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Abstract

In this paper we study optional projections of G-adapted strict lo-
cal martingales into a smaller filtration F under changes of equivalent
martingale measures. Some general results are provided as well as a
detailed analysis of two specific examples given by the inverse three
dimensional Bessel process and a class of stochastic volatility mod-
els. This analysis contributes to clarify some properties, for example
absence of arbitrage opportunities of market models under restricted
information.

1 Introduction

In this paper we study optional projections of G-adapted strict local martin-
gales into a smaller filtration F under changes of equivalent local martingale
measures.

It is a well known fact that, when projecting a stochastic process into a
filtration with respect to which it is not adapted, some attributes of its dy-
namics may change, see for example Follmer and Protter| [2011] and Bielecki
et al.| [2018], where the authors study the semimartingale characteristics of
projections of special semimartingales. Moreover, some basic properties of
the process can be lost. Most notably, the optional projection of a local
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Optional projection under ELMM

martingale may fail to be a local martingale, see for example [Follmer and
Protter, 2011, Theorem 3.7] and [Larsson, 2014, Corollary 1], where condi-
tions under which this happen are stated, and |[Kardaras and Ruf| [2019a] for
a study of optional projections of local martingale deflators.

In the literature it is a classical problem to investigate financial market mod-
els under restricted information, where full information on the asset prices
is not available and agent’s decisions are based on a restricted information
flow. This could be due to a delay in the diffusion of information or to an
incomplete data flow, as it may happen for example when investors only see
an asset value when it crosses certain levels, see Jarrow et al.| [2007]. In
general this is represented by assuming that trading strategies are adapted
to a filtration which can be smaller than the filtration G generated by the
asset prices.

In (Cuchiero et al. [2020] and [Kabanov and Stricker| [2006] it is shown that
the analysis of characteristics and properties of financial markets under re-
stricted or delayed information boils down to study optional projections of
the asset prices on the smaller filtration. In particular in both papers it is
shown how a certain “no-arbitrage” condition is equivalent to the existence
of an equivalent measure () such that the Q-optional projection of the asset
price on [F is a martingale. This setting can be applied to trading with delay,
trading under restricted information, semistatic hedging and trading under
transaction costs.

A further, relevant application of the study of optional projections is pro-
vided by the works of (Cetin et al. [2004], Jarrow et al.| [2007] and Sezer
[2007] in the field of credit risk modeling: taking inspiration from Jarrow
and Protter| [2004], the authors characterise reduced form models as optional
projections of structural models into a smaller filtration. In particular, the
cash balance of a firm, represented by a process X = (X})¢>0, is adapted to
the filtration G of the firm’s management, but not necessarily to the filtra-
tion FF representing the information available to the market. In this setting,
the price of a zero-coupon bond issued by the firm is the optional projection
of the value X estimated by the company’s management.

An interesting question to analyse is then if traders with partial information
F C G may perceive different characteristics of the market they observe with
respect to the individuals with access to the complete information G, for ex-
ample for what concerns the existence of perceived arbitrages. As already
noted in [Jarrow and Protter| [2013], traders with limited information may
interpret the presence of a bubble on the price process in the larger filtra-
tion as an arbitrage opportunity. This happens if X is a (P, G)-strict local
martingale, °X fails to be a (P, F)-strict local martingale and, in addition,
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there exists no measure ) ~ P under which °X is a local martingale.

This short literature’s overview shows that it is important to assess the
properties of optional projections under change of equivalent martingale
measures.

In particular we study the relation among the set M. of equivalent local
martingale measures (ELMMs) for a process X and the set M7 . of measures
@ ~ P such that the optional projection under @ is a @-local martingale.
We obtain a chacterization of the relations between M;,. and M for two
main cases: the inverse three-dimensional Bessel process and an extension of
the stochastic volatility model of |Sin| [1998]. We also consider the optional
projection of a G-adapted process into the delayed filtration (G;—c)i>0, € > 0:
this is a case with interesting consequences for financial applications, as it
represents the scenario where investors in the market have access to the in-
formation with a given positive time delay. Delayed information has been
extensively studied in the literature, see among others (Guo et al. [2009],
Hillairet and Jiao| [2012], Jeanblanc and Lecam| [2008], Xing and Yiyun
12012] in the setting of credit risk models, Dolinsky and Zouari [2020] un-
der the model uncertainty framework and Bank and Dolinsky| [2020] in the
context of option pricing.

Moreover, we provide an invariance theorem about local martingales which
are solutions of a one-dimensional SDE in the natural filtration of an n-
dimensional Brownian motion, see Theorem Specifically, we show that
under mild conditions, such a local martingale X has same law under P
as under every @ € My(X). Furthermore, Theorem gives a result
about optional projections into a filtration [F that is smaller than the natural
filtration FX of X. Here the optional projection is taken with respect to an
ELMM @ such that X has same law under P as under ). A class of local
martingales X such that all ELMM for X have this characteristic is indeed
provided by Theorem Important applications of the setting of Theorem
m, i.e., when F C F¥, are given by delayed information and by the model
of |Cetin et al.| [2004], where the market does not see the value of a firm but
only knows when the firm has positive cash balances or when it has negative
or zero cash balances.

The rest of the paper is organised as follows. In Section [2| we describe our
setting and formulate the aims of our study as five mathematical problems
about optional projections of strict local martingales which we study in the
sequel. In particular we provide a synthetic overview of the main results of
the paper in the light of these problems. In Section (3| we give some gen-
eral results about optional projections of local martingales under equivalent
local martingale measures, that will be used in Sections [ and [5} More pre-
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cisely, Section [4] is devoted to the inverse three-dimensional Bessel process,
projected into different filtrations, whereas in Section [5| we focus on a class
of two-dimensional stochastic volatility processes. The novelty here is that
we provide such results not only under a reference measure P but more in
general for a set of equivalent local martingale measures. We conclude the
paper with Appendix[A] where we characterize the local martingale property
of the optional projection of a local martingale via optimal transport.

2 Mathematical setting

Consider a probability space (Q2,F, P) equipped with two filtrations F =
(Ft)t=0, G = (G¢)e>0, satisfying the usual hypothesis of right-continuity and
completeness, with F C G. Moreover, let X be a non-negative cadlag (P, G)-
local martingale. Unless differently specified, we suppose X to be a strict
(P, G)-local martingale. Moreover, we always suppose that F = Go.

For the rest of the paper, we adopt the following notation.

Notation 2.1. We denote by °X the optional projection of X into F, i.e.,
the unique cadlag process satisfying

Lrcooy “Xr = E[l 7 ooy X-[F7]  as.

for every F-stopping time 7. We also define ®°X to be the optional projec-
tion of X under @ ~ P into F, i.e., 11, o0} Qox, = EQ[]l{T<OO}XT|3"T] a.s.,
for every F-stopping time 7. We call @°X the Q-optional projection of X.
If we don’t specify the measure, the optional projection is with respect to
P.

We call FX the natural filtration of X. Moreover, if @ is a probability
measure equivalent to P, we define Z, := % and denote by 77, ¥ Yz .92,
the cadlag processes characterised by

X
7y =E[Zoo|Tt], ¥ Zi =E[Zo|TY], %Zi =E[Z|G], t>0 (2.1)
respectively. Moreover, for H = F,FX G, we denote

Mioe( X, H) ={Q ~ P, X s a (Q,H)-local martingale},
My (X, H) ={Q ~ P, Xisa (Q,H)-true martingale},
Mp(X,H) ={Q ~ P, Xisa (Q,H)-strict local martingale}.
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We also set

loc

0 (X, F):={Q ~ P, ?°X is a (Q,F)-local martingale}

d
Mioe(X,G,F) : = {Q ~ P, X is a (@, G)-local martingale, 97 is F-adapted, d%

is S"oo—measurable} ,

d
e X, GF) : = {Q ~P, ?°X is a (Q,F)-local martingale, 9 Z is F-adapted, £ is ?Oo—measurable} .

Moreover, for a given a (@, G)-Brownian motion B = (By);>0 and a suitably
integrable, G-adapted process a = (a4)>0, we denote by &; (f Qg - st) the
stochastic exponential at time ¢ of the process (fou as - dBg)y>0.

The facts from the following remark are used throughout the paper.

Remark 2.2. All the processes considered in the paper are cadlag and such
that their optional projections under any considered ) are cadlag. Cadlag
processes are indistinguishable if they are modifications of each other. Thus,
given any such cadlag processes Y and Y? and such measures Q' and Q?,

we have that @yl = @0y2 if

EQ' VY 5] = ECY2|F,] for allt.

Remark 2.3. Since we assume F = G, the density dQ/dP of any equiv-
alent probability measure QQ with respect to the original measure P must be
Seo-measurable. This implies that

MlOc(Xa Gv G) = Mloc(X7 G)

We investigate when the following properties hold:

J\/tloc()(a G) n M?oc(Xa IF) 7£ @; (Pl)
Mloc(OXa IF) 7£ @; (P2)
ML(Xv G) N M?OC(X7 F) 7é (b; (PB)
Mioe(X, G, F) = M}, (X, G, F); (P4)

U Mie(@°X,F) #0. (P5)

QEMyo(X,G)

Note that M (X,G), Mioe(X,G) # 0, as P € My(X,G) by hypothesis.
Properties , , and trivially hold if °X is an F-local mar-

tingale, so the more interesting case is when °X is not a local martingale.
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Under this hypothesis, properties — can hold or not depending on
both the process X and the filtration F, as illustrated in Sections [4] and
In particular, the properties are related as we discuss in the sequel.

Note that if one of or holds, then holds as well. Moreover,

(P5) is the weakest one: anyone of (P1f), (P2), (P3) or (P4) implies (P5]).

This can be summarized in the following scheme:

Note that problems and are related to the perception of arbitrages
under the smaller filtration F. In particular, when property holds, this
means that there exist at least one equivalent probability measure () that
defines an arbitrage-free market under restricted information.

We finish the section by summarizing our main results. Note that properties
, , and trivially hold for the three-dimensional Bessel
process projected into the filtration generated by (B!, B?), as the optional
projection is again a strict local martingale, see Section 4.1

e Property : in Section |5/ we introduce a stochastic volatility pro-
cess X, which is a strict local martingale under suitable conditions
on the coefficients of its SDE, but whose optional projection into a
specific sub-filtration is not a local martingale, see Theorem [5.10]
Property holds because X admits a true martingale measure,
see Proposition On the contrary, is not true for the inverse
three-dimensional Bessel process projected into a delayed filtration,
ie, F=(F)>0, Ft = Gi—e, € > 0, see Section .

e Property : a particular case of the stochastic volatility model
introduced in Section [5| gives a strict local martingale N such that °N
is not a local martingale but M;,.(°N,F) # ), see Example In
this setting holds. For the optional projection into the delayed
filtration of the process introduced in Example holds true
as well. On the other hand, the property does not hold in the case of
the inverse three-dimensional Bessel process projected into the delayed
filtration,, see Theorem

e Property (P3): in Example [5.8/ we consider the sum of the stochastic
volatility process of Section [5| and a suitable strict local martingale
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adapted to a Brownian filtration F: this is a strict local martingale
whose optional projection into F is not a local martingale, but such
that is satisfied. On the contrary, this property is not true for
the inverse three-dimensional Bessel process projected into the delayed
filtration, see Section

e Property : it is satisfied for the inverse three-dimensional Bessel
process projected into the filtration generated by (B, B?), see Theo-
rem The property does not hold for any of the examples where
does not hold, e.g., in the case of the inverse three-dimensional
Bessel process projected into a delayed filtration.

e Property (P5): it holds for all the examples considered except for
the inverse three-dimensional Bessel process projected into the delayed
filtration, see Theorem

3 General results

We start by providing some preliminary results which will be used through-
out the rest of the paper. They are also of independent interest.

Lemma 3.1. Let X = (Xt)¢>0 be a non-negative G-local martingale adapted
to the filtration F C G. Then

Mloc(X7 G) - J\/tloc()(a F)
Proof. Consider the sequence of stopping times (7, )nen defined by
Tp=inf{t >0: Xy >n}An, n>1.

Note that (7,,)nen is a sequence of F-stopping times since X is F-adapted.
We have
sup | Xy <n+|X.,|
0<t<r,

for every n € N. Let now Q € Mj.(X,G). Then | X, | € LY(Q), since X
is a (@, G)-local martingale bounded from below and thus a (@, G)-super-
martingale. Then X is localized by (7, )nen, and therefore @ € Mi,.(X, F).

O O

Lemma 3.2. Let QQ be a probability measure equivalent to P, such that Sz
in ([2.1)) is F-adapted. Then Y°X =°X.
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Proof. Recall that ¥ Z; := E[dQ/dP|F;]. Since 9Z is F-adapted, we have
97, = E[°Z,|F;] = B[E[dQ/dP|S:]|F:] = E[dQ/dP|F,| =7 Z;, t>0 (3.1)
and thus
Qox, = E9X¢|T:] = ((Z) 'E[F Z:X|F] = B[X¢|T:] = ° Xy, t>0.
O O

We now give some general results about optional projections under changes
of equivalent measures. Some of the examples in Sections [4] and [5| are based
on these findings.

The following theorem provides a condition under which the Q-optional
projection of X is an F-local martingale under any ELMM Q.

Theorem 3.3. Assume that X admits an F-localizing sequence which makes
it a bounded (P,G)-martingale. Then @°X is a (Q,F)-local martingale for
every Q € Mipe( X, G).

Proof. Let Q € Mjoe(X,G), and (7, )nen be the assumed localizing sequence.
Since X™ is bounded for every n € N, (7,,)nen localizes X under @ as well,
and the result follows by Theorem 3.7 in Follmer and Protter| [2011]. O O

We now give a theorem which provides a class of local martingales whose
law under P is invariant under change of any equivalent local martingale
measure. This result is of independent interest and also useful in our context,

see Theorem [B.11]

Theorem 3.4. Let G be the natural filtration of an n-dimensional Brownian
motion B = (Bt)i>0, n € N. Moreover, let X = (X¢)i>0 be a (P, G)-local
martingale, given by

dXt = O'(t, Xt)th, t> O, (32)

where W is a one-dimensional (P, G)-Brownian motion, and the function
o(-,-) is such that there exists a unique strong solution to . Suppose
also that o(t, X¢) # 0 a.s. for almost every t > 0.

Then X has the same law under P as under any Q € Mpe(X,G). In
particular, if X is a (P, G)-strict local martingale, it is a (Q,G)-strict local
martingale under any Q € Mioe(X, G), and if it is a (P, G)-true martingale,
it is a (@, G)-true martingale under any Q € Moe(X, G).
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Proof. The Martingale representation Theorem applied to the filtration G

implies that there exists a unique R™-valued process "V = (a}");>0, pro-

gressive and such that fg(UZV)2ds < 00 a.s. for all t > 0, such that
t
Wy = / oW .dB,, a.s., t>0. (3.3)
0

Consider a probability measure @ € M;,.(X,G), defined by a density

dQ
ﬁ’gt = et </ aS . st> ) t Z O) (3.4)

where oo = (ay)>0 is a suitably integrable, G-adapted processes. Girsanov’s
Theorem implies that the dynamics of W under @) are given by

t t
Wy = / oV . dB, +/ (e - az)ds, t>0, (3.5)
0 0
where the process B = (By)>o defined by
B t
Bt = Bt — / asds, t Z 0 (36)
0

is a (@, G)-Brownian motion. But since @ € M;,.(X,G) and o(t, Xy) # 0
a.s. for almost every t > 0, we obtain by (3.2) that

O'XV -y =0 P ®dt— almost surely, ¢ >0,

and W is a (@, G)-local martingale.

Since W is a (P, G)-Brownian motion, Lévy’s Characterization Lemma of the
one-dimensional Brownian motion implies that W is also a (@, G)-Brownian
motion, and the result follows. ] ]

The next results regard the case when there are no ELMMs defined by a
non trivial density adapted to FX.

Proposition 3.5. Let X be a non-negative (P,G)-local martingale, and
suppose that
Mloc(Xa FX7FX) = {P}

Let Q be a probability measure with Q € Myoe(X,G), and 9Z be the density
process defined in (2.1)). Then

EFZ3%] =1, as., t>0.
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Proof. If Q € My,.(X,G), the X is a (Q,FX)-local martingale by Lemma
This implies that X -7 *Zisa (P,FX)-local martingale, where 7 is
defined in (2.1). By the assumption M,.(X,FX FX) = {P},

1 = E[Zs|F] = E [E[Zs|%4]|F] = E° Z4|F], as., t>0.
O O

Corollary 3.6. Let X be a non-negative (P, G)-local martingale, and sup-
pose that
Mioe( X, F*, FY) = {P}.

If X is a (P,G)-strict local martingale, then it is a (Q,G)-strict local mar-
tingale under any Q € Mioe(X,G), and if it is a (P,G)-true martingale, it
is a (Q, G)-true martingale under any Q € Moe(X,G).

Proof. Suppose that X is a (P, G)-strict local martingale. Then there exists
t > 0 such that EX[X;] < Xq. For the same ¢, we have

EQ[X,] = EP[Z. X,] = E'[$Z,X,] =EP [XtIEP 52,5X ]] = EF [X,] < Xo

a.s., where the last equality follows from Proposition [3.5] Therefore, X is
a (@, G)-strict local martingale. Analogously, it can be seen that if X is a
(P, G)-true martingale, it is a (@, G)-true martingale. O O

Corollary 3.7. Let X be a non-negative (P, G)-local martingale, and sup-
pose that
Mloc(Xu FX7FX) = {P}

Then for every probability measure Q € Mioo(X, G), and every sub-filtration
F C F¥X, we have °X = 9°X.

Proof. Let Q € Mo.(X,G). Then
EQ[X,|F)) = (B [Zoo|F1]) " EX[Z0,|5)]
— (E” [BX[20|F)]|5:])) " EF |EP P2, X5 5,
—EP [XtEP 97,|FX ]|fﬂ}
=E” [X4|F4], as., t>0,

where the second equality follows from F C FX and the last from Proposition
3.5 O O

10
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The rest of the section is concerned with the equivalent measure extension
problem of |Larsson| [2014], together with the most important results relating
this problem to the optional projection of strict local martingales.
In the setting introduced in Section [2| define first the stopping times

Tp:=1nf{t > 0: Xy > n} An, 7:= lim 7,,

n—oo

and note that §,— = V;,>19-,.
The Follmer measure () is defined on §,_ as the probability measure that
coincides with @, on G, for each n > 1, where @), ~ P is defined on G,
by d@Q, = X,,dP. For more details see |[Larsson, 2014} Section 2].
The measure Qg is then only defined on G,_. It is then a natural question
whether Qg can be extended to G, i.e., whether it is possible to find a
measure () on (€, G0) such that Q = Qo on G,_. There are several ways
in which Qo can be extended to a measure @ on Guo, see Larsson| [2014].
A further problem is whether (g admits an extension to G as specified
below.

Problem 3.8 (Equivalent measure extension problem, Problem 1 of Larsson
[2014]). Consider the probability space (2, F, P) equipped with two filtra-
tions F = (F1)i>0, G = (G¢)r>0 with F; C G; for all ¢ > 0, and let X be
a (P,G)-local martingale. Given the probability measure @y introduced
above, find a probability measure @ on (€2, Goo) such that:

L. Q = QO on 97’—;
2. The restrictions of P and @) to J; are equivalent for each ¢ > 0.

The existence of a solution to the equivalent measure extension problem is
connected with the behaviour of the optional projection of X into F by the
following theorem.

Theorem 3.9 (Corollary 1 of Larsson [2014]). Let X be a strict G-local
martingale. If °X is an F-local martingale, then the equivalent measure
extension problem has no solution.

We now provide a result about optional projections under equivalent local
martingale measures into a filtration F C FX. We start with a lemma.

Lemma 3.10. Let X be a non-negative G-local martingale. Suppose that
the equivalent measure extension problem admits a solution for P and the
two filtrations F C G, with F C FX. Then it also admits a solution for P,
F and FX.

11
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Proof. Note first that X is an FX-local martingale by Lemma Let @
be a solution of the equivalent measure extension problem for P, F and G.
Also let Qg and Qé( be the Follmer measures on G, and FX | respectively.
By construction, we have that Qé( coincides with Qo on FX . This implies
that @ is also an extension of fo , equivalent to P on F; for every ¢t > 0.
Then @ gives a solution for the equivalent measure extension problem for
P, F and FX. O O

Theorem 3.11. Consider a probability measure P € My (X,G) and suppose
that X has the same law under P as under P. Also assume that the equiv-
alent measure extension problem admits a solution for P, and that F C FX.
Then the P-optional projection T°X of X into F is not a (P,F)—local mar-
tingale.

Proof. By Lemma[3.10] we have that the equivalent measure extension prob-
lem admits a solution for P, F and FX. Consider now the construction of
the Follmer measure illustrated above. The stopping times
Tp = 1inf{t > 0: X; > n} An, 7:= lim 7,

n—oo
have the same law under P as under P. Moreover, as by assumption X
has the same law under P as under P and since dQn = X, dP and dQn =
X, dP, the measures Q,, and Q,, coincide on CT"ii , S0 the equivalent measure
extension problem also admits a solution for P, F and FX. By Theorem [3.9
it follows that the P-optional projection of X into F is not a (15,15‘ )-local
martingale. O O

Note that Theorem implies that Theorem [3.11| can be applied to all
processes with dynamics as in (3.2). An important application when F C FX
is the study of delayed information.

4 The inverse three-dimensional Bessel process

In this section we study problems — in the case of the inverse three-
dimensional Bessel process. Let B! = (B});>0, B? = (B?)i>0, B® = (B})i>0
be standard, independent Brownian motions, starting at (B{, B3, B) =
(1,0,0), on (2,3, P). We specify the filtration later. In the notation of
Section [2] we now assume that the non-negative local martingale X is given
by the inverse three-dimensional Bessel process

Xy = (B2 + (B2 + (B2 %, t>0. (4.1)

12
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1t6’s formula implies that under the original probability measure P, X has
dynamics

dX, = —X} (B}dB} + B{dB} + B}dB}), t>0, (4.2)
with (B}, B2, B3) = (1,0,0). We note that X also solves the SDE
dX; = —X2dW;, t>0, (4.3)

where the process W with
t
Wy = / X, (BdB! + B2dB? + B2dB2), t>0 (4.4)
0

is a one-dimensional Brownian motion as it is a continuous local martingale
with [W, W], = t.

In the notation of Section [2| we now consider two different choices for the fil-
tration G: in Sectionwe let G be the filtration generated by (B!, B2, B3),
whereas in Section it is generated by the Brownian motion W in .
In both cases, X is a strict G-local martingale, and it is therefore interesting
to investigate properties — when X is projected into a smaller fil-
tration IF. It is well known that the projection of X is not a local martingale
when projected into the natural filtration of B!, see also Kardaras and Ruf
[2019Db| for a more general study of the projection of functions of the sum
of two independent Bessel processes of dimension n > 2 and m — n, with
0 < m < n. In our work, we consider the case when F is generated by
B! and B? in Section On the other hand, in Section we study an
example of delayed information, which describes in fact a situation which
often happens in practice: here F = (&), with F; = G;_, € > 0, meaning
that investors have access to the information of the process with a strictly
positive time delay e.

Remark 4.1. In order to study property , it 1s of course important to
have some knowledge about the set M,.(X,G). In particular, one can ask
whether the market is complete, i.e., Myoe(X,G) = { P}, or incomplete, that
means that there exists infinitely many measures Q € Mioe( X, G).

In the case of the inverse three-dimensional Bessel process, this depends on
the choice of G: if G is generated by one Brownian motion, as it happens
in Section [4.3, it is well known that the market is complete, so that the
probability P is the only measure under which X is a local martingale, see
also |Delbaen and Schachermayer| (1994)].

13
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On the other hand, let now G be the natural filtration of (B, B, B?), as it
is the case in Section[{.1 In this case, we have Mioe(X,G) # {P}. Namely,
consider for example the G-adapted processes

: By 2 B}
=T EEEl YT EErErr 20 @Y
and Z = (Zy)i>0 defined by
Zy=¢& (L), t>0, (4.6)

with . .
L= / e %aldBl + / e %a2dB?, t>0,
0 0

for a given § > 0. With this choice of o, i = 1,2, the stochastic exponential
Z in (4.6)) is a G-adapted process such that [X,Z] = 0 a.s.. Moreover, the
Nowikov’s condition for Z is fulfilled since

1 1 [~ 1
exp (2[2, Z]OO) = exp <2/ 6268“C¥3H2d8) < exp (46) ,
0

and Z 1is then a uniformly integrable martingale. For this reason, defining

Q by
dQ

dP
we have that Q € Mi(X,G), Q # P.
Howevwver, Theorem implies that Mpy (X, H) = 0 for every filtration H to
which X is adapted, i.e., there does not exist any measure QQ ~ P such that
X is a true martingale under Q. This also means that, for the examples of

Sections and property holds if and only if holds.

|9t = Zta t Z 07

4.1 Optional projection into the filtration generated by (B!, B?)
In this section, we provide an example for which property is satisfied,

i.e., we introduce two filtrations F C G such that for the inverse Bessel
process X we have

Mloc(X)Ga]F) =M, (X7 GvF)

loc

In particular, we let G be the natural filtration of (B!, B2, B3), and F be
generated by (B!, B%). As usual, we denote the optional projection of the
inverse three-dimensional Bessel process X into F by °X. Theorem 5.2 of

14
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EFollmer and Protter] [2011] states that °X is an F-local martingale and has
the form
°Xy=u(B},B},t), t>0

1 2+ 92 z? 492
’U,(Jj,y,t) = \/%QXP ( At Ky At s

where we denote by K, n > 0, the modified Bessel functions of the second
kind. In particular, it holds

Opu(z,y,t) = x(z,y,t), Oyu(z,y,t) = y(x,y,t), (4.7)

with

where

1 x? + 12 z? + 9 2 492
o= (255 ((£57) - (£57))
(4.8)

Since °X is an F-local martingale, we focus here on property (P4)).
The following theorem provides a positive answer to property (P4) in this
example.

Theorem 4.2. Let F be the natural filtration of (B!, B%). Then

Mioe(X, G, F) = M}, .(X,G,F).

loc

Proof. We first prove that M,.(X,G,F) C M? (X,G,TF).

loc
Introduce the sequence of stopping times (7, )nen With

- _inf{(Btl)u(Bt?)? < 711} n> .

We have lim,,_,o, 7, = oo because the origin (0,0) is polar for a two-
dimensional Brownian motion, so this is a localizing sequence of F-stopping
times that makes X a bounded martingale. Consider now @ € M;,.(X, G, F).
Theorem 3.3|implies that ®°X is a (Q, F)-local martingale, i.e., Q@ € M?, (X, G,TF).
We now prove that M7 (X, G,F) C M.(X,G,F). Take Q@ € M7 .(X,G,F),

i.e., suppose that @°X is a (Q,F)-local martingale.

Since °X is a (P, F)-local martingale and ®°X = °X by Lemma from

Q € M} (X,G,F) it follows that [9Z,°X] is a local martingale, because

57 =77 as seen in (3.1)).
Note now that since the density of () with respect to P is F-adapted, it holds

d
Sz, = d%m =& (/ aldB! +/a§dB§>, t>0, (4.9)

15
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where o and o? are F-adapted processes such that the Doléans exponential
in (4.9) is well defined and a uniformly integrable martingale.

By (4.7), (4.8) and (4.9), we have
t
92,°X); = / SZ.4(BL, B2, s)(alBl + a?B%)ds, t>0. (4.10)
0

Since ¥(z,y,t) < 0 for x,y < oo and t > 0 (see for example Yang and
Chul [2017]), equation (@.10) together with the fact that [°Z,°X] is a local
martingale imply that

B! +alB?=0 P-as., t>0 (4.11)

as P is equivalent to Q). Moreover, from (4.2) and (4.9)) it follows that
t
$z, X, = —/ 92, X3(alBl +a?B%ds, t>0
0

and this is zero P-a.s. by (4.11)). Since X is (P, G)-local martingale, this
implies that X is also a (Q, G)-local martingale. Hence Q € M;,.(X,G,TF).
O O

4.2 Delayed information

We now consider a market model with delayed information: here G is the
filtration generated by the Brownian motion W in , whereas F = (F¢)¢>0
is given by F; = G4_, € > 0. As explained above, this means that investors
have access to the information about W, with respect to which X is adapted
by , only with a positive delay e.

In this setting, we show that none of the properties properties — is
satisfied for X. However, in Example we introduce a modification M of
the inverse Bessel process X such that M;,.(°M,F) # (), so that properties
and are satisfied. Still, , and are not fulfilled in
this case either.

We start our analysis with the following

Lemma 4.3. For every € > 0, we have
1
E[Xiie|o(B}, B2, B3] = X,er (> ,
[ t+5’ ( t t t)] t f Xt\/ﬂ
where erf(x) := % Iy e

16
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Proof. We have
[XH‘E’O-(BtaBtaBt)] u(e, Bthth)

with

+H(y=b)?+(2-0)?)
u(t,a,b,c) = (2mt) 3/2/ / / dzdydz =: 1.
x2+y Va2 + 22

We set R = Va2 + 0%+ 2, r = /22 + y% + 22. The above integral can be

written in spherical coordinates as

2 00 1 T
I = (27Tt)_3/2/ / 7“2/ Sin(e)e—%(T2—27‘RC0S(9)+R2)d9drd¢
0 0 ™ Jo

VI e 1 a?+b>+c2
= e dr = ————erf _— .
R\/7T' 0 \/a2+b2 —|—cQ 2t

1 ot [ E B+ (BEP
VBT + (B + (B 2e

1
= X,erf .
] ]

Thus

E[Xt-FE‘O—(Btla Bt27 B?)] =

Proposition 4.4. Let G = (G¢)i>0 be the filtration generated by the Brow-
nian motion W in (4.4), and F = (F;)i>0 be given by Fy := Gi—e, t > 0,
€ > 0. Then

1
°Xive = E[ Xt | Fire] = Xier , t>0.
t+ [(XerelTrre] tf(Xt\/Z>

Proof. Due to the Markov property of W and since o(W;) C o(B}, B?, B})

by (4.3) and (4.4)), from Lemma it follows
E[Xi1e|Frre) = E[Xitelo(W)] = E [E [Xyyelo(Bf, BE, BY)] |o(Wr)]
t>0

1 1
=E | Xierf Wy | = Xeerf | —— |,
et () o] = et ()2
as X; is o(Wy)-measurable. O O

17
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By Proposition 4.4} we have
“Xite = f(Xt), t=>0,

where f(z) =z - erf (ﬁ) Since

1 3
2¢  2ex? 1 2¢72e 2e2
T “rf( ) frlay = Y2 e =2

TV 2e€

It6’s formula gives

1 _ 1 _
. V2 2XF e~ 5o 2eX7
A°X,p. = (—W+erf< ) dx, - Y2 ° T aix x),

1
2e X7 1 [2 5 — 1
- LXt—erf — ) X2 | AW, — ([ 2 5e T dr. (4.12)
\/TE Xt\/i T

By the above expression, we note that the optional projection is a strict [F-
supermartingale, as the drift is strictly negative. Since by Remark we
have Mo.(X,G) = {P}, this implies that

1
X¢V/2e

Mige(X, G) A MZ, (X, F) = 0, (4.13)

loc

i.e., properties (P1f), (P3]) and (P4) do not hold.

Moreover, we give the following theorem, which implies that properties (P2))
and (P5)) are not satisfied.

Theorem 4.5. Let G = (G¢)i>0 be the filtration generated by the Brownian
motion W in (4.4) and F = (F;)i>0, with F := G4, t >0, € > 0. Then

Mioe(° X, F) = 0.

To prove Theorem we rely on some results provided by Mijatovic and
Urusov| [2012], which we now recall. Consider the state space J = (I,r),
—o00 <l <r < oo and a J-valued diffusion Y = (¥;)¢>0 on some filtered
probability space, governed by the SDE

dY; = py (Yy)dt + oy (Y,)dB,, t>0, (4.14)

where Yy = yg € J and B is a one-dimensional Brownian motion. Moreover,
py (+), oy (+) are deterministic functions, that from now on we simply denote
by py and oy, such that

oy(x)#0 VrelJ (4.15)

18
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and 1
Ky
20 3 € Lipe(J). (4.16)
y Oy

Here LllOC(J ) denotes the class of locally integrable functions ¢ on J, i.e.,
the measurable functions ¢ : (J,B(J)) — (R, B(R)) that are Lebesgue inte-
grable on compact subsets of J.

Consider the stochastic exponential

& (/g(Yu)dBu) L t>0 (4.17)
with g(-) such that
2
I e L)), (4.18)
%

p(z) :==exp {— /w 2:}2? (y)dy} , T €EJ, (4.19)
#(z) = p(z) exp {— | iff(y)dy} el (4.20)
s(x) ::/ p(y)dy, x€J, (4.21)
3(z) := /x p(y)dy, x€J. (4.22)

Denote p = p(-), s =
analogously for §(-
Define

(+), s(r) = lim,_,,— s(z), s(I) = lim,_,;+ s(x), and

S~—
Q0
)
[SEEON
™

Ll (o) = {w (LB()) - (R, B(R)

/ | (y)|dy < oo for some z € J} ,

and L] (I+) analogously. We report here Theorem 2.1 in Mijatovic and

Urusov, [2012].

Theorem 4.6. Let the functions uy, oy, and g satisfy conditions (4.15)),

(4.16) and (4.18), and let Y be a solution of the SDE (4.14)).
Then the Doléans exponential given by (4.17)) is a true martingale if and

only if both of the following requirements are satisfied:
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1. It does not hold

i(r) < oo and fﬁ?gle;thr—x (4.23)
POy
or it holds
RS
s(r) < oo and M €L} (r=). (4.24)
POy

2. It does not hold

5() > —00  and S‘f”eL@aﬂ,
Ty
or it holds
— s(D)g?
s(l) > —oo  and w € L. (14).

POy
We now use Theorem [4.6] in order to prove Theorem

Proof of Theorem[{.5. By (4.12) we have
doXt+E = /,L(Xt)dt + O'(Xt)th, t 2 0

2 _ [ 2 __1 1
Iu(g;) = —\/;gge 2;27 O'(IL’) =z Ee 261902 —JIQGI'f <:C 25) . (425)

By Girsanov’s Theorem there exists a probability measure @ € M;,.(° X, TF)
only if the Doléans exponential

dq
aple =2t=& (/ ades>7 t>0 (4.26)
with X))
p A
= - > 4.2
o o(X,)’ >0 (4.27)

is a true martingale.

In order to prove that this is not the case, we apply Theorem In our
case, by equations , (4.25) and (4.27), we have Y = X, J = (0, 00),
py =0, oy(z) = —2? and

3 1
V2/me"2e 262

T ( W%e_ﬁ —x- erf<m}%>)

20

g(x) =
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Note that conditions (4.15)) and (4.16|) are satisfied. In order to prove that
(4.18) also holds, it is enough to check that

1 [2 _ 1
x- erf( > ) Ze e >0 for every z € (0, 00).
TV 2€ e

This holds if and only if

1 2
Ze ¥ >0 foreveryy € (0,00),

yW2e Ve

erf(y)

i.e., if and only if

2
F(y) :=erf(y) — ﬁye_y2 >0 for every y € (0,00).
The last condition if fulfilled since F'(0) = 0 and F'(y) = %yze_y2 > 0 for
every y > 0, then we have

1 2
x - erf< ) —4/ L5 >0 for every z € (0, 00) (4.28)
TV'2e e

and the assumptions of Theorem [£.6] are thus satisfied.

We now show that condition fails whereas is satisfied, implying
that the density Z introduced in is not a martingale.

Consider first p and s defined in and (4.21)), respectively. We have
p =1, so that s(z) =z — ¢, for any ¢ > 0. This implies that s(co0) = +o0,
so that condition fails.

We now check condition . We have

1

lim le_m = —3\/?63/2,
T—+00 l’2< 2 6T 52 —x-erf( b)) 2

TE T

SO

1
2 " 2ex?
lim —xM = lim 2\/2/7‘(’6_% €’ = —6.

= - -1
)

Hence we have that, for every d > 0, there exists > 0 such that

‘ . 29(x)
oy (x)

+ 6‘ <94 forevery x > I. (4.29)
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We fix § < 1 and choose Z > 0 such that (4.29)) holds. For every z > & we
get the estimate

- e [l

< 0 (log(z) — log(z)) .

e [y

Thus, for every x > Z, we have

(=6 —9) (log(z) —log(z)) < — /Z 29(y) dy < (=6 + 0) (log(z) — log(z)) .

z ov(y)
This implies that, taking p as in (4.20) and choosing ¢ = z, for every x > Z,
T —6—0 T —6-+6

= <plx)< (= . 4.30
(2 o= (9 o
Hence, taking § as in (4.22)) and choosing again ¢ = z, for every x > & we

e / () < st = / )y < / HORK"

T T

so that §(co0) < co and in particular

6$—5—5 0o 5‘T_5+6
s < (o) = 3(e) = [y <
Together with (4.30)), this implies that
7% L1720 < $(00) — () < z % L1+26
5+0 =7 5@z ~5-0
for every = > Z, so
7% o—3-26  3(00) = 8(z) _ z )
5+ ~ oi(x)p(x) T H-¢
Therefore, as 6 < 1 by the choice of z, we have that S(00)=5 ¢ L} (co—) and

POy
condition (4.23)) is satisfied. By Theorem it follows that Z defined in
(4.26)) is not a martingale. ] ]

We give now an example of a process whose optional projection into the
delayed filtration is not a local martingale but admits an equivalent local
martingale measure.
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Example 4.7. Consider again the filtration G = (G¢)t>0 generated by the
Brownian motion W in , and define F = (F;)>0, with F; := G, t > 0,
€ > 0. Introduce the process M = (My)¢>0 with M; = X — fot(l + 5)dWs,
where X is the inverse three-dimensional Bessel process. Thus

3

t
>—/(1+s)dWs, t>0,
0

t+e
OM¢+€ = ]E[MH-EISYJ =E |:Xt+5 - / (1 + S)dWS
0

1
X/ 2¢

where the last equality comes from Proposition 4.4 and from the martingale
property of [(1+ s)dW;. From (4.12) we have therefore

[o __1_ 1 [o 4 __1_
d°My, . = e X7 X, —erf () X2 — (14t) | dW,—y/ =€ 2e 2XPdt, t>0.
t+ ( o t Xv2e) (1+1) t - >

It is then clear that °M is not an F-local martingale. This implies that

= Xerf (

Mioe(M,G) "M (M, F) =0,

since M;,.(M,G) = {P} by Remark so that properties (P1]), (P3) and
(P4) have a negative answer.
We now introduce the Doléans exponential

Zt:&(/adeS), t>0,
1
~ \/ge_ e

ZGX?
Qp = 1 ) t 2 05
ER S erf(thm) X2 (1+1)
and define the measure Q by %bt = Z;, t > 0. By (4.28) we have that

|| < \/ge_%(l + )71 for all t > 0. Thus

1 [ 1 &
exp <2/0 |073|2d3) < exp <7Te_3/0 (1+s)_2ds> < 00,

so Novikov’s condition is satisfied and Z is a uniformly integrable martingale.
By Girsanov’s Theorem, @ € M;,.(°M,G). Hence, properties (P2 and (P5))
are satisfied.

with

[SI[98)
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Remark 4.8. In the above analysis G represents the natural filtration of
X. By we obtain that is not satisfied in this setting. How-
ever, still does not hold if G is given by the filtration generated by
(B',B?,B3), and F is the delayed filtration of FX, i.e., Fy = FX _, t > 0,
e > 0. In this case there exist infinitely many measures in Mioe(X,G),
but Moo X, FX, FX) = {P}. Corollary implies that for every @ €
Mioe(X, G) we have

EQ[X;|T:] = EP[X;|F], a.s, t>0.

Then @°X is a (Q, F)-local martingale if and only if Q is an equivalent local
martingale measure for °X, which has dynamics given in . However,
this cannot be the case because such a measure Q would be defined by a
density which is not a true martingale, by the same arguments as in the

proof of Theorem [[.5],

5 A stochastic volatility example

In this section we assume that X is given by a stochastic volatility process
which is a local martingale with respect to a filtration G. We then consider a
sub-filtration I of G such that property is satisfied even if the optional
projection of X into FF is not a local martingale. We provide Examples
and to show when property or hold, respectively.

We introduce a three-dimensional Brownian motion B = (B!, B%, B3) on a
filtered probability space (Q,F, P,G = (G¢)t>0), and consider a stochastic
volatility model of the form

dX; = 0108 X4dB} + 020* X dB2, t>0, Xo=xz >0, (5.1)
dvy = alvtdBtl + agvtdBtQ + (Ig’UtdB? +p(L—v)dt, t>0, vy=1,
(5.2)

where «, p, L € RT and o1, 09,a1,as2,a3 € R.

Remark 5.1. The class of stochastic volatility processes (5.1)-(5.2)) reduces

to the class considered in |\Sin| [1998] when a3 = 0 and to the class presented
in | Biagint et al. [2014)] when p =0 and o = 1. Therefore, all the results of
this section can be applied to these particular cases.

The next proposition states that, under a given condition on the coefficients
of (5.1)-(5.2), X is a strict G-local martingale under P but My, (X, G) # 0.
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Proposition 5.2. Consider the unique strong solutiovﬂ (X, v) to the system
of SDEs (5.1)-(5.2). Then:

1. X is a local martingale, and is a true martingale if and only if

ai101 + asoo < 0.

2. For every T > 0 there exists a probability measure Q) equivalent to P
on Gr such that X is a true Q-martingale on [0,T].

Proof. The proofs of the two claims are easy extensions of the proofs of
Theorem 3.2 of Sin| [1998] and of Theorem 5.1 of Biagini et al.| [2014], re-
spectively. O O

We now give two results that provide a relation between the expectation of
X and the explosion time of a process associated to the volatility v.

Lemma 5.3. Let (X,v) satisfy the system of SDEs (5.1)-(5.2)). Then
E[X:] = XoP ({0 does not explode on [0,t]}), t>0, (5.3)
where U = (V¢)1>0 1S given by

diy =a10¢dB} + aot1dB? + aztyd B} + p(L — oy)dt
+ (a101 + a202)6?+1dt, t >0, (5.4)

g = 1.

Proof. This result is a particular case of Proposition [5.9) which we give
below. O O

Lemma 5.4. The (unique) solution to equation ([5.4)) explodes to +oo in
finite time with positive probability if and only if a1014+as09 > 0. Moreover,
if a101 + asos > 0, it does not reach zero in finite time.

Proof. The result is given in Lemma 4.3 of |Sin| [1998] when a3z = 0, and
proved by using Feller’s test of explosions. In this case, the test is applicable
because ¥ is a one-dimensional It6 diffusion with respect to the Brownian
motion 1/|a|(a - B), with a = (a1,a2) and B = (B!, B?). The author
introduces o = (01, 02) and proves that v explodes with positive probability
in finite time and does not reach the origin in finite time if a - o > 0. In our
case, the proof comes as an easy extension by considering now a = (a1, as, as)
and o = (01, 09,0). O O

!Existence and uniqueness of a strong solution to (5.1)-(5.2) can be proved as an
extension of [Sin} 1998, Remark 2.2].
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We now give an example for which property (P2) is satisfied. We start with
the following lemma, which is Proposition 5.2 of Karatzas and Ruf [2016].

Lemma 5.5. Fiz an open interval I = (¢,r) with —oo < ¢ < r < oo and
consider the stochastic differential equation

dy; = S(Y;) (th + b(Y;f)dt) , t=> 07 YO = 57 (55)

where £ € I and W denotes a Brownian motion. Suppose that the functions
b: (I,B(I)) - (R,B(R)) and s : (I,B(I)) — (R\ {0},B(R\ {0})) are
measurable and satisfy

1
/ < 5 + ‘b(y)D dy < o0 for every compact set K C 1. (5.6)
k \5*(y)  |s(y)

Call 7¢ the first time when the weak solution'Y to (5.5)), unique in the sense
of probability distribution, exits the open interval I. Introduce the function

U:(0,00) x I = R" defined by
U(t, &) := P(r% > t).

If the functions s(-) and b(-) are locally Holder continuous on I, the function
U(-,-) is of class C ([0,00) x I) N C™2((0,00) x I).

Applying Lemma [5.5] to our setting, we get the following result.

Lemma 5.6. Consider the solution ¥ to equation (5.4), supposing p = 0
and ayoy + agoy > 0. Define the function m : (0,00) — RT by

my = P({0 does not explode on [0,t]}). (5.7)
Then m € C1((0,00)).

Proof. Note that © is a one-dimensional It6 diffusion with respect to the
Brownian motion W = 1/|a|(a-B), with a = (a1, a2, a3) and B = (B!, B2, B3).
In particular, we have

diy = |a|t;dWy 4 (a101 + ago2)d*Tdt, > 0.

We are thus in the setting of Lemma with I = (0,00) and

ai101 + a02
—_——X .
|a

s(z) = |a|z, b(x) =
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Condition (j5.6)) is satisfied because, for every K compact interval of (0, c0),

we have
bEZ;D =, <|\1y !

/K (52@) i

Moreover, s(-) and b(-) are locally Hélder continuous on (0,00). The result
follows from Lemma [5.5] since © does not reach zero in finite time by Lemma,

b.4l O O

a101 + a0 4
|a|?

)dy<oo.

We are now ready to state our first result in this setting.

Example 5.7. Consider the solution (X,v) to the system of SDEs (5.1)-
, supposing p = 0 and ay014as02 > 0. Let H be the filtration generated
by (B!, B?, B®), and F the filtration generated by a fourth Brownian motion
B*, independent of (B!, B?, B3). Introduce the F-local martingale N =
(N¢)¢>0 whose dynamics are given by

dN; = (1+m})(1+t)dB}, t>0,

where m’ is the first derivative of the function m we introduce in .
Then the process R := N + X is an HV F-local martingale, and its optional
projection into F is °R = N 4+ m by Lemma Thus °R is not an F-local
martingale, because m is not constant by Lemma [5.4]

We introduce the stochastic exponential

Zt:8t</a8d3;1>, t>0

M sy
I+mp)(A+t) —

Note that m’ € C((0,00)) by Lemma It follows that Novikov’s condi-
tion is satisfied, so Z is an F-uniformly integrable martingale and we can
introduce the probability measure () ~ P defined by Z. Then °R= N +m
is a (@, F)-local martingale. Hence, property is satisfied.

with

o =

Example 5.8. Again in the setting and with the notations of Example
introduce a (P,F)-strict local martingale Y, independent of H. Let
Q be the probability measure from Proposition [5.2] under which X is a
true martingale. Since the density of ) with respect to P only depends
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on (BY,B%,B3), Y is a strict local martingale also with respect to @, and
U :=Y + X as well. The @Q-optional projection of U into F is given by

QoU, =Y, +E[X)] =Y; + Xo, t>0,

which is a (@, F)-local martingale.
Thus P ¢ M7 (U, F) but

ML(Uv H v IF) N M?oc(Uv IF) 7£ wa

i.e., property (P3) holds for U.

We now find an example of a sub-filtration F C G such that the optional
projection of X into F is not an F-local martingale. The next proposition is
a generalization of Lemma 4.2 of [Sin| [1998§].

Proposition 5.9. Suppose that the two-dimensional process (X,v) satis-
fies the system of SDEs (5.1)-(5.2)), and call F the natural filtration of B*.
Introduce the process (Xi¢)i>o0 defined by

¢
X, =B} - 0'1/ vgds, t>0 (5.8)
0

and call ¥ the natural filtration of X. Then for every IF- stopping time T
there exists an F-stopping time T such that

E[X7rz] = XoP({v does not explode on [0,T A T]}), (5.9)

where v is defined in (5.4)).

Proof. By (b.1), X is a positive local martingale. Define a sequence of
stopping times (7, )nen by

t
T, = inf {t cRY: oy + 02|2/ Ugads > n} AT,
0

with v = (v4)4>0 in (5.2)). Then the process X" defined by
XM= Xipnp, t>0 (5.10)

is a local martingale for n € N. Define Z" by
tATn tATh
Z6 = 01/ v¥dB} + 02/ v¥dB?, t>0.
0 0
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Then X™ is the stochastic exponential of Z", and since [Z", Z"]; < n for
all t > 0, X" is a (P, G)-martingale for every n € N by Novikov’s condition
and (7, )nen reduces X with respect to (P, G).

Since X" stopped at 7 is also a martingale, we can define a new probability
measure @, on (€, 97) as

Qn(A) = XLE[XTMWIL o] forall A€ Sy
0

By the Lebesgue dominated convergence theorem,
E[X7pz] = lm E[Xrar,atlir,>rasy] = Xo lim Qn (1 > TAT), (5.11)
n—oo n—oo

by definition of @,. Moreover, Girsanov’s Theorem implies that the pro-
cesses B B(™2) defined by

t
B{"" =B} —01/ Ls<runsyvsds, t20 (5.12)
0
N t
B{"™ =B} - 02/ Ls<rani}vsds, ¢20 (5:13)
0

are Brownian motions under Q,, n > 0. Therefore under @Q,,, the process v
has the dynamics

dv; = alvtdBlgn’l) + agvgdBt(n’2) + agvtdBf’ + p(L — vy)dt
+ Lji<ronsy (@101 + agao)v®Tdt, t>0, wvy=1. (5.14)

Consider now the process X introduced in (5.8) and define v as the unique,
strong solutionﬂ of the SDE

diy = alfitdBtl + aQ@tdBt2 + agvtdBf’ + p(L — 0y)dt + (ay01 + agag)@f”rldt,
(5.15)

t > 0. Note that on [0, 7, A 7], (X,v) has the same distribution under @,

as (B!, ?) under P.

By the Doob measurability theorem (see, e.g., [Kallenberg), 2006, Lemma 1.13]),

there exists a measurable function h : G0, 00) — R such that 7 = h(X.).

Set 7 = h(B!). As T A7 is a o(X)-stopping time there exists, by the Doob

measurability theorem again, a B(C[0, ¢])-measurable function ¥; such that

]l{tzT/\f'} = \I/t(Xt) Thus

Limsrasy = ¥r (X™), neN.

2Tt can be seen that admits an unique, strong solution following the same arguments
as in the proof of Lemma 4.2 of Sin| [1998].
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Analogously, by the construction of 7, we have
Lz, >rar) = P2, (BY™), neN,

where (7,,)nen are stopping times for the natural filtration of 0, defined by
S
Tn :inf{t€R+ : |01+02|2/ f}iaduzn}, n > 1.
0

Since on [0, 7, A 7], (X, v) has the same law under Q,, as (B!, ) under P,
we have that U, (X™) has the same law under Q, as Vs (B"™) under P.
Thus, from (5.11]) we get

E[X7az] = Xo lim Qpn (1n > T AT)
n—oo
— X, lim E9" [\pm (X,Tn)}
n—o0
= X, lim EP [\Iffn(B_lv*n)}
n—0o0
=Xo lim P (7, >TAT)
n—o0
= XoP (7, > T A 7 for some n)
= XoP (v does not explode before time 7' A7),

and the proof is complete. ] ]

We are now ready to give the following

Theorem 5.10. Consider the stochastic volatility process X defined by
dX; = alvf‘XtdB + o9v} XtdBt, t>0, Xo=x>0, (5.16)
dv; = agvtdBtz +p(L—v)dt, t>0, wvg=1, (5.17)

i.e., the model introduced in . - with a1 = a3 = 0, and suppose
that a209 > 0 Consider the filtration F C G, generated by the process X
defined in . Then the P-optional projection of X into I is not an F-local
martingale.

Proof The process X in is a strict local martingale by Proposition
By Proposition n for every F- stopping time 7 there exists a o(B*)-
stopplng time 7 such that

E[X7r7] = XoP ({0 does not explode on [0,7" A T]}), (5.18)
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where v is now given by
diy = ag0ydBE + p(L — 0p)dt + agoet®Tdt, t>0, g =1.
Since aj01 4 az09 = agoy > 0, Lemma [5.4] implies that
P({v does not explode on [0,t]}) <1 for all ¢ > 0.
In particular,
P ({0 does not explode on [0,T An|}) < 1

for every o(B')-stopping time 7 with P(n = co) < 1, because 9 is indepen-
dent of B'. Together with , this implies that X cannot be localized
by any sequence of I@‘-stopping times. Consequently, the optional projection
of X into I cannot be an F-local martingale by Theorem 3.7 of [F6llmer and
Protter [2011]. O O

Proposition and Theorem provide a further example of two prob-
ability measures P and @, of a P-local martingale X and of a non trivial
filiration F C G, such that the optional projection of X into [ under P is
not a P-local martingale but the optional projection of X into F under Q is
a Q-martingale.

A Optional projections and optimal transport

Consider a probability space (2, F,P) equipped with filtrations F = (F;)i>0
and G = (9¢)i>0, F C G, both satisfying the usual hypothesis of right-
continuity and completeness.

For G-adapted cadlag processes X and Z, we denote X g Zif Z— X isa
nonnegative G-supermartingale.

Proposition A.1. Let X be a nonnegative, cadlag G-supermartingale. Then
X is a G-local martingale if and only if X <g Z for all G- supermartingales
Z > X.

Proof. Assume that X is a local martingale, and consider a supermartingale
Z > X. Let (15)n>0 be a localizing sequence for X. By Fatou’s lemma,

E[Z,—X,|Fs] < liminf E[Zinr, — Xinr, |Fs] < Zs—liminf E[Xar, |Fs] = Zs— X,
n—00 n—00

for every 0 < s < t, so Z — X is a supermartingale.
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Suppose now that Z — X is a nonnegative supermartingale for every super-
martingale Z > X. Assume also that X is not a local martingale, i.e., that
it is a strict supermartingale. Then X has the Doob-Meyer decomposition

Xe=M—Y, t>0,

where M > X is a nonnegative local martingale and Y # 0 is a nondecreas-
ing process. Thus M > X is a supermartingale for which M — X =Y is not
a supermartingale, which is a contradiction. ] ]

Proposition can be used to characterize when the optional projection
of a local martingale remains a local martingale, and to provide a sufficient
and necessary condition for this property via optimal transport.

Theorem A.2. For a nonnegative G-local martingale X, °X is a F-local
martingale if and only if, for every F-supermartingale Y > °X, there is a
G-supermartingale Z > X with °Z <z Y.

Proof. If °X is a local martingale, we may choose Z = X. To prove the
converse, Z — X is a nonnegative G-supermartingale, °Z — °X is a nonneg-
ative F-supermartingale, so Y —°X =Y —°Z +°Z — °X is a nonnegative
F-supermartingale. O O

Given laws vg, 14 on Ry, we denote vy <oqp vy if ffdl/s < ffdut for all
f € C4, where Cy is the set of real-valued convex and decreasing functions
on Ry. Let now X be a G-adapted nonnegative process with law v and v
be the law of X, s > 0. If vy <qo v for all s < t, we say that the law v
is convex decreasing. In this case, there exists a Markov process with law v
which is a G-supermartingale; see Theorem 3 of Kellerer| [1972]. Also note
that if a process is a G-supermartingale, its law is convex decreasing.

We denote by S(v) the set of joint laws of (Z, X), where Z ranges over all
supermartingales dominating X. For m € S(v), m; denotes the joint law of
(Z¢, Xt). An application of Proposition leads to the following result.

Proposition A.3. Given a nonnegative G-adapted process X with the law
v, X is a G-local martingale if and only if for every t > 0,

Sup sup sup [/fzxdmzx /fzxdwsza:) <0. (A1)

meS(v) s<t feCy

Proof. If (A.1)) does not hold, there exists a supermartingale Z > X such
that the law of Z — X is not convex decreasing. Then Z — X is not a
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supermartingale, so X is not a local martingale by Proposition[A.T} Suppose
now that X is not a local martingale. By Proposition there exists a
supermartingale Z > X such that Z — X is not a supermartingale. Then
the law of Z — X is not convex decreasing, and fails. O O
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