,w)) (58)

for ¢ € (Sc([0,7))). Here Sc([0,T]) the complexification of S([0,T]). The S—transform is a
monomorphism from (S)* to C. In particular, if

S(®) = S() for &,V € (S)*

then
D=0,
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As an example one finds that
S (@) =¢'(1), i=1,....d (59)

for ¢ = (61, ¢D) € (Se([0, T)))".

Finally, we recall the concept of the Wick or Wick-Grassmann product. The Wick product
defines a tensor algebra multiplication on the Fock space and is introduced as follows: The Wick
product of two distributions ®, ¥ € (S)*, denoted by ® ¢ ¥, is the unique element in (S)* such
that

S(®oW)(¢) = S(@)(4)S(V)(¢) (60)
for all ¢ € (Sc([0,77))¢. As an example, we get

(Ha(@),6™) & (Hun(w), 0™ ) = (Hpim (), 9S00 ) (61)

for o™ € ((S([0,7])%)*" and »™ € ((S([0,T])%)
implies that

™. The latter in connection with (48)

(¢, w) = exp®((w, ¢)) (62)
for ¢ € (S([0,7]))?. Here the Wick exponential exp®(X) of a X € (S)* is defined as
1 n
exp?(X) = 30 Lxen (63)

n>0

*

where X°" = X o...¢ X, provided that the sum on the right hand side converges in (S)*.

A.2. Basic elements of Malliavin Calculus

In this section we pass in review some basic definitions from Malliavin calculus.
For convenience we consider the case d = 1. Let F € L*(2). Then we know from (53) that

= Z <Hn('), ¢,(n)> (64)

n>0

for unique ¢ € L2([0, T]"). Suppose that

Z nn! H(b(”)

n>1

2
LQ([O,T]”)
Then the Malliavin derivative D; of F' in the direction of B; can be defined as

DF =3 0 (Hya(), 6 (1)) (66)

n>1

We denote by D2 the space of all F' € L?(2) such that (65) holds. The Malliavin derivative D.
is a linear operator from D2 to L?([0, 7] x §2). We mention that D2 is a Hilbert space with the
norm ||-||; , given by

2 2 2
IR o = 1E L2 0,0+ 1D-Fll 220 71500350 - (67)

We get the following chain of continuous inclusions:
(S) = D'? — L*(Q) = D12 — (), (68)

where D12 is the dual of D2,
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Appendix B: Technical results

We give a list if technical results needed for the proofs of Section 2 and 3.

Lemma B.1. Let {fn}n>0 be a bounded sequence of functions in LE. Then, for every k € R

T
exp{k/o |fn(s,x+Bs)|2ds}] < 0.

In particular, there exists a weak solution to SDE (5).

Proof. See [15, Lemma 3.2] O

sup sup K
zeRI n>0

Lemma B.2. Let {f,}n>0 a sequence of elements in LP? that converges to some f € LP?. Then
there exists € > 1 such that

T
sup E l / ||fn<s,¢2>||2€ds] < 0. (69)

n>0

Here ¢" : x — X" denotes the stochastic flow associated to the solution of the SDE (5) with drift
coefficient by, € C3°(R?).
Proof. See [6, Lemma 15]. O

We also need the following crucial lemma, which can be found in [5], Lemma 3.4.

Lemma B.3. Let U, be the solution of the PDE (10) with ® = b = b, € C{°(R™). Let X;”" be
the solution of the SDE (5) with drift coefficient b, € C3°(R?). Then the following holds true

(i) For each r > 0 there exists a function f with lim,, f(n) =0 such that

sup sup |[|Un(t, z) = U(t, )| < f(n)
z€B t€[0,T]

and

sup sup ||[VU,(t,x) — VU(t,2)| < f(n)
r€B, t€[0,T]

(i) There exists a X € R for which sup ||VU,(t, )| <
t€[0,T]
zER?

N |

(#i3) sup ||AU,(t, )| Lra < o0.
n>0
(iv) As a consequence of the boundedness of U, and VU, we have

sup E [y (x)[|?] < C (1 + []*).
te[0,T)

The following lemma gives a bound for the derivative of the inverse of the family of diffeomor-
phisms ;. See [5], Lemma 3.5 for its proof.

Lemma B.4. Let v, : RT — R? be the C-diffeomorphisms defined as i (x) := z + U, (t,x) for
x € R? associated to X" the solution of SDE (5) with drift coefficient b, € Cg°(R?). Then

sup sup ||V’)/2:,,1HC(]R¢1) <2.
n>0te[0,T)

The next result was shown in [4], Corollary 13.

Lemma B.5. Let V;* be the process defined in (22). Then for every a € R

sup F [eaV%L} <C.
n>0

Observe that the same estimate holds for any t € [0,T) since V" is an increasing process.
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Appendix C

The following result which is due to [3, Theorem 1] gives a compactness criterion for subsets of
L?(92; R?) using Malliavin calculus.

Theorem C.1. Let {(Q, A, P); H} be a Gaussian probability space, that is (Q, A, P) is a prob-
ability space and H a separable closed subspace of Gaussian random variables of L*(S)), which
generate the o-field A. Denote by D the derivative operator acting on elementary smooth random
variables in the sense that

D(f(h1,-.. hn)) =D 0if(hy,....hn)hi, hi € H, f € C°(R™).
=1

Further let Dy o be the closure of the family of elementary smooth random variables with respect
to the norm

1Fll1 2 o= [1F'l 20y + IDF 20y -

Assume that C is a self-adjoint compact operator on H with dense image. Then for any ¢ > 0 the
set

G={GeDiz: Gl + [CT DG oy < ¢}
is relatively compact in L?(£2).

A useful bound in connection with Theorem C.1, based on fractional Sobolev spaces is the
following (see [3]):

Lemma C.2. Let vs,s > 0 be the Haar basis of L*([0,T]). For any 0 < o < 1/2 define the
operator A, on L?([0,T]) by
Aqus =2F%,, if s =2F +

fork20,0§j§2k and
AT =T.

Then for all § with o < B < (1/2), there exists a constant c1 such that

T T 2 1/2
(0 = £(2)
lAafll < e ||f||L2<[O,TD+</O / L

A direct consequence of Theorem C.1 and Lemma C.2 is now the following compactness criterion
which is essential for the proof of Corollary 2.9.

Corollary C.3. Let a sequence of Fr-measurable random variables X,, € D12, n = 1,2..., be
such that there exist constants a > 0 and C > 0 with

sup E[|X,|*) < C,
sup E [|| Dy Xy, — Dy X, |I’] < CJlt —t'|*

for0<t' <t<T and
sup sup FE [||DtXn||2] <C.
n 0<t<T

Then the sequence X, n = 1,2..., is relatively compact in L?(£2).
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