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We present a framework for hedging a portfolio of derivatives in the presence of market fric-
tions such as transaction costs, liquidity constraints or risk limits using modern deep reinforcement
machine learning methods. We discuss how standard reinforcement learning methods can be applied
to non-linear reward structures, i.e. in our case convex risk measures. As a general contribu-
tion to the use of deep learning for stochastic processes, we also show in Section 4 that the
set of constrained trading strategies used by our algorithm is large enough to ε-approximate any
optimal solution. Our algorithm can be implemented efficiently even in high-dimensional situ-
ations using modern machine learning tools. Its structure does not depend on specific market
dynamics, and generalizes across hedging instruments including the use of liquid derivatives. Its
computational performance is largely invariant in the size of the portfolio as it depends mainly
on the number of hedging instruments available. We illustrate our approach by an experiment
on the S&P500 index and by showing the effect on hedging under transaction costs in a syn-
thetic market driven by the Heston model, where we outperform the standard ‘complete-market’
solution.

Keywords: Reinforcement learning; Machine learning; Market frictions; Transaction costs;
Hedging; Risk management; Portfolio optimization

JEL Classification: C45

1. Introduction

The problem of pricing and hedging portfolios of derivatives
is crucial for pricing risk-management in the financial secu-
rities industry. In idealized frictionless and ‘complete-market’
models, mathematical finance provides, with risk-neutral pric-
ing and hedging, a tractable solution to this problem. Most
commonly, in such models only the primary asset such as the
equity and a few additional factors are modeled. Arguably,
the most successful such model for equity models is Dupire’s
Local Volatility (Dupire 1994), see e.g. Crépey (2004). For
risk management, we will then compute ‘greeks’ with respect
not only to spot but also to calibration input parameters such
as forward rates and implied volatilities—even if such quanti-
ties are not actually state variables in the underlying model.
Essentially models are used as a low dimensional interpo-
lation technique of the hedging instruments and the mar-
ket information from which hedging decisions are derived.
Under complete-market assumptions, pricing and risk of
a portfolio of derivatives is additionally linear. Of course

*Corresponding author. Email: lukas.gonon@math.ethz.ch
§Opinions expressed in this paper are those of the authors, and do
not necessarily reflect the view of J.P. Morgan.

such approaches are limited and it is in any model-driven

decision making process easy to imagine market environ-
ments where the model-driven decisions actually fail to hedge
properly.

In real markets, though, trading in any instrument is subject
to transaction costs, permanent market impact and liquid-
ity constraints. Furthermore, any trading desk is typically
also limited by its capacity for risk and stress, or more gen-
erally capital. This requires traders to overlay the trading
strategy implied by the greeks computed from the complete-
market model with their own adjustments. It also means that
pricing and risk are not linear but dependent on the over-
all book: a new trade which reduces the risk in a particular
direction can be priced more favorably. This phenomenon is
called having an ‘axe’.

The prevalent use of the complete-market models is due
to a lack of efficient alternatives; even with the impressive
progress made in the last years for example with respect to
robust hedging or super-hedging, there are still few solu-
tions which will scale well over a large portfolio of instru-
ments, and which do not depend on the underlying market
dynamics.

Our deep hedging approach addresses this deficiency.
Essentially, we model the trading decisions in our hedging

© 2019 Informa UK Limited, trading as Taylor & Francis Group
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strategies as neural networks; their feature sets consist not
only of prices of our hedging instruments but may also contain
additional information such as trading signals, news analytics
or past hedging decisions—quantitative information a human
trader might use, in a true machine learning fashion.

Such deep hedging strategies can be described and trained
(optimized in classical language) in a very efficient way, while
the respective algorithms are entirely model-free and do not
depend on the chosen market dynamics. That means we can
include market frictions such as transaction costs, liquidity
constraints, bid/ask spreads, etc., all potentially dependent on
the features of the scenario.

The modeling task now amounts to specifying a market
scenario generator, a loss function, market frictions and trad-
ing instruments. This approach lends itself well to statistically
driven market dynamics. That also means that we do not need
to compute greeks of individual derivatives with a classic
derivative pricing model. In fact, we will need no such ‘equiv-
alent martingale measure model’: our approach is greek-free.
Instead, we can focus our modeling effort on realistic mar-
ket dynamics and the actual out-of-sample performance of our
hedging signal.

High level optimizers then find reasonably good strategies
to achieve good out-of-sample hedging performance under
the stated objective. In our examples, we are using gradient
descent ‘Adam’ (Kingma and Ba 2015) minibatch training for
a semi-recurrent reinforcement learning problem.

To illustrate our approach, we will build on ideas from
Föllmer and Leukert (2000) and Ilhan et al. (2009) and opti-
mize hedging of a portfolio of derivatives under convex risk
measures. To be able to compare our results with classic
complete-market results, we chose in this article to drive the
market with a Heston model. To show that the approach is
also feasible in practice, these results are complemented by
an experiment on the S&P500 index. We re-iterate that our
algorithm is not dependent on the choice of the model.

To illustrate our algorithm, we investigate the following
questions:

• Section 5.2: How does neural network hedging (for
different risk-preferences) compare to the bench-
mark in a Heston model without transaction costs?

• Section 5.3: What is the effect of proportional trans-
action costs on the exponential utility indifference
price?

• Section 5.4: Is the numerical method scalable to
higher dimensions?

• Section 5.5: How does it work in practice, e.g. when
compared to a daily-recalibrated Black–Scholes
model on the S&P500 index?

Our analysis is based on out-of-sample performance.
To calculate our hedging strategies numerically, we approx-

imate them by deep neural networks. State-of-the-art machine
learning optimization techniques (see Goodfellow et al. 2016)
are then used to train these networks, yielding a close-to-
optimal deep hedge. This is implemented in Python using
TensorFlow. Under our Heston model, trading is allowed
in both stock and a variance swap. Even experiments with
proportional transaction costs show promising results and the
approach is also feasible in a high-dimensional setting.

1.1. Comparison to standard hedging techniques

We want to emphasize that our deep hedging methodology is
generic, i.e. for any sufficiently rich set of market scenarios
we can calculate hedging strategies for any pre-specified set
of hedging instruments in the presence of any sort of mar-
ket frictions and any risk quantification methodology in an
efficient way. In contrast to most of the industry applied meth-
ods the hedging strategies are not calculated within a model
framework.

We have compared our methodology to the following stan-
dard methodology: ‘take a classical stochastic price model,
calibrate it to market data and calculate the model hedge for a
given payoff and risk quantification methodology’. As a first
example we have taken a Heston model and used equity and a
variance swap as hedging instruments. We could have chosen
here any other setup with known hedging strategies. In other
words: the complexity of our methodology is not influenced
by the nature of the law on path space. In addition, as a second
example we have fitted a standard econometric model to the
S&P500 index and evaluated the hedging performance on real
data.

Of course, in specific situations, e.g. when hedging vanilla
options on a single underlying for which a lot of option
price data is available, there are many well-established meth-
ods, see e.g. Bates (2005), Alexander and Nogueira (2007),
Sepp (2012) and Hull and White (2017). The key contribution
of the present work is that the proposed methodology is not
limited to such situations. We also want to point out that most
of the standard methods do neither take into account market
frictions nor trading constraints.

We plan in a future work to quantify first time model risk,
i.e. the likely mis-specification of the scenario generation,
since we can optimize over different scenario generators due
to the generic character of our approach.

1.2. Related literature

There is a vast literature on hedging in market models with
frictions. We only highlight a few to demonstrate the complex
character of the problem. Hedging and utility indifference
pricing under transaction costs has been studied starting with
Hodges and Neuberger (1989) and Davis et al. (1993). As
apparent from these papers, calculating the exponential utility
indifference price for a call option even in a Black–Scholes
model requires solving a multidimensional non-linear free
boundary problem. This has motivated studies on asymp-
totic behavior of prices and strategies as e.g. in Whalley and
Wilmott (1997), Barles and Soner (1998), Kallsen and Muhle-
Karbe (2015). For extensive lists of references, which also
cover alternative approaches and portfolio choice problems
under transaction costs, we refer to Carmona (2009), Kabanov
and Safarian (2009), recent contributions as e.g. (Bouchard et
al. 2016) and the survey (Muhle-Karbe et al. 2017).

A closely related setting, which is also covered by our
framework, is considered in Rogers and Singh (2010). The
authors study a market with quadratic transaction costs, which
is interpreted as a temporary price impact. The price pro-
cess is modeled by a one-dimensional Black–Scholes model.
The optimal trading strategy can be obtained by solving
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a system of three coupled (non-linear) PDEs. In Bank et
al. (2017) a more general tracking problem is carried out
for a Bachelier model and a closed form solution (involving
conditional expectations of a time integral over the optimal
frictionless hedging strategy) is obtained for the strategy.
Soner et al. (1995) prove that in a Black–Scholes market
with proportional transaction costs, the cheapest superhedg-
ing price for a European call option is the spot price of the
underlying. Thus, the concept of super-replication is of little
interest to practitioners in the one-dimensional case. In higher
dimensional cases it suffers from numerical intractability.

It is well known that deep feed forward networks satisfy
universal approximation properties, see e.g. Hornik (1991).
To understand better why they are so efficient at approxi-
mating hedging strategies, we rely on the very recent and
fascinating results of Bölcskei et al. (2017), which can be
stated as follows: they quantify the minimum network con-
nectivity needed to allow approximation of all elements in
pre-specified classes of functions to within a prescribed error,
which establishes a universal link between the connectivity of
the approximating network and the complexity of the function
class that is approximated. An abstract framework for trans-
ferring optimal M -term approximation results with respect
to a representation system to optimal M -edge approxima-
tion results for neural networks is established. These transfer
results hold for dictionaries that are representable by neural
networks and it is also shown in Bölcskei et al. (2017) that
a wide class of representation systems, coined affine systems,
and including as special cases wavelets, ridgelets, curvelets,
shearlets, α-shearlets, and more generally, α-molecules, as
well as tensor-products thereof, are re-presentable by neural
networks. These results suggest an explanation for the ‘unrea-
sonable effectiveness’ of neural networks: they effectively
combine the optimal approximation properties of all affine
systems taken together. In our application of deep hedging
strategies this means: understanding the relevant input fac-
tors for which the optimal hedging strategy can be written
efficiently.

There are several related applications of reinforcement
learning in finance which have similar challenges, of which
we want to highlight two related streams: the first is the appli-
cation to classic portfolio optimization, i.e. without options
and under the assumption that market prices are available for
all hedging instruments. As in our setup, this problem requires
the use of non-linear objective functions, c.f. for example
Moody and Wu (1997) or Jiang et al. (2017). The second
promising application of reinforcement learning is in algo-
rithmic trading, where several authors have shown promising
results, e.g. Du et al. (2009) and Lu (2017) to give but two
examples.

The novelty in this article is that we cover derivatives in
the first place, and in particular over-the-counter derivatives
which do not have an observable market price. For exam-
ple, Halperin (2017) covers hedging using Q-learning with
only the stock price under Black–Scholes assumptions and
without transaction cost. The article proposes a discrete-time
hedging methodology with a mean-variance type optimality
criterion and aims at learning the action-value function, which
is parametrized by a set of basis functions chosen by the user.
A key difference to our work is that the approach does not

address the question of how to incorporate multiple hedging
instruments and market frictions such as e.g. transaction costs.

Finally, let us point out that if a derivative is very liquidly
traded and a large quantity of historical price data is available,
then an alternative approach first proposed in Hutchinson
et al. (1994) is to approximate the pricing function of the
derivative by a neural network and use a hedging strategy
based on the greeks of the optimized neural network pricing
function. The deep hedging approach proposed here directly
parametrizes the hedging strategy and can thus be applied also
in situations in which none or only very little price data of
the derivative to be hedged is available. In addition, the deep
hedging methodology allows to incorporate multiple hedging
instruments and market frictions such as e.g. transaction costs.

This puts our article firmly in the realm of pricing and
risk managing a contingent claims in incomplete markets with
friction cost. A general introduction into quantitative finance
with a focus on such markets is Föllmer and Schied (2016).

1.3. Outline

The rest of the article is structured as follows. In Sections 2
and 3 we provide the theoretical framework for pricing and
hedging using convex risk measures in discrete-time mar-
kets with frictions. Section 4 outlines the parametrization
of appropriate hedging strategies by neural nets and pro-
vides theoretical arguments why it works. In Section 5 sev-
eral numerical experiments are performed demonstrating the
surprising feasibility and accuracy of the method.

2. Setting: discrete-time market with frictions

Consider a discrete-time financial market with finite time hori-
zon T and trading dates 0 = t0 < t1 < . . . < tn = T . Fix a
finite† probability space � = {ω1, . . . , ωN } and a probability
measure P such that P[{ωi}] > 0 for all i. We define the set of
all real-valued random variables over � as X := {X : � →
R}.

We denote by Ik with values in Rr any new market informa-
tion available at time tk , including market costs and mid-prices
of liquid instruments—typically quoted in auxiliary terms
such as implied volatilities—news, balance sheet information,
any trading signals, risk limits etc. The process I = (Ik)k=0,...,n

generates the filtration F = (Fk)k=0,...,n, i.e. Fk represents all
information available up to tk . Note that each Fk-measurable
random variable can be written as a function of I0, . . . , Ik; this
is therefore the richest available feature set for any decision
taken at tk .

The market contains d hedging instruments with mid-
prices given by an Rd -valued F-adapted stochastic process
S = (Sk)k=0,...,n. We do not require that there is an equivalent
martingale measure under which S is a martingale. We stress

† The assumption that � is finite is only essential for the numerical
solution of the optimal hedging problem (from Section 4.3 onwards).
Alternatively, we could start with arbitrary � and discretize it for the
numerical solution. If we imposed appropriate integrability condi-
tions on all assets and contingent claims, then the results prior to
Section 4.3 would remain valid for general �.
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that our hedging instruments are not simply primary assets
such as equities but also secondary assets such as liquid
options on the former. Some of those hedging instruments are
therefore not tradable before a future point in time (e.g. an
option only listed in 3M with then time-to-maturity of 6M).
Such liquidity restrictions are modeled alongside trading cost
below.

Our portfolio of derivatives which represents our liabilities
is an FT measurable random variable Z. In keeping with the
classic literature we may refer to this as the contingent claim
but we stress that it is meant to represent a portfolio which
is a mix of liquid and OTC derivatives. The maturity T is
the maximum maturity of all instruments, at which point all
payments are known.

No classic derivative pricing model will be needed to
valuate Z or compute Greeks at any point.

2.1. Simplifications

For notational simplicity, we assume that all intermediate pay-
ments are accrued using a (locally) risk-free overnight rate.
This essentially means we may assume that rates are zero and
that all payments occur at T. We also exclude for the pur-
pose of this article instruments with true optionality such as
American options. Finally, we also assume that all currency
spot exchange happens at zero cost, and that we therefore may
assume that all instruments settle in our reference currency.†

2.2. Trading strategies

In order to hedge a liability Z at T, we may trade in S using
an Rd -valued F-adapted stochastic process δ = (δk)k=0,...,n−1

with δk = (δ1
k , . . . , δd

k ). Here, δi
k denotes the agent’s holdings

of the ith asset at time tk . We may also define δ−1 = δn := 0
for notational convenience.

We denote by Hu the unconstrained set of such trading
strategies. However, each δk is subject to additional trading
constraints. Such restrictions arise due to liquidity, asset avail-
ability or trading restrictions. They are also used to restrict
trading in a particular option prior to its availability. In the
example above of an option which is listed in 3M, the respec-
tive trading constraints would be {0} until the 3M point. To
incorporate these effects, we assume that δk is restricted to
a set Hk which is given as the image of a continuous, Fk-
measurable map Hk : Rd(k+1) → Rd , i.e. Hk := Hk(R

d(k+1)).
We stipulate that Hk(0) = 0.

Moreover, for an unconstrained strategy δu ∈ Hu, we (suc-
cessively) define with (H ◦ δu)k := Hk((H ◦ δu)0, . . . , (H ◦
δu)k−1, δu

k ) its constrained ‘projection’ into Hk . We denote
by H := (H ◦ Hu) ⊂ Hu the corresponding non-empty set of
restricted trading strategies.

Example 1 Assume that S are a range of options and
that V i

k(S
i
k) computes the Black–Scholes Vega of each option

using the various market parameters available at time tk .
The overall Vega traded with δk is then Vk(δk − δk−1) :=
| ∑d

i=1 V i
k(S

i
k)(δ

i
k − δi

k−1)|. A liquidity limit of a maximum

† See Burgert and Rüschendorf (2006) for some background on
multi-currency risk measures.

tradable Vega of Vmax could then be implemented by the map:

Hk(δ0, . . . , δk) := δk−1 + (δk − δk−1)

× Vmax

max{Vk(δk − δk−1),Vmax} .

2.3. Hedging

All trading is self-financed, so we may also need to inject
additional cash p0 into our portfolio. A negative cash injection
implies we may extract cash. In a market without transac-
tion costs the agent’s wealth at time T is thus given by
−Z + p0 + (δ · S)T , where

(δ · S)T :=
n−1∑
k=0

δk · (Sk+1 − Sk).

However, we are interested in situations where trading cost
cannot be neglected. We assume that any trading activity
causes costs as follows: if the agent decides to buy a posi-
tion n ∈ Rd in S at time tk , then this will incur cost ck(n). The
total cost of trading a strategy δ up to maturity is therefore

CT (δ) :=
n∑

k=0

ck(δk − δk−1)

(recall δ−1 = δn := 0, the latter of which implies full liqui-
dation in T). The agent’s terminal portfolio value at T is
therefore

PLT (Z, p0, δ) := −Z + p0 + (δ · S)T − CT (δ). (1)

Throughout, we assume that the non-negative adapted cost
functions are normalized to ck(0) = 0 and that they are
upper semi-continuous.‡ In our numerical examples we have
assumed zero transaction costs at maturity.

Our setup includes the following effects:

• Proportional transaction cost: for for ci
k > 0 define

ck(n) := ∑d
i=1 ci

k Si
k|ni|.

• Fixed transaction costs: for ci
k > 0 and ε > 0 set

ck(n) := ∑d
i=1 ci

k1|ni|≥ε.
• Complex cross-asset cost, such as cost of volatil-

ity when trading options across the surface: assume
S1 is spot and that the rest of the hedging instru-
ments are options on the same asset. Denote by �i

k
Delta and by V i

k Vega of each instrument, for exam-
ple under a simple Black–Scholes model.We may
then define a simple cross-surface proportional cost
model in Delta and Vega for ck > 0 and vk > 0 as

ck(n) := ci
kS1

k

∣∣∣∣∣1 +
d∑

i=2

�i
kni

∣∣∣∣∣ + vi
k

∣∣∣∣∣
d∑

i=2

V i
kni

∣∣∣∣∣ .

Remark 1 We believe that our general setup can also be
extended to include true market impact: in this case, the asset
distribution is affected by our trading decisions.

‡ This property is needed in the proof of proposition 4.3.
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As an example for permanent market impact, assume for
simplicity that I = S and that we have a statistical model of our
market in the form of a conditional distribution P(Sk+1|Sk).
For a proportional impact parameter ι > 0 we may now define
the dynamics of S under exponentially decaying, proportional
market impact as P( Sk+1 | Sk(1 + ι(δk − δk−1)) ). The cost
function is accordingly ck(n) := Skι|n|.

In a similar vein, dynamic market impact with decay such
as described in Gatheral and Schied (2013) can be imple-
mented.

The real challenge with modeling impact is the effect of
trading in one hedging instrument on other hedging instru-
ments, for example when trading options.

Remark 2 We have chosen here to formulate the problem
and our analysis in the language of mathematical finance
rather than reinforcement learning. This could be translated
by interpreting market information as states, trading strate-
gies as actions and the portfolio value at each time point
as a reward and by employing a convex risk measure (as
introduced in the next section) as a risk-adjusted return
measure.

3. Pricing and hedging using convex risk measures

In an idealized complete market with continuous-time trad-
ing, no transaction costs and unconstrained hedging, for any
liabilities Z there exists a unique replication strategy δ and a
fair price p0 ∈ R such that −Z + p0 + (δ · S)T − CT (δ) = 0
holds P-a.s. This is not true in our current setting.

In an incomplete market with frictions, an agent has to
specify an optimality criterion which defines an acceptable
‘minimal price’ for any position. Such a minimal price is the
going to be the minimal amount of cash we need to add to our
position in order to implement the optimal hedge and such that
the overall position becomes acceptable in light of the various
costs and constraints.

We focus here on optimality under convex risk measures
as studied e.g. in Xu (2006) and Ilhan et al. (2009). See also
Klöppel and Schweizer (2007) and further references therein
for a dynamic setting. Convex risk measures are discussed in
great detail in Föllmer and Schied (2016).

Definition 1 Assume that X , X1, X2 ∈ X represent asset
positions (i.e. −X is a liability).

We call ρ : X → R a convex risk measure if it is:

(i) Monotone decreasing: if X1 ≥ X2 then ρ(X1) ≤ ρ(X2).
A more favorable position requires less cash injection.

(ii) Convex: ρ(αX1 + (1 − α)X2) ≤ αρ(X1) + (1 − α)ρ

(X2) for α ∈ [0, 1].
Diversification works.

(iii) Cash-Invariant: ρ(X + c) = ρ(X ) − c for c ∈ R.
Adding cash to a position reduces the need for more by
as much. In particular, this means that ρ(X + ρ(X )) =
0, i.e. ρ(X ) is the least amount c that needs to be added
to the position X in order to make it acceptable in the
sense that ρ(X + c) ≤ 0.

We call ρ normalized if ρ(0) = 0.

Let ρ : X → R be such a convex risk measure and for X ∈
X consider the optimization problem

π(X ) := inf
δ∈H

ρ (X + (δ · S)T − CT (δ)) . (2)

Proposition 3.1 π is monotone decreasing and cash-
invariant.

If moreover CT (·) and H are convex, then the functional π

is a convex risk measure.

Proof For convexity, let α ∈ [0, 1], set α′ := 1 − α and
assume X1, X2 ∈ X . Then using the definition of π in the
first step, convexity of H in the second step, convexity of
CT (·) combined with monotonicity of ρ in the third step and
convexity of ρ in the fourth step, we obtain

π(αX1 + α′X2)

= inf
δ∈H

ρ
(
αX1 + α′X2 + (δ · S)T − CT (δ)

)

= inf
δ1,δ2∈H

ρ
(
α {X1 + (δ1 · S)T } + α′ {X2 + (δ2 · S)T }

−CT (αδ1 + α′δ2)
)

≤ inf
δ1,δ2∈H

ρ (α {X1 + (δ1 · S)T − CT (δ1)}

+α′ {X2 + (δ2 · S)T − CT (δ2)}
)

≤ inf
δ1,δ2∈H

{αρ (X1 + (δ1 · S)T − CT (δ1))

+α′ρ (X2 + (δ2 · S)T − CT (δ2))
}

= απ(X1) + α′π(X2).

Cash invariance and monotonicity follow directly from the
respective properties of ρ. �

We define an optimal hedging strategy as a minimizer δ ∈
H of (2). Recalling the interpretation of ρ(−Z) as the minimal
amount of capital that has to be added to the risky position −Z
to make it acceptable for the risk measure ρ, this means that
π(−Z) is simply the minimal amount that the agent needs to
charge in order to make her terminal position acceptable, if
she hedges optimally.

If we defined this as the minimal price, then we would
exclude the possibility that having no liabilities may actually
have positive value. This might be the case in the presence of
statistically positive expectation of returns under P for some
of our hedging instruments. As mentioned before, our frame-
work lends itself to the integration of signals and other trading
information. We therefore define the indifference price p(Z)

as the amount of cash that she needs to charge in order to
be indifferent between the position −Z and not doing so, i.e.
as the solution p0 to π(−Z + p0) = π(0). By cash invariance
this is equivalent to taking p0 := p(Z), where

p(Z) := π(−Z) − π(0). (3)

It is easily seen that without trading restrictions and transac-
tion costs, this price coincides with the price of a replicating
portfolio (if it exists):
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Lemma 3.2 Suppose CT ≡ 0 and H = Hu. If Z is attainable,
i.e. there exists δ∗ ∈ H and p0 ∈ R such that Z = p0 + (δ∗ ·
S)T , then p(Z) = p0.

Proof For any δ ∈ H, the assumptions and cash invariance
of ρ imply

ρ (−Z + (δ · S)T − CT (δ)) = p0 + ρ(([δ − δ∗] · S)T ).

Taking the infimum over δ ∈ H on both sides and using H −
δ∗ = H one obtains

π(−Z) = p0 + inf
δ∈H

ρ(([δ − δ∗] · S)T ) = p0 + π(0). �

Remark 3 The methodology developed in this article can
also be applied to approximate optimal hedging strategies
in a setting where the price p0 is given exogenously: fix
a loss function � : R → [0, ∞). Suppose p0 > 0 is given,
for example being the result of trading derivatives in the
market at competitive prices, without taking into account risk-
management. The agent then wishes to minimize her loss at
maturity, i.e. she defines an optimal hedging strategy as a
minimizer to

inf
δ∈H

E [ �(−Z + p0 + (δ · S)T − CT (δ)) ] . (4)

This problem, i.e. optimal hedging under a capital constraint,
is closely related to taking for ρ a shortfall risk measure, see
e.g. Föllmer and Leukert (2000).

3.1. Arbitrage

We mentioned in the introduction that we do not require
per se that the market is free of arbitrage. To recap, we
call δ[X ] ∈ H an arbitrage opportunity given X is an oppor-
tunity to make money without risk of a loss, i.e. 0 ≤ X +
(δ[X ]S)T − CT (δ[X ]) =: (∗) while P[(∗) > 0] > 0.

In case such an opportunity exists, we obviously
have ρ(X ) < 0. Depending on the cost function and our con-
straints H, we may be able to invest an unlimited amount into
this strategy. In this case, we get π(X ) = −∞. If this applies
to X = 0, we call such a market irrelevant. This is justified by
the following observation:

Corollary 3.3 Assume that π(0) > −∞. Then π(X ) >

−∞ for all X.

Proof Since � is finite we have sup X < ∞ and therefore,
using monotonicity, π(X ) ≥ π(sup X ) ≥ π(0) − sup X >

−∞. �

We note, however, that irrelevance is not necessarily a
consequence of outright arbitrage; such statistical arbitrage
may also occur in markets without arbitrage. Consider to this
end the convex risk measure ρ(X ) := −E[X ], and assume
that the market without interest rates is driven by a standard
Black–Scholes model with positive drift μ between two time
points t0 and t1, i.e.

S0 := 1 and S1 := exp
{
μt1 + σZ

√
t1

}
for Z normal and a volatility σ > 0. Assume the propor-
tional cost of trading S in t0 is 0.5eμt1 . In this case ρ(δ0S1 −

C0(δ)) = −0.5δ0eμt1 for any δ0 ∈ R which implies π(0) =
−∞. Hence, the market is irrelevant, too, even if it does not
exhibit classic arbitrage. We also note that this is expected
in practise: as an example, consider a strategy which writes
options on an underlying. In most market scenarios such a
strategy will on average make money, even if it is subject to
potentially drastic short-term losses.

In closing we note that even if the market dynamics exhibit
classic arbitrage, and even in the absence of cost or liquidity
constraints, we may not be able to exploit it. Let us assume
that for every arbitrage opportunity δ[0] there is a non-zero
probability of not making money, i.e. P[(δ[0]S)T + CT (δ[0]) =
0] > 0. Under the extreme risk measure ρ(X ) := − inf X this
market remains relevant with π(0) = 0.

3.2. Exponential utility indifference pricing

The following lemma shows that the present framework
includes exponential utility indifference pricing as studied
for example in Hodges and Neuberger (1989), Davis et
al. (1993), Whalley and Wilmott (1997) and Kallsen and
Muhle-Karbe (2015). Recall that for the exponential util-
ity function U(x) := − exp(−λx), x ∈ R with risk-aversion
parameter λ > 0 the indifference price q(Z) ∈ R of Z is
defined by

sup
δ∈H

E [U(q(Z) − Z + (δ · S)T + CT (δ))]

= sup
δ∈H

E [U((δ · S)T + CT (δ))] .

In other words, if the seller charges a cash amount of q(Z),
sells Z and trades in the market, she obtains the same expected
utility as by not not selling Z at all.

Lemma 3.4 Define q(Z) as above. Choose ρ as the entropic
risk measure

ρ(X ) = 1

λ
log E[exp(−λX )], (5)

and define p(Z) by (3). Then q(Z) = p(Z).

Proof Using the special form of U, one may write the
indifference price as

q(Z) = 1

λ
log

(
supδ∈H E [U(−Z + (δ · S)T + CT (δ))]

supδ∈H E [U((δ · S)T + CT (δ))]

)

and so the claim follows from (3) and (5). �

3.3. Optimized certainty equivalents

Assume that � : R → R is a loss function, i.e. continuous,
non-decreasing and convex. We may define a convex risk
measure ρ by setting

ρ(X ) := inf
w∈R

{w + E[�(−X − w)]} , X ∈ X . (6)

Lemma 3.5 (6) defines a convex risk measure.
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Proof Let X , Y ∈ X be assets.

(i) Monotonicity: suppose X ≤ Y . Since � is non-
decreasing, for any w ∈ R one has E[�(−X − w)] ≥
E[�(−Y − w)] and thus ρ(X ) ≥ ρ(Y ).

(ii) Cash invariance: for any m ∈ R, (6) gives

ρ(X + m) = inf
w∈R

{(w + m) − m + E

[�(−X − (w + m))]} = −m + ρ(X ).

(iii) Convexity: let λ ∈ [0, 1]. Then convexity of � implies

ρ(λX + (1 − λ)Y)

= inf
w∈R

{w + E[�(−λX − (1 − λ)Y − w)]}

= inf
w1,w2∈R

{λw1 + (1 − λ)w2

+E[�(λ(−X − w1) + (1 − λ)(−Y − w2))]}
≤ inf

w1∈R
inf

w2∈R
{λ(w1 + E[�(−X − w1)])

+(1 − λ)(w2 + E[�(−Y − w2)])}
= λρ(X ) + (1 − λ)ρ(Y). �

Taking �(x) := −u(−x) (x ∈ R) for a utility function
u : R → R, (6) coincides with the optimized certainty equiv-
alent as defined (and studied in a lot more detail than here) in
Ben-Tal and Teboulle (2007).

Example 2 Fix λ > 0 and set �(x) := exp(λx) − ((1 +
log(λ))/λ), x ∈ R. Then the optimization problem in (6)
can be solved explicitly and the minimizer w∗ satisfies
eλw∗ = λE[exp(−λX )]. Inserting this into (6), one obtains the
entropic risk measure defined in (5) above.

Example 3 Let α ∈ (0, 1) and set �(x) := (1/(1 − α)) max
(x, 0). The associated risk measure (6) is called average
value at risk at level 1 − α (see Föllmer and Schied 2016,
Definition 4.48, Proposition 4.51 with λ := 1 − α) or also
conditional value at risk or expected shortfall.

Proposition 3.6 Suppose S is a P-martingale, ρ is defined as
in (6) and π , p as in (2), (3). Then

(i) π(0) = ρ(0),
(ii) p(Z) ≥ E[Z] for any Z ∈ X .

Proof Since 0 ∈ H and CT (0) = 0, one has π(0) ≤ ρ(0)

for any choice of risk measure ρ in (2). Under the present
assumptions the converse inequality is also true: Since S is a
martingale, it holds that

E[(δ · S)T ] =
n−1∑
j=0

E
[
δjE[Sj+1 − Sj|Fj]

] = 0 for any δ ∈ H.

(7)
By first applying Jensen’s inequality (recall that � is convex)
and then using (7), that CT (δ) ≥ 0 for any δ ∈ H and that � is
non-decreasing, one obtains

π(−Z) = inf
w∈R

inf
δ∈H

{w + E[�(Z − (δ · S)T + CT (δ) − w)]}

≥ inf
w∈R

inf
δ∈H

{w + �(E[Z − (δ · S)T + CT (δ) − w])}

≥ inf
w∈R

{w + �(E[Z] − w)} = ρ(−E[Z])

= E[Z] + ρ(0). (8)

Inserting Z = 0 yields the converse inequality π(0) ≥ ρ(0)

and thus (i). Combining (i), (3) and (8) then directly
gives (ii). �

4. Approximating hedging strategies by deep neural
networks

The key idea that we pursue in this article is to approxi-
mate hedging strategies by neural networks. Before describing
this approach in more detail we recall the definition and
approximation properties of neural networks and prove some
basic results on hedging strategies built from them. While
these results show that the approach is theoretically well-
founded, they are only one reason why we have used neural
networks (and not some other parametric family of func-
tions) to approximate hedging strategies. Equally important
is that optimal hedging strategies built from neural net-
works can numerically be calculated very efficiently. This
is explained first for the case of OCE-risk measures and for
entropic risk. Finally, an extension to general risk measures is
presented.

For the reader’s convenience we start by providing a brief
summary of notation: given a liability −Z the goal is to cal-
culate the indifference price p(Z) defined in (3) and find a
strategy δ ∈ H that achieves the infimum in π(−Z), where π

is defined in (2). In the optimization problem (2) and in what
follows ρ is a convex risk measure and H denotes the set
of (possibly restricted) trading strategies. Furthermore, for a
strategy δ ∈ H the random variables (δ · S)T and CT (δ) denote
the cumulative hedging gains and transaction costs incurred
when trading according to δ from today until maturity T,
respectively. We refer to Section 2 for precise assumptions
and specifications of these quantities. For examples of risk
measures and basic properties of ρ, p(Z) and π we refer to
Section 3.

4.1. Universal approximation by neural networks

Let us first recall the definition of a (feed forward) neural
network:

Definition 2 Let L, N0, N1, . . . , NL ∈ N with L ≥ 2, let
σ : R → R and for any � = 1, . . . , L, let W� : RN�−1 → RN� an
affine function. A function F : RN0 → RNL defined as

F(x) = WL ◦ FL−1 ◦ · · · ◦ F1with F� = σ ◦ W�

for � = 1, . . . , L − 1

is called a (feed forward) neural network. Here the activation
function σ is applied componentwise. L denotes the number
of layers, N1, . . . , NL−1 denote the dimensions of the hidden
layers and N0, NL of the input and output layers, respec-
tively. For any � = 1, . . . , L the affine function W� is given
as W�(x) = A�x + b� for some A� ∈ RN�×N�−1 and b� ∈ RN� .
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For any i = 1, . . . N�, j = 1, . . . , N�−1 the number A�
ij is inter-

preted as the weight of the edge connecting the node i of layer
� − 1 to node j of layer �. The number of non-zero weights of
a network is the sum of the number of non-zero entries of the
matrices A�, � = 1, . . . , L and vectors b�, � = 1, . . . , L.

Denote by NN σ
∞,d0,d1

the set of neural networks mapping
from Rd0 → Rd1 and with activation function σ . The next
result (Hornik 1991, Theorems 1 and 2) illustrates that neural
networks approximate multivariate functions arbitrarily well.

Theorem 4.1 Universal approximation, Hornik (1991)
Suppose σ is bounded and non-constant. The following

statements hold:

• For any finite measure μ on (Rd0 ,B(Rd0)) and 1 ≤
p < ∞, the set NN σ

∞,d0,1 is dense in Lp(Rd0 , μ).
• If in addition σ ∈ C(R), then NN σ

∞,d0,1 is dense in
C(Rd0) for the topology of uniform convergence on
compact sets.

Since each component of an Rd1 -valued neural network is
an R-valued neural network, this result easily generalizes to
NN σ

∞,d0,d1
with d1 > 1, see also the beginning of Section 2 in

Hornik (1991). Also note that in Hornik (1991) the results are
formulated for L = 2, that is, only one hidden layer is consid-
ered and the dimension N1 of this layer is allowed to become
arbitrarily large. Since NN σ

∞,d0,1 contains this smaller class
of networks, Hornik (1991) implies the result as formulated
here. A variety of other results with different assumptions on
σ or emphasis on approximation rates are available, see e.g.
Bölcskei et al. (2017) for further references. We point out that
in particular, the result stated here is only qualitative and does
not provide information on advantages of deep networks over
shallow ones (i.e. why L > 2 may be preferable). More light on
this is shed e.g. in Shaham et al. (2018): there it is shown by
means of harmonic analysis that non-linear functions which
are given on a lower dimensional training data set can be effi-
ciently approximated by deep neural networks. This is highly
relevant in our setting since prices of hedging instruments will
show dependencies which in turn means that they concentrate
with high probability on a relatively low dimensional set in the
state space of prices. It is sufficient to approximate the hedg-
ing strategies on this low dimensional subset, which by, e.g.
Bölcskei et al. (2017) or Shaham et al. (2018) is efficiently
possible.

In what follows, we fix an activation function σ and omit
it in the notation, i.e. we write NN∞,d0,d1 := NN σ

∞,d0,d1
.

Furthermore, we denote by {NNM ,d0,d1}M∈N a sequence of
subsets of NN∞,d0,d1 with the following properties:

• NNM ,d0,d1 ⊂ NNM+1,d0,d1 for all M ∈ N,
• ⋃

M∈N NNM ,d0,d1 = NN∞,d0,d1 ,
• for any M ∈ N, one has NNM ,d0,d1 = {Fθ : θ ∈

�M ,d0,d1} with �M ,d0,d1 ⊂ Rq for some q ∈ N

(depending on M ).

In addition it will be convenient to assume that for any
M ∈ N, d, d ′, d1 ∈ N with d ′ > d the set NNM ,d,d1 can be
recovered from NNM ,d ′,d1 by considering only those net-
works with zero weight connections at the last d ′ − d input
nodes, i.e. with A1

ij = 0 for j > d and all i.

Remark 4 We have two classes of examples in mind: the
first one is to take for NNM ,d0,d1 the set of all neural net-
works in NN∞,d0,d1 with an arbitrary number of layers and
nodes, but at most M non-zero weights. The second one
is to take for NNM ,d0,d1 the set of all neural networks in
NN∞,d0,d1 with a fixed architecture, i.e. a fixed number of
layers L(M ) and fixed input and output dimensions for each
layer. These are specified by d0, d1 and some non-decreasing
sequences {L(M )}M∈N and {N (M )

1 }M∈N, . . . , {N (M )

L(M )−1}M∈N. In
both cases the set NNM ,d0,d1 is parametrized by matrices A�

and vectors b�.

4.2. Optimal hedging using deep neural networks

Motivated by the universal approximation results stated
above, we now consider neural network hedging strategies.
Let our activation function therefore be bounded and non-
constant.

In order to apply our Theorem 4.1, we represent the
optimization over constrained trading strategies δ ∈ H as
an optimization over δ ∈ Hu with a following modified
objective.

Lemma 4.2 We may write the constrained problem (2) as the
modified unconstrained problem as

π(X ) = inf
δ∈Hu

ρ (X + (H ◦ δ · S)T − CT (H ◦ δ)) . (3.1’)

Proof Note that by definition any δc ∈ H is of the form H ◦
δ = δc for some δ ∈ Hu (and vice versa) and so (3.1’) directly
follows from (2). �

Note that H is typically not one-to-one (e.g. it could be a
projection), so there may not be a unique optimizer for (3.1’).

Recall that the information available in our market at tk is
described by the observed maximal feature set I0, . . . , Ik . Our
trading strategies should therefore depend on this informa-
tion and on our previous position in our tradable assets. This
gives rise to the following semi-recurrent deep neural network
structure for our unconstrained trading strategies:

HM = {(δk)k=0,...,n−1 ∈ Hu : δk = Fk(I0, . . . , Ik , δk−1) ,

Fk ∈ NNM ,r(k+1)+d,d}
= {(δθ

k )k=0,...,n−1 ∈ Hu : δθ
k = Fθk (I0, . . . , Ik , δk−1) ,

θk ∈ �M ,r(k+1)+d,d} (9)

We now replace the set Hu in (3.1’) by HM ⊂ Hu. We aim at
calculating

πM (X ) := inf
δ∈HM

ρ(X + (H ◦ δ · S)T − CT (H ◦ δ))

= inf
θ∈�M

ρ(X + (H ◦ δθ · S)T − CT (H ◦ δθ )), (10)

where �M = ∏n−1
k=0 �M ,r(k+1)+d,d . Thus, the infinite-

dimensional problem of finding an optimal hedging strategy
is reduced to the finite-dimensional constraint problem of
finding optimal parameters for our neural network.
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Remark 5 Our setup becomes truly ‘recurrent’ if we
enforce θ k = θ0 for all k and add ‘k’ as a parameter into the
network. Below proof applies with few modifications.

Remark 6 If S is an (F, P)-Markov process and Z = g(ST )

for g : Rd → R and with simplistic market frictions we may
know that the optimal strategy in (2) is of the simpler form
δk = fk(Ik , δk−1) for some fk : Rr+d → Rd .

Remark 7 We would similarly transform (4) into a modified
unconstrained problem, optimized over HM .

Remark 8 For practical implementations, handling trading
constraints with 10 is not particularly efficient since the gra-
dient of �M of our objective outside H vanishes. In the case
where H ◦ δ = δ for δ ∈ H, this can be addressed by variants
of

π(X ) ≡ inf
δ∈Hu

ρ (X + (H ◦ δ · S)T − CT (δ) − γ ‖δ

−H ◦ δ‖1) .

for Lagrange multipliers γ � 0.

The next proposition shows that thanks to the universal
approximation theorem, strategies in H are approximated
arbitrarily well by strategies in HM . Consequently, the neu-
ral network price πM (−Z) − πM (0) converges to the exact
price p(Z).

Proposition 4.3 Define HM as in (9) and πM as in (10).
Then for any X ∈ X ,

lim
M→∞

πM (X ) = π(X ).

Proof We first note that the argument δk−1 in 10 is redun-
dant, since iteratively δk−1 is itself a function of I0, . . . , Ik−1.
We may therefore write for the purpose of this proof

HM = {(δθ
k )k=0,...,n−1 ∈ Hu : δθ

k = Fk(I0, . . . , Ik) , (4.1’)

Fk ∈ NNM ,r(k+1),d}.
Since HM ⊂ HM+1 ⊂ Hu for all M ∈ N it follows that
πM (X ) ≥ πM+1(X ) ≥ π(X ). Thus it suffices to show that for
any ε > 0 there exists M ∈ N such that πM (X ) ≤ π(X ) + ε.

By definition, there exists δ ∈ Hu such that

ρ(X + (H ◦ δ · S)T − CT (H ◦ δ)) ≤ π(X ) + ε

2
. (11)

Since δk is Fk-measurable, there exists fk : Rr(k+1) →
Rd measurable such that δk = fk(I0, . . . , Ik) for each k =
0, . . . , n − 1. Since � is finite, δk is bounded and so f i

k ∈
L1(Rr(k+1), μ) for any i = 1, . . . d , where μ is the law of
(I0, . . . , Ik) under P. Thus one may use Theorem 4.1 to find
Fi

k,n ∈ NN∞,r(k+1),1 such that Fi
k,n(I0, . . . , Ik) converges to

f i
k (I0, . . . , Ik) in L1(P) as n → ∞.

By passing now to a suitable subsequence, conver-
gence holds P-a.s. simultaneously for all i,k. Writing δn

k :=
Fk,n(I0, . . . , Ik) and using P[{ω}] > 0 for all ω ∈ �, this
implies

lim
n→∞ δn

k (ω) = δk(ω) for all ω ∈ �. (12)

Continuity of Hk(·)(ω) for a fixed ω implies moreover that
also limn→∞ Hk(ω) ◦ δn

k (ω) = Hk(ω) ◦ δk(ω).

Since � is finite, ρ can be viewed as a convex function
ρ : RN → R. In particular, ρ is continuous. Using continuity
of ρ in the first step and upper semi-continuity of ck(·)(ω) for
each ω ∈ � combined with monotonicity of ρ in the second
step, one obtains

lim inf
n→∞ ρ(X + (H ◦ δn · S)T − CT (H ◦ δn))

≤ ρ(X + (H ◦ δ · S)T − lim sup
n→∞

CT (H ◦ δn))

≤ ρ(X + (H ◦ δ · S)T − CT (H ◦ δ)).

Combining this with (11), there exists n ∈ N (large enough)
such that

ρ(X + (H ◦ δn · S)T − CT (H ◦ δn)) ≤ π(X ) + ε. (13)

Since δn ∈ HM for all M large enough, one obtains πM (X ) ≤
π(X ) + ε by (10) and (13), as desired. �

4.3. Numerical solution for OCE-risk measures

While Theorem 4.1 and Proposition 4.3 give a theoretical
justification for using hedging strategies built from neural net-
works, we now turn to computational considerations: how can
we calculate a (close-to) optimal parameter θ ∈ �M for (10)?

To explain the key ideas we focus on the case when ρ is
an OCE-risk measure (see (6)) and no trading constraints are
present, the case of general risk measures is treated below.

Inserting the definition of ρ, see (6), into (10), the optimiza-
tion problem can be rewritten as

πM (−Z) = inf
θ̄∈�M

inf
w∈R

{
w + E[�(Z − (δθ̄ · S)T

+CT (δθ̄ ) − w)]
}

= inf
θ∈�

J(θ),

where � = R × �M and for θ = (w, θ̄ ) ∈ �,

J(θ) := w + E[�(Z − (δθ̄ · S)T + CT (δθ̄ ) − w)]. (14)

Generally, to find a local minimum of a differentiable function
J, one may use a gradient descent algorithm: Starting with an
initial guess θ(0), one iteratively defines

θ(j+1) = θ(j) − ηj∇Jj(θ
(j)), (15)

for some (small) ηj > 0, j ∈ N and with Jj = J . Under suitable
assumptions on J and the sequence {ηj}j∈N, θ(j) converges to
a local minimum of J as j → ∞. Of course, the success and
feasibility of this algorithm crucially depends on two points:
Firstly, can one avoid finding a local minimum instead of a
global one? Secondly, can ∇J be calculated efficiently?

One of the key insights of deep learning is that for cost
functions J built based on neural networks both of these prob-
lems can be dealt with simultaneously by using a variant of
stochastic gradient descent and the (error) backpropagation
algorithm. What this means in our context is that in each step
j the expectation in (14) (which is in fact a weighted sum
over all elements of the finite but potentially very large sam-
ple space �) is replaced by an expectation over a randomly
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(uniformly) chosen subset of � of size Nbatch � N , so that Jj

used in the update (15) is now given as

Jj(θ) = w +
Nbatch∑
m=1

�(Z(ω(j)
m ) − (δθ̄ · S)T (ω(j)

m ) + CT (δθ̄ )(ω(j)
m )

− w)
N

Nbatch
P[{ω(j)

m }]

for some ω
(j)
1 , . . . , ω(j)

Nbatch
∈ �. This is the simplest form of the

(minibatch) stochastic gradient algorithm. Not only does it
make the gradient computation a lot more efficient (or possi-
ble at all, if N is large) but it also avoids getting stuck in local
minima: even if θ(j) arrives at a local minimum at some j, it
moves on afterwards (due to the randomness in the gradient).
In order to calculate the gradient of Jj for each of the terms
in the sum, one may now rely on the compositional structure
of neural networks. If �, c and σ are sufficiently differentiable
and the derivatives are available in closed form, then one may
use the chain rule to calculate the gradient of F θ̄k with respect
to θ analytically and the same holds for the gradient of Jj. Fur-
thermore, these analytical expressions can be evaluated very
efficiently using the so called backpropagation algorithm (see
subsequent section).

While this certainly answers the second question posed
above (efficiency), the first one (local minima) is only par-
tially resolved, as there is no general result guaranteeing
convergence to the global minimum in a reasonable amount of
time. However, it is common belief that for sufficiently large
neural networks, it is possible to arrive at a sufficiently low
value of the cost function in a reasonable amount of time, see
Goodfellow et al. (2016, Chapter 8).

Finally, note that for the experiments in Section 5 below
we have used Adam, a more refined version of the stochastic
gradient algorithm, as introduced in Kingma and Ba (2015)
and also discussed in Goodfellow et al. (2016, Chapter 8.5.3).

Remark 9 In the experiments in Section 5 below, the func-
tions �, c and σ are continuous but have only piecewise
continuous derivatives. Nevertheless, similar techniques can
be applied.

Remark 10 Numerically, trading constraints can be handled
by introducing Lagrange-multipliers or by imposing infinite
trading cost outside the allowed trading range. Certain types
of constraints can also be dealt with by the choice of activa-
tion function: for example, no short-selling constraints can be
enforced by choosing a non-negative activation function σ . A
systematic numerical treatment will be left for future research.

4.4. Certainty equivalent of exponential utility

The entropic risk measure (5) is a special case of an OCE-risk
measure, as explained in Example 2. However, when applying
the methodology explained in Section 4.3, there is no need to
minimize over w: we may directly insert (5) into (10) to write

πM (−Z) = 1

λ
log inf

θ∈�M

J(θ),

where

J(θ) := E[exp(−λ[−Z + (δθ · S)T − CT (δθ )])]. (16)

A close-to-optimal θ ∈ �M can then be found numerically as
above.

4.5. Extension to general risk measures

As explained in Section 4.3, for OCE-risk measures the
optimal hedging problem (10) is amenable to deep learning
optimization techniques (i.e. variants of stochastic gradient
descent) via (14). The key ingredient for this is that the
objective J satisfies

(ML1) the gradient of J decomposes into a sum over the
samples, i.e. ∇θJ(θ) = ∑N

m=1 ∇θJ(θ , ωm) and
(ML2) ∇θJ(θ , ωm) can be calculated efficiently for each

m, i.e. using backpropagation.

The goal of the present section is to show that for a
general class of convex risk measures (including all coher-
ent ones) one can approximate (2) by a minimax prob-
lem over neural networks and that the objective functional
of this approximate problem also has these two key prop-
erties, making it amenable to deep learning optimization
techniques.

Denote by P the set of probability measures on (�,F). The
following result serves as a starting point:

Theorem 4.4 Robust representation of convex risk measures
Suppose ρ : X → R is a convex risk measure. Then ρ can be
written as

ρ(X ) = max
Q∈P

(
EQ[−X ] − α(Q)

)
, X ∈ X , (17)

where α(Q) := supX∈X (EQ[−X ] − ρ(X )).

Proof Since for � finite the set of probability measures P
coincides with the set of finitely additive, normalized set func-
tions (appearing in Föllmer and Schied 2016, Theorem 4.16),
the present statement follows directly from the cited theorem
and Föllmer and Schied (2016, Remark 4.17). �

The function α : P → R is called the (minimal) penalty
function of the risk measure ρ.

Since � is finite, P can be identified with the standard
N − 1 simplex in RN and so (17) is an optimization over RN .
However, N is very large in our context and so the represen-
tation (17) is of little use for numerical calculations. The next
result shows that ρ(X ) can be approximated by an optimiza-
tion problem over a lower dimensional space. To state it, let
us define the set L ⊂ X of log-likelihoods by

L := {f ∈ X : E[exp(f )] = 1},

define ᾱ : L → R by ᾱ(f ) = α(exp(f )dP) for any f ∈ L and
write Peq for the set of probability measures on (�,F),
which are equivalent to P. Furthermore, one may view Ī =
(I0, . . . , In) as a map � → Rr(n+1).
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Theorem 4.5 Suppose

(i) α(Q) < ∞ for some Q ∈ Peq,
(ii) ᾱ is continuous,

(iii) F = FT .

Then for any X ∈ X , ρ(X ) = limM→∞ ρM (X ), where

ρM (X ) := sup
θ∈�M ,r(n+1),1

E[exp(Fθ ◦Ī)]=1

(
E[−X exp(Fθ ◦ Ī)] − ᾱ(Fθ ◦ Ī)

)
.

(18)

Proof We proceed in two steps. In a first step we show that
for any X ∈ X one may write

ρ(X ) = sup
f̄ ∈M

E[exp(f̄ ◦Ī)]=1

(
E[−X exp(f̄ ◦ Ī)] − ᾱ(f̄ ◦ Ī)

)
, (19)

where M denotes the set of measurable functions mapping
from Rr(n+1) → R. In the second step we rely on (19) to prove
the statement.

Step 1: Since P[{ωi}] > 0 for all i, X coincides with
L∞(�,F , P) and ρ is law-invariant. Thus by (i) and (Föllmer
and Schied 2016, Theorem 4.43) one may write

ρ(X ) = sup
Q∈Peq

(
EQ[−X ] − α(Q)

)
, X ∈ X . (20)

Note that Peq may be written in terms of L as

Peq = {exp(f )dP : f ∈ L} . (21)

Furthermore, using (iii) one obtains

X = {f̄ ◦ Ī : f̄ ∈ M}. (22)

Combining (20), (21) and the definition of ᾱ one obtains

ρ(X ) = sup
f ∈L

(E[−X exp(f )] − ᾱ(f )) ,

which can be rewritten as (19) by using (22).
Step 2: Note that one may also write (18) as

ρM (X ) = sup
f ∈NNM ,r(n+1),1

E[exp(f ◦Ī)]=1

(
E[−X exp(f ◦ Ī)] − ᾱ(f ◦ Ī)

)
. (23)

Combining (23) with (19) and using NNM ,r(n+1),1 ⊂
NNM+1,r(n+1),1 ⊂ M, one obtains that ρM (X ) ≤ ρM+1(X ) ≤
ρ(X ) for all M ∈ N. Thus it suffices to show that for any
ε > 0 there exists M ∈ N such that ρM (X ) ≥ ρ(X ) − ε.

By (19), for any ε > 0 one finds f̄ ∈ M such that

E[exp(f̄ ◦ Ī)] = 1, (24)

ρ(X ) − ε

2
≤ E[−X exp(f̄ ◦ Ī)] − ᾱ(f̄ ◦ Ī). (25)

Precisely as in the proof of Proposition 4.3, one may
use Theorem 4.1 to find f (n) ∈ NN∞,r(n+1),1 such that P-
a.s., f (n) ◦ Ī converges to f̄ ◦ Ī as n → ∞. Combining this
with (24), one obtains that for all n large enough, cn :=

log(E[exp(f (n) ◦ Ī)]) is well-defined and that f̄ (n) ◦ Ī also con-
verges P-a.s. to f̄ ◦ Ī, as n → ∞, where f̄ (n) := f (n) − cn.
Using this, (25) and assumption (ii), for some (in fact all)
n ∈ N large enough one obtains

ρ(X ) − ε ≤ E[−X exp(f̄ (n) ◦ Ī)] − ᾱ(f̄ (n) ◦ Ī). (26)

From NN∞,r(n+1),1 − cn = NN∞,r(n+1),1 and from the
choice of NNM ,r(n+1),1, one has f̄ (n) ∈ NNM ,r(n+1),1 for M
large enough. By combining this with (26) and the choice of
cn one obtains

ρ(X ) − ε ≤ ρM (X ),

as desired. �

Combining (10) and (18), one thus approximates (2) for
X = − Z by solving

inf
θ0∈�M

sup
θ1∈�M ,r(n+1),1

J(θ), (27)

where θ = (θ0, θ1),

J(θ) := E
[−PL(Z, 0, δθ0) exp(Fθ1 ◦ Ī)

] − ᾱ(Fθ1 ◦ Ī)

− λ0(E[exp(Fθ1 ◦ Ī)] − 1)

and λ0 is a Lagrange multiplier.
We conclude this section by arguing that the objective J

in (27) indeed satisfies (ML1) and (ML2). This is standard
(c.f. Section 4.3) for all terms in the sum except for ᾱ(Fθ1 ◦ Ī)
and so we only consider this term.

Recall that � is finite and consists of N elements, thus
X = {X : � → R} can be identified with RN . As for standard
backpropagation the compositional structure can be used for
efficient computation:

Proposition 4.6 Suppose ᾱ can be extended to ᾱ : X → R

continuously differentiable, σ is continuously differentiable
and NNM ,r(n+1),1 is the set of neural networks with a fixed
architecture (see Remark 4). Then J(θ1) := ᾱ(Fθ1 ◦ Ī), θ1 ∈
�M ,r(n+1),1 is continuously differentiable and satisfies (ML1).

Proof Note that F = Fθ1 is parametrized by the matrices
A� and vectors b�, � = 1, . . . , L, and that one may con-
sider all partial derivatives separately. Given ᾱ : X → R and
∇ᾱ : X → X , one thus aims at calculating ∂A�

i,j
ᾱ(F ◦ Ī) and

∂b�
i
ᾱ(F ◦ Ī) for � = 1, . . . , L, i = 1, . . . , N�, j = 1, . . . , N�−1.

This can be done by the chain rule: For θ ∈ {A�
i,j, b�

i }, one has

∂θ ᾱ(F ◦ Ī) =
N∑

m=1

∇ᾱ(F ◦ Ī)(ωm)∂θF(Ī(ωm))

and in particular (ML1) holds. �

Furthermore, in the notation of the proof, for any m =
1, . . . N the derivative ∂θF(Ī(ωm)) can be calculated using
standard backpropagation algorithm (preceded by a forward
iteration) and so (ML2) holds as well. For the reader’s conve-
nience we state it here: One sets x0 = Ī(ωm), iteratively calcu-
lates x� := F�(x�−1) for � = 1, . . . , L − 1 and xL := WL(xL−1).
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Then (this is the backward pass) one sets JL := AL and cal-
culates iteratively J� = J�+1dF�(x�−1) for � = L − 1, . . . , 1,
where

dF�(x
�−1) = diag(σ ′(W�x�−1))A�.

From this one may use again the chain rule to obtain for any
� = 1, . . . L, i = 1, . . . , N�, j = 1, . . . , N�−1 the derivatives of
F with respect to the parameters as

∂A�
i,j

F(Ī(ωm)) = J�+1
i σ ′((W�x�−1)i)x

�−1
j

∂b�
i
F(Ī(ωm)) = J�+1

i σ ′((W�x�−1)i).

5. Numerical experiments and results

After having introduced the optimal hedging problem (2) in
Section 3 and described in Section 4 how one may numeri-
cally approximate the solution by (10) using neural networks,
we now turn to numerical experiments to illustrate the feasi-
bility of the approach. We start by explaining in Section 5.1
the modeling choices in detail. The remainder of this section
will then be devoted to examining the following questions:

• Section 5.2: How does neural network hedging (for
different risk-preferences) compare to the bench-
mark in a Heston model without transaction costs?

• Section 5.3: What is the effect of proportional trans-
action costs on the exponential utility indifference
price?

• Section 5.4: Is the numerical method scalable to
higher dimensions?

• Section 5.5: How does it work in practice, e.g. when
compared to a daily-recalibrated Black–Scholes
model on the S&P500 index?

5.1. Setting and implementation

For most of the results presented here we have chosen a
time horizon of 30 trading days with daily rebalancing. Thus,
T = 30/365, n = 30 and the trading dates are tk = k/365, k =
0, . . . , n. As explained in Section 4 and Remark 6, the number
of units δk ∈ Rd that the agent decides to hold in each of the
instruments at tk is parametrized by a semi-recurrent neural
network: we set δθ

k = Fθk (Ik , δθ
k−1) where Fθk is a feed forward

neural network with two hidden layers and Ik = �(S0, . . . , Sk)

for some � : R(k+1)d → Rd specified below. More precisely,
in the notation of Definition 2, Fθk is a neural network with
L = 3, N0 = 2d, N1 = N2 = d + 15, N3 = d and the acti-
vation function is always chosen as σ(x) = max(x, 0). The
weight matrices and biases are the parameters to be optimized
in (10). Note that these are different for each k.

Having made these choices, the algorithm outlined in
Section 4 can now be used for approximate hedging in any
market situation: given sample trajectories of the hedging
instruments S(ωm), samples of the payoff Z(ωm) and associ-
ated weights P[{ωm}] for m = 1, . . . , N (on a finite probability
space � = {ω1, . . . , ωN }), for any choice of transaction cost
structure c and any risk measure ρ one may now use the

algorithm outlined in Section 4 to calculate close-to opti-
mal hedging strategies and approximate minimal prices. Of
course, for a path-dependent derivative with payoff Z =
G(S0, . . . , ST ) with G : (Rd)n+1 → R one obtains samples of
the payoff by simply evaluating G on the sample trajectories
of S.

Different risk measures ρ, transaction cost functions c and
payoffs Z will be used in the examples and so these are
described separately in each of the subsequent sections. To
illustrate the feasibility of the algorithm and have a bench-
mark at hand for comparison (at least in the absence of
transaction costs), we have chosen to generate the sample
paths of S from a standard stochastic volatility model under
a risk-neutral measure P (except in Section 5.5). Thus in most
of the examples below, the process S follows (a discretization
of) a Heston model, see the beginning of Section 5.2 below.
But we stress again that, as explained above, the algorithm is
model independent in the sense that no information about the
Heston model is used except for the (weighted) samples of the
price and variance process.

The algorithm has been implemented in Python, using
TensorFlow to build and train the neural networks. To allow
for a larger learning rate, the technique of batch normaliza-
tion (see Ioffe and Szegedy 2015 and Goodfellow et al. 2016,
Chapter 8.7.1) is used in each layer of each network right
before applying the activation function. The network parame-
ters are initialized randomly (drawn from uniform and normal
distribution). For network training the Adam algorithm (see
Kingma and Ba 2015, Goodfellow et al. 2016, Chapter 8.5.3)
with a learning rate of 0.005 and a batch size of 256 has
been used. Finally, the model hedge for the benchmark in
Section 5.2 has been calculated using Quantlib.

Remark 11 For most of the numerical experiments in this
article the optimality criteria in (14) and (16) are specified
under a risk-neutral measure. Thus, an optimal hedging strat-
egy is based on market anticipations of future prices. Alter-
natively, one could use a statistical measure. The algorithm
presented here can be applied also in this case, see Section 5.5.

Remark 12 In the examples presented here the network
architecture (number of layers and number of neurons in each
layer) has been fixed. In future applications, one may include
an automatic hyperparameter optimization procedure that
selects the best network architecture, learning rate and batch
size within a pre-specified set of choices, see e.g. Goodfellow
et al. (2016, Chapter 11.4).

Remark 13 Note that δθ
k = Fθk (Ik , δθ

k−1), i.e. the neural net-
work at tk takes as an input the output δθ

k−1 of the network
at tk−1. By iterating one obtains that the strategy at tk can
also be viewed as a feed forward neural network with inputs
(I0, . . . , Ik) and Lk hidden layers. Thus, even in case L = 3 one
works with a ‘deep’ network.

5.2. Benchmark: no transaction costs

As a first example, we consider hedging without transaction
costs in a Heston model. In this example the risk measure ρ

is chosen as the average value at risk (also called conditional
value at risk or expected shortfall), defined for any random



Deep hedging 1283

variable X by

ρ(X ) := 1

1 − α

∫ 1−α

0
VaRγ (X )dγ (28)

for some α ∈ [0, 1), where VaRγ (X ) := inf{m ∈ R : P(X <

−m) ≤ γ }. An alternative representation of ρ of type (6)
is discussed in Example 3. We refer to (Föllmer and
Schied 2016, Section 4.4) for further details. Note that differ-
ent levels of α correspond to different levels of risk-aversion,
ranging from risk-neutral for α close to 0 to very risk-averse
for α close to 1. The limiting cases are ρ(X ) = −E[X ]
for α = 0 and limα↑1 ρ(X ) = −essinf(X ), see (Föllmer and
Schied 2016, p. 234 and Remark 4.50).

5.2.1. A brief reminder on the Heston model. Recall that
a Heston model is specified by the stochastic differential
equations

dS1
t =

√
VtS

1
t dBt, for t > 0 and S1

0 = s0

dVt = α(b − Vt)dt + σ
√

VtdWt, for t > 0 and

V0 = v0,

(29)

where B and W are one-dimensional Brownian motions
(under a probability measure Q) with correlation ρ ∈ [−1, 1]
and α, b, σ , v0 and s0 are positive constants. Below we have
chosen α = 1, b = 0.04, ρ = −0.7, σ = 2, v0 = 0.04 and s0 =
100, reflecting a typical situation in an equity market.

Here S1 is the price of a liquidly tradeable asset and V is
the (stochastic) variance process of S1, modeled by a Cox–
Ingersoll–Ross (CIR) process. V itself is not tradable directly
but only through options on variance. In our framework this
is modeled by an idealized variance swap with maturity T, i.e.
we set FH

t := σ((S1
s , Vs) : s ∈ [0, t]) and

S2
t := EQ

[∫ T

0
Vs ds

∣∣∣∣FH
t

]
, t ∈ [0, T], (30)

and consider (S1, S2) as the prices of liquidly tradeable assets.
A standard calculation† shows that (30) is given as

S2
t =

∫ t

0
Vs ds + L(t, Vt) (31)

where

L(t, v) = v − b

α
(1 − e−α(T−t)) + b(T − t).

Consider now a European option with payoff g(S1
T ) at T for

some g : R → R. Its price (under Q) at t ∈ [0, T] is given
as Ht := EQ[g(S1

T )|FH
t ]. By the Markov property of (S1, V ),

one may write the option price at t as Ht = u(t, S1
t , Vt) for

† For example, one may use that (log(S1), V ) is an affine process to
see that the conditional expectation in (30) can be taken only with
respect to σ(Vt, s ∈ [0, t]). This conditional expectation can then
be calculated by using the SDE for V or by directly inserting the
expression from e.g. (Dufresne 2001, Section 3).

some u : [0, T] × [0, ∞)2 → R. Assuming that u is suffi-
ciently smooth, one may apply Itô’s formula to H and use
(31) to obtain

g(S1
T ) = q +

∫ T

0
δ1

t dS1
t +

∫ T

0
δ2

t dS2
t , (32)

where q = EQ[g(S1
T )] and

δ1
t := ∂su(t, S1

t , Vt)andδ2
t := ∂vu(t, S1

t , Vt)

∂vL(t, Vt)
. (33)

Thus, if continuous-time trading was possible, (32) shows that
the option payoff can be replicated perfectly by trading in
(S1, S2) according to the strategy (33).

Remark 14 The strategy (33) depends on Vt. Although not
observable directly, an estimate can be obtained by estimating∫ t

0 Vs ds and solving (31) for Vt.

5.2.2. Setting: discretized Heston model. In addition to
the setting explained in detail in Section 5.1, here we set
d = 2, consider no transaction costs (i.e. CT ≡ 0) and gen-
erate sample trajectories of the price process of the hedging
instruments from a discretely sampled Heston model. Thus,
S = (S0, . . . , Sn) and for any k = 0, . . . , n, Sk = (S1

k , S2
k ) is

given by (29) and (31) under Q. The sample paths of S are
generated by (exact) sampling from the transition density of
the CIR process (see Glasserman 2004, Section 3.4) and then
using the (simplified) Brodie–Kaya scheme (see Broadie and
Kaya 2006; Andersen et al. 2010).‡ Generating independent
samples of S according to this scheme can now be viewed
as sampling from a uniform distribution on a (huge) finite
probability space �.§ Thus, in the notation of Section 5.1
one has P[{ωm}] = 1/N for all m = 1, . . . , N with each S(ωm)

corresponding to a sample of the Heston model generated as
explained above.

If continuous-time trading was possible, any European
option could be replicated perfectly by following the strat-
egy (33). However, in the present setup the hedging portfolio
can only be adjusted at discrete time-points. Nevertheless
one may choose δH

k := (δ1
k , δ2

k ) for k = 0 . . . n − 1 with δ1, δ2

defined by (33) and charge the risk-neutral price q. This will
be referred to as the model-delta hedging strategy (or simply
model hedge) and serves as a benchmark.

Finally, in order to compare the neural network strate-
gies to this benchmark, the network input is chosen as Ik =
(log(S1

k ), Vk). One could also replace Vk by S2
k instead. The

network structure at time-step tk is illustrated in figure 1.

5.2.3. Results. We now compare the model hedge δH to the
deep hedging strategies δθ corresponding to different risk-
preferences, captured by different levels of α in the average
value at risk (28).

‡ This corresponds to replacing V in the SDE for S1 in (29) by a
piecewise constant process and the integral in (31) by a sum.
§ To be more precise, one replaces the normal distributions appear-
ing in the simulation scheme for S by (arbitrarily fine) discrete
distributions.
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Figure 1. Visualization of the structure of the network strategy δθ at tk . Input variables to δθ
k are the current values of I (green nodes on

the left) and the previous holdings in the hedging instruments (red nodes on the left). The network passes these through two hidden layers
(blue nodes in the middle) and returns the current hedging position δθ

k (red nodes on the right). The latter is then used as an input to δθ
k+1, the

strategy at tk+1.

As a first example, consider a European call option, i.e.
Z = (S1

T − K)+ with K = s0. Following the methodology
outlined in Section 5.1, we calculate a (close-to) optimal
parameter θ for (10) with X = − Z and denote by δθ and
pθ

0 the (close-to) optimal hedging strategy and value of (10),
respectively. By definition of the indifference price (3), the
approximation property Proposition 4.3, Proposition 3.6 and
ρ(0) = 0, pθ

0 is an approximation to the indifference price
p(Z). As an out-of-sample test, one can then simulate another
set of sample trajectories (here 106) and evaluate the ter-
minal hedging errors q − Z + (δH · S)T (model hedge) and
pθ

0 − Z + (δθ · S)T (CVar) on each of them. In fact, since the
risk-adjusted price pθ

0 is higher than the risk-neutral price
q = 1.69 (as shown in Proposition 3.6(ii), e.g. for α = 0.5
one obtains pθ

0 = 1.94), for (CVar) we have evaluated q −
Z + (δθ · S)T , i.e. the hedging error from using the opti-
mal strategy associated to ρ but only charging the risk-
neutral price q. The terminal hedging errors associated to
the two strategies are compared in a histogram in figure 2,
where α in (28) is chosen as α = 0.5. As one can see,
the hedging performance of δH and δθ is very similar. In
particular

• for this choice of risk-preferences (ρ as in (28) with
α = 0.5) the optimal strategy in (2) is close to the
model hedge δH ,

• the neural network strategy δθ is able to approxi-
mate well the optimal strategy in (2).

This is also illustrated by figure 3, where the first com-
ponents of the strategies δθ

k and δH
k at a fixed time point k

are plotted conditional on (S1
k , Vk) = (s, v) on a grid of values

for (s, v). To make this last comparison fully sensible instead
of the recurrent network structure δθ

k = Fθk (Ik , δθ
k−1) here a

simpler structure δθ
k = Fθk (Ik) is used. The hedging perfor-

mance for this simpler structure is, however, very similar, see
figure 4, where the terminal hedging errors associated to the
two strategies are compared in a histogram. Of course, this is
also expected from (33).†

† For non-zero transaction costs this is not true anymore, i.e. the
recurrent network structure is needed. For example, figure 5 is gen-
erated for precisely the same parameters as figure 4, except that
α = 0.99 and proportional transaction costs are incurred, i.e. (34)
with ε = 0.01. The histogram and the table in figure 5 show that the
recurrent network structure realizes a better hedging performance at
a lower price.
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Figure 2. Comparison of model hedge and deep hedge associated to
the 50%-expected shortfall criterion. The figure shows a histogram
of the terminal hedging error q − Z + (δ · S)T evaluated on the test
data, for both δ = δH (model hedge) and δ = δθ (neural network
hedge). The latter was optimized with α = 0.5 in (28).

A more extreme case is shown in figure 6, where the ter-
minal hedging errors associated to the strategies optimized
for the 50%-CVar and 99%-CVar criterion (i.e. α = 0.5 and
α = 0.99) are compared in a histogram. Also note that for
α = 0.99 one obtains a significantly higher risk-adjusted price
pθ

0 = 3.49. The histogram in figure 7 is the same as in figure 6,
except that now the terminal hedging errors for both strategies
are centered to the risk-neutral price q, i.e. one trades accord-
ing to the 50% and 99%-CVar optimal hedging strategies
but only charges the risk-neutral price. From this compari-
son the risk preferences become apparent, see the histogram
in figure 7: the 50%-CVar strategy is more centered at 0 and

Figure 4. Comparison of deep hedging strategies with recurrent
structure to those with a simpler network structure when no trans-
action costs are incurred. The figure shows a histogram of the
terminal hedging error q − Z + (δθ · S)T evaluated on the test data,
for both δθ

k = Fθk (Ik , δθ
k−1) (recurrent) and δθ

k = Fθk (Ik) (simpler).
Both strategies were optimized with α = 0.5 in (28).

also has a smaller mean hedging error but the 99%-expected
shortfall strategy yields smaller extreme losses (c.f. also the
realized 99%-CVar loss value realized on the test sample,
shown in the table in figure 7).

To further illustrate the implications of risk-preferences on
hedging, as a last example we consider selling a call spread,
i.e. Z = [(S1

T − K1)
+ − (S1

T − K2)
+]/(K2 − K1) for K1 < K2.

Here we have chosen K1 = s0, K2 = 101. Proceeding as
above, we compare the model hedge to the more risk-averse
hedging strategies associated to α = 0.95 and α = 0.99. The
first components of the strategies (on a grid of values for spot
and variance) are shown at a fixed time point in figures 8

Figure 3. Comparison of holdings in stock for model hedge and neural network hedge at k = 15 days. The figure shows the first component of
both δH

k (model delta) and δθ
k (network delta) as well as their difference plotted as a function of Ik = (Sk , Vk), evaluated on a grid containing

[95, 103] × [0.3, 0.13]. The neural network hedge has the simpler structure δθ
k = Fθk (Ik) and was optimized using α = 0.5 in (28).
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Figure 5. Comparison of deep hedging strategies with recur-
rent structure to those with a simpler network structure in the
presence of proportional transaction costs ((34) with ε = 0.01).
The figure shows a histogram of the terminal hedging error
pθ

0 − Z + (δθ · S)T − CT (δθ ) evaluated on the test data, for both
δθ

k = Fθk (Ik , δθ
k−1) (recurrent) and δθ

k = Fθk (Ik) (simpler). Both
strategies were optimized with α = 0.99 in (28).

Figure 6. Comparison of deep hedging strategies for two different
levels of risk-aversion. The figure shows a histogram of the terminal
hedging error pθ

0 − Z + (δθ · S)T evaluated on the test data for two
different choices of network strategy δθ . In both cases the risk mea-
sure (28) was used to optimize the strategy but once the parameter α
in (28) was chosen as α = 0.99 (0.99-CVar) and once it was chosen
as α = 0.5 (0.5-CVar).

and 9. The model hedge would again correspond to α = 0.5.
As one can see for higher levels of risk-aversion, the strategy
flattens. From a practical perspective, this precisely corre-
sponds to a barrier shift, i.e. a more risk-averse hedge for a
call spread with strikes K1 and K2 actually aims at hedging a
spread with strikes K̃1 and K2 for K̃1 < K1.

5.3. Price asymptotics under proportional transaction costs

In Section 5.2 we have seen that in a market without transac-
tion costs, deep hedging is able to recover the model hedge

Figure 7. Comparison of deep hedging strategies for two different
levels of risk-aversion, centered at the risk-neutral price. The figure
shows a histogram of the terminal hedging error q − Z + (δθ · S)T
evaluated on the test data for two different choices of network strat-
egy δθ . In both cases the risk measure (28) was used to optimize the
strategy but once the parameter α in (28) was chosen as α = 0.99
(0.99-CVar) and once it was chosen as α = 0.5 (0.5-CVar).

and can be used to calculate risk-adjusted optimal hedging
strategies.

The goal of this section is to illustrate the power of
the methodology by numerically calculating the indifference
price (3) in a multi-asset market with transaction costs.

So far, this has been regarded a highly challenging problem,
see e.g. the introduction of Kallsen and Muhle-Karbe (2015).
For example, calculating the exponential utility indifference
price for a call option in a Black–Scholes model involves solv-
ing a multidimensional non-linear free boundary problem, see
e.g. Hodges and Neuberger (1989) and Davis et al. (1993).
Motivated by this Whalley and Wilmott (1997) have studied
asymptotically optimal strategies and price asymptotics for
small proportional transaction costs, i.e. for

ck(n) =
d∑

i=1

ε|ni|Si
k (34)

and as ε ↓ 0. One of the results in the asymptotic analysis is
that

pε − p0 = O(ε2/3), as ε ↓ 0, (35)

where pε = pε(Z) is the utility indifference price of Z asso-
ciated to transaction costs of size ε. In fact (35) is true
in more general one-dimensional models, see Kallsen and
Muhle-Karbe (2015), and the rate 2/3 also emerges in a vari-
ety of related problems with proportional transaction costs,
see e.g. Rogers (2004) and Muhle-Karbe et al. (2017) and the
references therein.

Here we numerically verify (35) using the deep hedging
algorithm, first for a Black–Scholes model (for which (35)
is known to hold) and then for a Heston model (with d = 2
hedging instruments). For this latter case (or any other model
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Figure 8. Comparison of holdings in stock for model hedge and 95%-CVar neural network hedge at k = 15 days when hedging a call spread.
The figure shows the first component of both δH

k (model delta) and δθ
k (network delta) as well as their difference plotted as a function of

Ik = (Sk , Vk), evaluated on a grid containing [95, 103] × [0.3, 0.13]. The neural network hedge has the simpler structure δθ
k = Fθk (Ik) and

was optimized using α = 0.95 in (28).

Figure 9. Comparison of holdings in stock for model hedge and 99%-CVar neural network hedge at k = 15 days when hedging a call spread.
The figure shows the first component of both δH

k (model delta) and δθ
k (network delta) as well as their difference plotted as a function of

Ik = (Sk , Vk), evaluated on a grid containing [95, 103] × [0.3, 0.13]. The neural network hedge has the simpler structure δθ
k = Fθk (Ik) and

was optimized using α = 0.99 in (28).
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Figure 10. Black–Scholes model price asymptotics for proportional
transaction costs. The figure shows the pairs (log(εi), log(pεi − p0))
(in red) and the closest (in squared distance) line with slope 2/3
(in blue), where pεi is the neural network approximation to the
exponential utility indifference price in a Black–Scholes model with
proportional transaction costs (34) of size εi = 2−i+5, i = 1, . . . , 5.

with d > 1) there have been neither numerical nor theoretical
results on (35) previously in the literature.

5.3.1. Black–Scholes model. Consider first d = 1 and St =
s0 exp(−tσ 2/2 + σWt), where σ > 0 and W is a one-
dimensional Brownian motion. We choose σ = 0.2, s0 = 100
and use the explicit form of S to generate sample trajecto-
ries. Setting Ik = log(Sk) and proceeding precisely as in the
Heston case (see Sections 5.1 and 5.2), we may use the deep
hedging algorithm to calculate the exponential utility indiffer-
ence price pε for different values of ε. Recall that we choose
proportional transaction costs (34) and ρ is the entropic risk
measure (5) (see Lemma 3.4). For the numerical example we
take λ = 1 and Z = (ST − K)+ with K = s0 and we calculate
pεi for εi = 2−i+5, i = 1, . . . , 5.

Figure 10 shows the pairs (log(εi), log(pεi − p0)) (in red)
and the closest (in squared distance) straight line with slope
2/3 (in blue). Thus, in this range of ε the relation log(pε −
p0) = 2/3 log(ε) + C for some C ∈ R indeed holds true and
hence also (35).

Note that trading is only possible at discrete time-points and
so the indifference price and the risk-neutral price do not coin-
cide. Since (35) is a result for continuous-time trading (where
q = p0), we have compared to the risk-neutral price q here
(thus neglecting the discrete-time friction in pε for ε > 0).

5.3.2. Heston model. We now consider a Heston model with
two hedging instruments, i.e. d = 2 and the setting is precisely
as in Section 5.2, except that here ρ is chosen as (5) and pro-
portional transaction costs (34) are incurred. Choosing λ = 1,
Z = (S1

T − K)+ and εi as in the Black–Scholes case above,
one can again calculate the exponential utility indifference
prices and show the difference to p0 in a log-log plot (see
above) in a graph. These are shown as red dots in figure 11.
Here the blue line in figure 11 is the regression line, i.e. the
least squares fit of the red dots. The rate is very close to 2/3
and so it appears that the relation (35) also holds in this case.

Figure 11. Heston model price asymptotics for proportional trans-
action costs. The figure shows the pairs (log(εi), log(pεi − p0)) (in
red) and the regression line (in blue), where pεi is the neural net-
work approximation to the exponential utility indifference price in
a Heston model with proportional transaction costs (34) of size
εi = 2−i+5, i = 1, . . . , 5.

5.4. High-dimensional example

As a last example consider a model built from 5 separate Hes-
ton models, i.e. d = 10 and (Sh, Sh+1) is the price process of
spot and variance swap in a Heston model (specified by (29)
and (31)) for h = 1, . . . , 5. To have a benchmark at hand the 5
models are assumed independent and each of them has param-
eters as specified in Section 5.2. This choice is of course no
restriction for the algorithm and is only made for convenience.
The payoff is a sum of call options on each of the underlyings,
i.e. Z = ∑5

h=1 Zh with Zh = (S2h−1
T − K)+ and K = s0 = 100.

In a market with continuous-time trading and no transaction
costs, Z can be replicated perfectly by trading according to
strategy (33) in each of the models. In particular, this strat-
egy is decoupled, i.e. the optimal holdings in (Sh, Sh+1) only
depend on (S(h), S(h+1)). While in the present setup trading
is only possible at discrete time-steps and so the strategy
optimizing (2), where X = − Z, leads to a non-deterministic
terminal hedging error (1), by independence one still expects
that the optimal strategy is decoupled as above, at least for
certain classes of risk measures. To see this most prominently,
here we consider variance optimal hedging: the objective is
chosen as (4) for �(x) = x2 and p0 = 5q, where q = E[Z1].

Let δ ∈ H and write δ(2h−1:2h) := (δ2h−1, δ2h) for h =
1, . . . , 5 (and analogously for S). If δ is decoupled, i.e. such
that δ(2h−1:2h) is independent of S(2j−1:2j) for j �= h, then by
independence and since S is a martingale one has

E
[
(−Z + p0 + (δ · S)T )2]

=
5∑

h=1

Var
(−Zi + (δ(2h−1:2h) · S(2h−1:2h))T

)
. (36)

By building δ from the (discrete-time) variance optimal strate-
gies for each of the five models, one sees from (36) that the
minimal value of (4) over all δ ∈ H is at most five times the
minimal value of (4) associated to a single Heston model.
This consideration serves as a guideline for assessing the
approximation quality of the neural network strategy.
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To assess the scalability of the algorithm, we now calculate
the close-to-optimal neural network hedging strategy associ-
ated to (4) in both instances (i.e. for nH = 5 models and for
a single one, nH = 1) and compare the results. Unless spec-
ified otherwise, the parameters are as in Section 5.1. Since
for nH = 5 we are actually solving five problems at once, we
allow for a network with more hidden nodes by taking N1 =
N2 = 12nH . We then train both networks for a fixed number
of iterations (here 2 × 105) and measure the performance in
terms of both training time and realized loss (evaluated on
a test set of nH × 105 sample paths): the training times on a
standard Lenovo X1 Carbon laptop are 5.75 and 2.1 hours for
nH = 5 and nH = 1, respectively and the realized losses are
1.13 and 0.20. In view of the considerations above, this indi-
cates that the approximation quality is roughly the same for
both instances (and close-to-optimal).

While far from a systematic study, this last example nev-
ertheless demonstrates the potential of the algorithm for
high-dimensional hedging problems.

5.5. Hedging a call option on the S&P500 index

The previous examples have shown that the deep hedging
methodology can be used to calculate hedging strategies in
complex models incorporating e.g. transaction costs. We now
complement these results by assessing its performance in a
simple practical situation, in which the (daily recalibrated)
Black–Scholes hedging strategy is known to work very well.
The example that we consider here is the problem of hedging
an at-the-money European call option on the S&P500 index
with time-to-maturity Tdays ∈ {30, 240}. Let us now explain
the experiment in detail. We perform it for different time
windows and start by describing it for one of those.

Firstly, we download historical daily (adjusted) returns of
the S&P500 index from 5 March 2013 to 2 January 2018.
These nret = 1217 data-points are then split into a training
period and a test period, i.e. the first nret − Tdays data-points
are considered as the past (and present) and may be used
for training the deep hedging strategy. The last Tdays returns
are considered as the future and will only be used as a test
set for comparing the deep hedging strategy to the (daily
recalibrated) Black–Scholes hedging strategy.

As a next step we train the deep hedging strategy based on
the historical returns of the index in the training period. To do
so, we pick a commonly used, well-established econometric
model, fit it to returns in the training period and then generate
2 × 107 sample paths from it. Given these sample trajecto-
ries, we proceed precisely as in the previous examples to
find a close-to-optimal neural network hedging strategy. This
demonstrates again the model-free character of our approach.
More specifically, we choose a GJR-GARCH model with t-
distributed innovations, i.e. {zk} are i.i.d. t-distributed with ν

degrees of freedom and

log(Sk/Sk−1) = μ + εk ,

εk = σkzk ,

σ 2
k = ω + αε2

k−1 + βσ 2
k−1 + γ ε2

k−11{εk−1<0},

(37)

where k ∈ {−nret + Tdays, . . . , Tdays} so that k = 0 corresponds
to the last point in the training period (‘today’). Given the

data in the training period the parameters α, β, γ , ω, μ, ν
are estimated by using a maximum likelihood method and
this gives in particular an estimate for σ0. Initializing with
that and the historical values of the S&P500 index for ε0

and S0 one may then generate N = 2 × 107 sample paths
of S = (S0, . . . , STdays) by simulating according to (37) for
k = 1, . . . , Tdays with the estimated parameters. These sam-
ple paths can then be used to train the neural network
hedging strategy precisely as in the previous examples, see
e.g. Section 5.1. Note that here d = 1, Ik = log(Sk), T = Tdays,
Z = (ST − K)+, K = S0, the learning rate is set to 0.0001,
N1 = N2 = 20, and, as commonly done, we only account for
transaction costs by allowing less frequent rebalancing of the
hedging strategy (weekly for Tdays = 30 and biweekly for
Tdays = 240).†

Having trained the deep hedging strategy, one may now
evaluate its performance on a test set of simulated paths and,
more importantly, the testing period of the historical values
of the S&P500 index. On each of these paths, one may also
evaluate the performance of a practitioner’s Black–Scholes
strategy, in which at every trading date the volatility plugged
into the Black–Scholes strategy is extracted from observed
prices (implied volatility, if available or filtered volatility).
Here volatility is estimated using the filter induced by (37).
Finally, to allow for a fair comparison, the terminal P&L asso-
ciated to the deep hedging strategy is based on charging the
Black–Scholes price instead of the indifference price p(Z).
Otherwise the deep hedge would provide even better results
by charging higher premia.

As a first example we consider Tdays = 240 and optimize
the deep hedging strategy according to the objective (4) for
�(x) = x2 and p0 = q, where q is the Black–Scholes price
associated to the volatility σ0. Figure 12 compares the ter-
minal hedging errors for the two strategies in a histogram.
The Black–Scholes price is at around 70.5 and, at the same
price, the deep hedging strategy achieves a mean squared
hedging loss which is around 20% lower. Note that these are
simulated trajectories; however, if one believes that the cho-
sen market simulator (37) is a realistic model, then the deep
hedging methodology indeed yields an impressive increase in
performance.

As a second example we consider Tdays = 30 and choose
ρ as (28) with α = 0.75. We now repeat the experiment
described above for a range of 300 different time windows,
i.e. for every new experiment we shift the time window
described above into the past by one week. Thus, e.g. the last
experiment is precisely as described above except that the his-
torical daily returns of the S&P500 index that are used for
parameter estimation, training and testing range from 12 June
2007 to 10 April 2012. This procedure yields 300 observa-
tions of hedging errors for both strategies on historical data.
Figure 13 compares the terminal hedging errors for the two
strategies in a histogram. The mean terminal P&L for the
Black–Scholes strategy is 3.2, whereas for the deep hedging
strategy it is 4.3. The mean square hedging loss incurred by

† Therefore, e.g. for Tdays = 240 the trading dates are tk = 10k,
k = 0, . . . , 24, and the sample paths of prices used for hedging are
obtained by picking from the generated samples of (S0, . . . , STdays)
only the prices at these dates.
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Figure 12. Comparison of (daily recalibrated) Black–Scholes model
and deep hedge centered at the Black–Scholes price. The figure
shows a histogram of the terminal hedging error q − Z + (δ · S)T
evaluated on the simulated test data.

Figure 13. Comparison of (daily recalibrated) Black–Scholes model
and deep hedge centered at the Black–Scholes price. The figure
shows a histogram of the terminal hedging error q − Z + (δ · S)T
evaluated on historical test data of the S&P500 index.

the Black–Scholes model is −11.6, whereas the deep hedg-
ing methodology yields a value of −7.9, i.e. larger losses are
incurred in the Black–Scholes model on average.

Thus, this provides examples of settings where a refined
Black–Scholes model is known (and empirically observed)
to work well but the deep hedging methodology outperforms
substantially. These examples also show that the methodology
can be used to base hedging decisions on the statistical mea-
sure, which further illustrates the generic nature of the deep
hedging approach.

6. Conclusion

This article considers the problem of hedging a portfolio of
derivatives in a generic market environment with all sorts of
frictions. Given a set of instruments available for hedging,
the holdings in each of these instruments at any trading date
are obtained by feeding (a suitable selection of) current (and
possibly past) market information as well as the holdings of
the previous trading date into a neural network. Mathemat-
ically, this corresponds to parametrizing hedging strategies

by neural networks, which by well known universality results
allows for ε optimal strategies. Given a market scenario gen-
erator (based on historical data or Monte Carlo samples of a
classical derivatives model), the parameters of the network
can be trained using state-of-the-art machine learning opti-
mization techniques in the spirit of reinforcement learning.
While in a frictionless market one would aim e.g. at mini-
mizing the squared loss of the terminal hedging error, here
the optimality criterion is specified by a convex risk measure,
such as, for example, the average value at risk (expected short-
fall). This framework allows to naturally incorporate market
frictions as e.g. transaction costs and liquidity restrictions.

The article both lays the theoretical foundations for the
approach and demonstrates its power in numerical experi-
ments. On the one hand it provides a proof that the approxima-
tion of the ‘minimal price’ (the indifference price) provided by
the neural network hedging strategy converges to the theoret-
ical optimum as the complexity of the network increases. For
a certain class of risk measures, namely optimized certainty
equivalents, the close-to-optimal neural network hedge can
be directly approximated using machine learning optimiza-
tion techniques. For more general risk measures this is not
the case but we show how an additional approximation based
on the dual representation of the risk measure makes the prob-
lem amenable to backpropagation and stochastic gradient type
algorithms.

On the other hand we present numerical experiments per-
formed in Python using TensorFlow. In most experiments
we consider data generated from a Heston model and use both
stock and a variance swap as hedging instruments. First we
consider a market without transaction costs, for which the
well known model hedge is available as a benchmark. We
show that our methodology is able to accurately learn this
benchmark strategy from samples, if the set of sample sce-
narios is rich enough. Furthermore, different levels of risk
aversion allow to obtain hedging strategies which put more
emphasis on avoiding extreme losses or minimizing the aver-
age hedging loss. We then demonstrate how our methodology
can be used to numerically study the impact of proportional
transaction costs on option prices. In particular, we calcu-
late the asymptotic rate of convergence in a Heston model,
which so far has only been known in one-dimensional mod-
els. We then present experiments for multiple Heston models,
which show that the approach is feasible also in a high-
dimensional setting. Finally, we complement these results
by an experiment on historical data of the S&P500 index,
in which we compare the methodology to a (daily recal-
ibrated) Black–Scholes model and obtain a better hedging
performance.

7. Disclaimer

Opinions and estimates constitute our judgement as of the
date of this Material, are for informational purposes only and
are subject to change without notice. This Material is not the
product of J.P. Morgans Research Department and therefore,
has not been prepared in accordance with legal require-
ments to promote the independence of research, including
but not limited to, the prohibition on the dealing ahead of
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the dissemination of investment research. This Material is
not intended as research, a recommendation, advice, offer or
solicitation for the purchase or sale of any financial product
or service, or to be used in any way for evaluating the merits
of participating in any transaction. It is not a research report
and is not intended as such. Past performance is not indicative
of future results. Please consult your own advisors regarding
legal, tax, accounting or any other aspects including suitabil-
ity implications for your particular circumstances. J.P. Morgan
disclaims any responsibility or liability whatsoever for the
quality, accuracy or completeness of the information herein,
and for any reliance on, or use of this material in any way.

Important disclosures at: www.jpmorgan.com/disclosures
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