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Abstract

We consider the Kyle-Back model for insider trading, with the difference that the
classical Brownian motion noise of the noise traders is replaced by the noise of a
fractional Brownian motion B with Hurst parameter H > % (when H = %, BH
coincides with the classical Brownian motion). Heuristically, for H > % this means
that the noise traders has some “memory”, in the sense that any increment from time
t on has a positive correlation with its value at t. (In other words, the noise trading
is a persistent stochastic process). It also means that the paths of the noise trading
process are more regular than in the classical Brownian motion case.

We obtain an equation for the optimal (relative) trading intensity for the insider in
this setting, and we show that when H — % the solution converges to the solution in
the classical case. Finally, we discuss how the size of the Hurst coefficient H influences

the optimal performance and portfolio of the insider.

1 Introduction

In their seminal papers Kyle [6] and subsequently Back [2] formulate and study an equilibrium
model for insider trading. There are many papers followed Kyle-Back inspired models that
should be cited. The paper most closely related to ours in setup and method is [1], where
a (classical) Brownian motion model is studied. Here we review then briefly the Kyle-Back
model, based on the presentation in [1]. We assume the financial market has three agents:

e (i) The insider, who already from the initial time ¢ = 0 knows the value ¥ at the
terminal time t = T of a given stock. The portfolio of the insider, measured in terms
of the number of stocks held at time ¢, is denoted by z, t € [0,T]. It is assumed that
¥ is a centered Gaussian random variable of known variance.
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e (ii) The noise traders, who trade randomly without any information about the market.
The portfolio z; of the noise traders is assumed to have the form

(11) dzt = UtdBt s te [0, T],
where oy is a given continuous deterministic function and B; = B(w), (t,w) € [0,T]x 2,

is a Brownian motion on a filtered probability space (€2, F, {‘Ft}te[O,T} ,P). It is assumed
that 0 is independent of the Brownian motion By, t € [0,7].

e (ii) The market makers, who at any time ¢ can observe the total traded volume

(12) Y = Tt + 24,

but not the separate trades x, z;. Based on the information (filtration) F/, t € [0, T],
generated by the observations ys, s < t, the market makers set the price of the stock
at time t equal to

(1.3) pe=EDF], 0<t<T.

The wealth w; at time ¢ of the insider can be expressed as

t
(1.4) wt:w0+/x5dps, 0<t<T.
0

A priori this is an anticipative stochastic integral, which needs further explanation. If
we assume, as Kyle and Back, that the strategy of the insider has the form

for some deterministic continuous function 8; > 0, called the insider trading intensity,
then a natural interpretation of (1.4) is obtained by using integration by parts, as
follows:

t
Wy = Wo + TPy — / psdxs
0
t t
= wp + pt/ (f) - ps)ﬁsds - / ps(f} - ps)ﬁsds
0 0

(1.6) = wp + /Ot(f) — ps)?Bads — /Ot(ﬁ — pe) (0 — ps)Bsds.



Alternatively, one might obtain (1.6) by interpreting the stochastic integral in (1.4) as a
forward integral. See [8] for definitions and [1] for applications of forward integrals to finance.
The insider tries to find the trading intensity [; which maximizes the expected terminal
wealth

(17) Elwr] =E [w?] = wo + /OT]E [(6 — pa)?] Buds — /OTIE (5 — pr)(@ — ps)] Bsds.

The dilemma for the insider is that an increased trading intensity at some time ¢ will reveal
more information about the value of © to the market makers and hence induce a price p;
closer to v, which in turn implies a reduced insider advantage. The optimal insider trading
strategy is proved to be

(1.8 PR A AR Rt
SOth o2ds

which gives the optimal mean square error

So ftT o2ds

fOT o2ds

(1.9) Sy=E[(0—p)’] =

and the optimal insider performance

(1.10) J(8) _E[ (5)} = wo + (So /OTaids)é.

In particular, this implies pr = ¥ and p; = E[0] + Ay, where A = < )5 is called the

So
J] o2ds
price sensitivity. See [1] for details.

The purpose of this paper is to study the above model in the case when the Brownian
motion B in (1.1) is generalized to a fractional Brownian motion BY with Hurst parameter
H € (0,1). By definition Bf, 0 <t < T, is a continuous and centered Gaussian process

with covariance function

(1.11) E[BIBI] == (" +" —|t—sP"), 0<t<T.

N | —

It H= % then B is the classical Brownian motion B. If H # % the increments of B are
not independent. For H > % the two increments

(1.12) B, — B and BZ,- B
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are positively correlated, while they are negatively correlated for H < % Thus the case
for H > % corresponds to systems with memory and persistence, while the case of H < %
corresponds to systems with turbulence and anti-persistence. If H > % then the paths of
B are more regular than for classical Brownian motion, while if H < % the paths are less
regular. More precisely, for any oo < H the paths of Bf are Holder continuous with exponent

a almost surely, i.e.
(1.13) B! — BE| <clt—s|*, 0<t<T,

for some (random) constant ¢ > 0. For more information about fractional Brownian motion
and its applications, we refer to [3], [7] and the references therein.

In this paper we restrict ourselves to the case H > % In other words, we study how
the introduction of persistence or memory among the noise traders influences the Kyle-
Back model, in particular what effect it has on the optimal insider portfolio and maximal
expected insider wealth. As in the Kyle-Back setting, we assume that v is independent of
Bt € [0,T]. We prove that if an optimal smooth insider trading intensity 3 exists, then it
is the solution of a non-linear integro-differential equation. Moreover, we show that pr = v
in Theorem 2.4.

In the formulation adopted in this paper, we have encountered a new stochastic differential

equations

The existence and uniqueness of the solution to the above equation have not been studied
yet. In Section 2 we shall formulate our problem, obtain an existence result for the above
equation by using the innovation technique, and find an equation that the maximum trading
intensity must satisfy. In Section 3, we study the uniqueness of the above equation. In
Section 4, we discuss the impact of long memory on the insider trader. The Appendix
provide some technical results.

2 The main result

We use the same setup as in Section 1, except that By, 0 < ¢ < T, is replaced with a fractional
Brownian motion B, 0 <t < T, with Hurst parameter H > % Thus the portfolio of the
noise traders gets the form

(2.1) dz = oydB, t€0,T],
the portfolio of the insider is as before
(22) dwt = (17 — pt)ﬁtdta

where p; is the market price at time t set by the market makers, which will be made more
precise in next lines (see equation (2.4) below). The total traded volume is hence



If we let FY, t € [0,T], be the filtration generated by y,, s < ¢, then it is assumed that

(2.4) pe=E[B|F], 0<t<T.

Substituting this into (2.3) we get that the total traded volume process must satisfy the
equation

(2.5) dy, = (5 — B[1FY) fudt + odBY |t € [0,7).

As in [1] we will prove that it is possible to find a solution of (2.5) by regarding y;, 0 <t < T,
as the innovation process y;, 0 < t < T, of an auxiliary linear filtering problem, where the
signal process is

(2.6) &=10; te|0,T],

and the observation process is

(2.7) dijy = 0Byt + o, dB;  t€[0,T], 9o =0.

The innovation process for this problem is, by definition,

(2.8) dijy = (17 _E [v|fﬂ> Bydt + odBY
— dj — B |5|F7] Budt
where FY = o(j),, 0 < s <) is the information filtration generated by . It is obvious that

we can assume that
E(7) =0 and E(9*) =1.

We shall show that ¢ solves (2.5). This follows from the following lemma.

Lemma 2.1. Assume that

(2.9) 5 — Ps € C?0, 1]

Os

for allt <T. Then F? = F7 for allt € [0,T).
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Proof. Since
dj = dj & [0l F | Bt

we see that F7 C ]-'g’ . We need to prove the other inclusion ]:f C F?. First we shall compute
pr:=E [6\]—?’] by using the result obtained in [5]. Define

(2.10) Kult,s) = ng's2 (t —s)27",
where ky = 2HT'(3/2 — H)I'(1/2 + H). Let

¢
(2.11) Yy :/ Ky (t,s)o,  dy, .

0

Then from Theorem 1 of [5], we know that y;,0 < t < T, is a semimartingale and the
information filtrations generated by y* and gy are the same:

(2.12) FU=F, vtelo,T]

We also have

(2.13) d(y*,y*)s = dl(s), dl(s) = (2 — 2H)ry's' " ds .
Put
(2.14) i =E {(6—1@ [@|ft@]ﬂ, teo,T),

and define (which is p(s,0) of (13) in

(2.15) ps = ps(B s €10,T7.
Then by Section 5.1 of [5] we have
t —1
2.16) =) = (o5t + [ dans)) L eepo)
0

for some constant v # 0 and

Pe=%" (po +% psdys) vt € [0,T].

From the definition of p; we have py = E[0]|Fo] = E(?) = 0 since we assume E(?) = 0. Thus
we have
t
(2.17) b= [ pudii, Ve DT
0
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From Lemma 5.3, we have

t
(2.18) pt:/ g(t, s)dys ,
0

where
t
(219) o(t.5) = | Kult, o~ [ Kl o)ar] o7

For any smooth deterministic function f;, ¢t € [0,7"), we now consider

/ fudiis = / f.(dgs — B [51F7] B,ds)
- / Fo(dfs — pfeds)

/ fudi — / fuBupeds
/ fudis - / Fibul / g(s, u)dg)ds

(2.20) - / (fu— / 9(s, u) fuBeds)dga

where we have used the Fubini type theorem in (2.20). We want to find a representation of
g in terms of y. This is equivalent to find a solution of the equation

(2.21) fu— / g(s,u) fsBsds = Xpo,(u) -

By classical results on Volterra equations, see e.g. [4], Lemma 4.3.3 on page 125, this equation
has a solution if

(2.22) / / B2g*(s,r)drds < oo forallt < T,

where g(s,7) is given by (2.19). By the Lemma 5.2 in the Appendix we obtain that if (2.9)
holds, then (2.22) is satisfied. Therefore we see that FY ¢ FY. This concludes the proof of
the lemma. |

Corollary 2.2. Assume that (2.9) holds. Then y;, 0 <t < T, defined by (2.8) is a solution
of (2.5).

Remark 2.3. In view of Corollary 2.2 we choose to represent the total traded volume process
y by y, and we write y instead of § from now on. Note however, that we have not proved that
the solution of (2.5) is unique, so this choice is not totally justified from a mathematical point
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of view, since there might be solutions y of (2.5) which are not representable as innovation
processes of linear filtering problems.

On the other hand, since the market makers are assumed to know F{ and also of course the
price py at any time t € [0,T], then by (2.3) and (2.7) they know

¢
(2.23) Uy = Y + / PsBsds .
0

This implies that

(2.24) Fl=F

and hence dy, = dg;, even without hypothesis (2.9). So from a modeling point of view the
assumption that y; = 9 is natural, and we will base our study on this.

As shown in the introduction the expected terminal wealth of the insider can be expressed
as follows:

(225 E(wp) = wo+ /0 E (0 — pi)?] fudt /0 E((& — pr)(© — po)) Budt

We need to compute E[(0 — pr)(0 — p;)]. We have

E[(0—pr)(©—p)] = E(©0°) —E(0p:) — E(0pr) + E(prp:)
= E(0%) —E(p;) — E(p}) + E(prpe) -

We first compute E(prp;). By (1.3) we have that p,, 0 < ¢t < T, is a square-integrable
martingale. Hence

Elpir] = E[p}],
and consequently
E((0—pr)(@—p)] = E(*) —E(p;) - E(p7) + E(prpy)
= E(0°) —E(pf) — E(p1) + E(p})
= E(0°) — E(p7)
But
E(p7) = E(0?) — B(0 — pr)* = E(0%) — ¢,
and
(2.26) E[(0—pr)(©—p)] = 1.



Hence by (2.25) and by (2.26) we want to maximize

(2.27) J(B()) = wo + / (14(8) — 4r(8))Budt .

First let us maximize

(2.28) T(B() = / w(B)Bdt

We do this by using a perturbation argument, as in [1]. Let € be an arbitrary small number

d
and &,0 <t < T, be an arbitrary smooth function. We want to compute d—) Jo(B + €£).
€ le=0

In the following we assume that all functions involved are smooth enough to exchange the
order of derivation and integration. We first note that by the definition (2.15) of p we obtain

d 4 &
%azops(ﬁﬂﬁ)—dg(s)/o Kin(s,r) 2dr.
Thus
d t ¢ d s :
%5:0/0 [ps<5+€€)]2df(3) = 2/0 psm/o KH(S,T’)f_—Tdef(S)
tog o[ :
(229) = 2/0 ps%/o KH(S,T>§_—Td7‘d3,

We apply this result to compute d%‘ (B + €£). By (2.16) and (2.29) we have
e=0

a4 (5+§)——22/t i/sK( )édd

r

t t s
= —Q%th/ KH(t,r)ng—i—Zﬁ/ p's/ KH<S,T)§—TdeS
0 T 0 0 T

t t
= nyf/ o ! [/ 0 Kg(s,r)ds — ptKH(t,r)} &dr .
0 r

Putting everything together we obtain

d T T t t
P _OJO(B+55) = /0 ’thtdt+2/0 5{%2 {/0 Ur_l {/T p’SKH(s,r)ds _ptKH<taT):| frdr}dt

T T T ¢
— / V& dr + 2/ 0;1 {/ ﬁ{yf [/ P Ky (s, r)ds — ptKH(t,'r’)} dt} Edr.
0 0 r r

Since &, is arbitrary, we have

T t
(2.30) e [ / p;KH<s,r>ds—ptKH<t,r>] a,
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or equivalently

T t
@3 o) =-2 [ soie) [ [ oD Kuts.ryds = () Kant.r)| dr.
for 0 <t < T. Thus we have proved that if

(2.32) B = J(B()) = / () Budt

is maximal, then ~;(0) satisfies (2.31). In particular, v7(8) = 0. But this implies that ()
is also optimal for

(2.33) J(B()) = wo+ Jo(B()) = wo + / (1(8) — 72(8)) Budt

since we always have yr(f) > 0 and § > 0. We have proved
Theorem 2.4. Suppose [ is an optimal insider portfolio for the problem

T
231 sup fwr(9)] =sup {0+ [ ((9) = 108t}
B B 0
Then vr(B) = 0 and v(B) satisfies equation (2.31). In particular, by (2.26)

Proposition 2.5. The process y defined by

(2.36) dy; = (@ _E [m;ﬂ) Budt + o dBY o =0
15 an Hy =0 (17, B s < t)-adapted solution of the equation

(2.37) dijy = <v _E [17|}"§7D Budt + o dBE | o =0.

Proof. That y defined by (2.36) is a solution of equation (2.37) follows from Lemma 2.1. R

We now let H — 3 in equation (2.30) and show how it converges to the equation for the

optimal 7 in the case H = %

Proposition 2.6. For H — % equation (2.30) becomes

T
IYTZQﬁ_;/ ﬁt/Ythtv OSTSTa
Oy Jr

that is equivalent to the equation (4.28) of [1]:

T t 2
BTZT / B exp (—2/ %—fudu) dt, 0<r<T,
o J, o

s u

(2.38) 1=2
for the optimal ~v in the case H = %
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Proof. First of all we note that by (2.10) Ky(s,r) converges to 1 for H — 3. Furthermore
by taking the limit in (2.15) we obtain that p; goes to f—z for all t € [0,7]. Hence (2.30)
becomes

g

T T
(2.39) 7 =207, / Gt =22 / Bpdt, 0<r<T,

if H — 3 by uniform integrability. When H — 1/2, the equation (2.16) becomes

1 trgN: )
Y = —+/ (—S) ds ,0<r<T.
Yo 0 Os

Therefore, v satisfies

d BtQ 2
2.40 — = — .
( ) dt af e
Hence for ¢ > r we have that
tﬁ2
(2.41) V¢ = Yr €Xp (— U—;’yudu) .

Substituting (2.41) into (2.39), we obtain

T t . P32
(2.42) Y = ZB—Q/ V23, exp (—2/ %—fudu> dt, rel0,7].
a2 J, o

T T u

This is equation (2.38). |

3 Uniqueness of the equation

The equation (2.5) which we reproduce here
(3.1) dy; = (0 — E[0|F}]) Budt + ovdBy",  t € [0,T],

with yo = 0 is a new type of equation even in the case B is replaced by a Brownian motion,
where B¥ is a fractional Brownian motion of Hurst parameter H, 3; and o, are deterministic
functions and v is a standard normal random variable independent of the fractional Brownian
motion B,

Lemma 2.1 yields the existence of a solution. In Remark 2.3, we explain from economic point
of view the rationale of uniqueness. However, mathematically the uniqueness is still an open
problem mathematically. It is our conjecture that the uniqueness holds as well.

Here we give an attempt to this problem. We restrict the solution to the form

(3.2) e = hy(t)o + /Ot ha(t, s)dB!
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for some unknown functions hy(t) and he(t,s),0 < s <t < T. Since ¥ and y,,0 <t < T,
are jointly Gaussian, there is a g(t,s),0 < s < t < T, such that (because E(0) = 0 and

E(7)2 = 1)
Emﬁ1zggww%

t t t s
= [ steomns o+ [ gl aB + [ gtt.s) [ Satsranias
0 0 0 o 0s

t t t o

(3.3) = / g(t, s)hy(s)ds U+/ [g(t,s)hz(s,s) +/ g(t,T)Ehg(r, s)dr} dB" .
0 0 s

By the property of conditional expectation we have

(3.4) E(ys0) =E (y;E[0|F!]), V0<s<t.

First we have
E (ys@) = hl(s) :

On the other hand, we have
t
B (e [6177]) = huls) [ gt u)l ()
0
r t t
(3.5) +/ / ha(r, s1) {g(t, S9)ha(s2, s2) +/ g(t,r)ha(r, so)dr| ¢(s1 — s2)dsidss,
0 0 52

where
¢(u) = H(2H — 1)[u*"2.

Thus equation (3.4) becomes
() = () [ g(t. i wyi)
(3.6) / / ha(r, s1 [ (t,52)ha(s2,52) + / g(t,m)ho(r, so)dr| ¢(s1 — s9)dsidss,

Substituting (3.3) into (3.1), we have

t t
yr = / (0 — E[0|FY)) Brdr + / o.dBY
0 0

:/Ot{f;—f;/org(r ). (s)ds

r r t
+/ [g(r, s)ha(s, s) +/ g(r, u)ﬁhg(u, s)du} dBf}ﬁrdr%—/ o.dBH
0 s 8U 0

= [[1- [ stromieras] sar
(3.7) —/Ot{/: {g(r, s)hg(s,s)+/Srg(r,u)%h2(u,s)du1 &dr}dBer/otordBf.
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Comparing (3.7) with (3.2) and using the fact that © and B are independent, we have
t T

(3.8) hi(t) = / [1 - / g(r, s)h'l(s)ds} Bdr
0 0

(3.9)  halt,s) — as—/ot{/: [g(r,s)hg(s,s)—i—/:g(r,u)aguhg(u,s)du] ﬁrdr}.

Thus we obtain
Proposition 3.1. The equation (3.1) has a unique solution of the form (3.2) if the following
system of equations has a unique solution (hy(t), ho(t,s), g(t,s),0 <s <t <T):

(

ht) = [y [L— [ g(r,s)Ri(s)ds] B.dr
ho(t,s) = o, — fo {fs [g(r, s)ha(s,s) + [ g(r,u)Zha(u, s)du] Brdr}
hi(s) = ha(s) [y g(t,u)h) (u)du
+ Jy fo ha(r, s1) [ (t,s2)ha(s2,82) + fs'; g(t,r)ha(r, sg)dr] P(51 — s9)ds1dss .

\

The existence of the above system was obtained in Section 2 through the technique of
filtering.

4 The impact of memory (persistence) in the noise
trades

One of the motivations of this paper is to investigate how the memory (persistence) and
regularity of the noise process of the noise traders, represented by the Hurst coefficient
H > %, influence the performance of the insider.

Unfortunately, we are not able to solve our general equation (2.31) to obtain the optimal
By = Bi(H), t € [0,T], explicitly, and thus we are unable to make any conclusion about this
influence in general. However, if we restrict ourselves to constant insider trading intensity
g = B(H) > 0, our equations simplify as follows.

Consider o constant. By (5.1) in Lemma 5.1 we obtain that

$2H~- 25/ i-H 3—H g,
ﬁ/ ur~ H(1— )2 2 H
_TE-HPp
(4.1) r(§ 2H) o

Therefore equation (2.16) becomes

13



t -1
Ve = <%‘1 +/ pidf(é‘))
0

-1
(4.2) = (1" +a tHHﬁ_?

her = LG
Where ag = 2HT(3—2H)2T(L+H)"

Hence, we can write down the performance functional as

J(B) =B /0 (7t — et

1 T
(4.3) :5/ : vt — ——" .
0 Yo +aut? L A 4 apTR

It is easy to see that for a given H € (%, 1) and 7" > 0, J(pB) is a continuous function of j3,
J(0) = 0 and ﬁlim J(B) = 0. Thus J(B) attains its maximum values over all § > 0. We
—00

illustrate the relation between 5 and J(f) numerically as plots. We choose T'= 2, 0 = 1 and
plot the function J(3) for the Hurst parameters H = 0.5 (top curve), H = 0.6 (second from
top), H = 0.75 (third from top), H = 0.9 (fourth from top), and H = 1 (bottom straight

line).

Figure 1: Plot of the functions J(f) for 5 different values of H
x-axis is # and y-axis is J(f3)

The graphs show that the performance of an insider decreases with increasing H € [%, 1).
They also show that the optimal insider trading intensity 8*(H) decreases with increasing
H € [%, 1). These results can perhaps be understood as follows. Increasing the Hurst
coefficient H of the noise trading reduces the “complexity” of the noise in two ways:

(1) the noise process becomes more persistent, and
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(ii) the paths of the noise process become more regular.

Both these effects contribute to the decrease of the information advantage of the insider,
because with reduced noise the actions of the insider become more apparent to the market
makers. Thus increasing H might have the same effect on the insider performance as reducing
the noise level |o| in the classical Brownian motion model (H = 3).

Similarly, the decrease of the optimal trading intensity 5*(H) with increasing H, is also in
line with what happens when |o| decreases in the classical setting. (See Section 1).

It is not clear, though, what the effects of increasing H would be if the portfolios [ were
allowed to vary with time.Then the insider might be able to take advantage of the increased
“predictability” of the noise traders to increase her performance, and this might outweigh
the disadvantage coming from reduced noise complexity mentioned above.

In either case, we have not been able to give rigorous proofs of any of these statements

regarding the effects of increasing H, and we leave the task of doing so as an open problem.

5 Appendix

In this appendix we provided some technical computations needed in the previous sections.

Lemma 5.1. If §,, o, are twice differentiable and o, > 0 on [0,T], then

(5.1) py = 52112 / pht (s _ iy,
0 O-r
S N d
+(2— 2H)132H2/0 r%*H(S _r,’)ﬁfH% {f_ﬂ dr
’ d
(5.2) po=—[1+2—-2H)"] s2H—3/ reH(g—p)yzH {5_} d
0 dr | o,
S d2 /8
—2—2H—12H—3/ 5H(s —pyz-H Z_ |Ir) g
( )7s ; T (s—r) 7 o 7
for0 <t <T.
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Proof. By definition (2.15) for p, we obtain

d ° Br
ps_df(s)/o KH<S,T)O_—TdT

=(2— 2H)1/<:H32H1% [/05 KH<S,T')&d7“:|

Oy

1
=(2- 2H)*132H*1i [s“H/ wr H (1 — )z H Pau
0

ds

USU

1
= (2— 2H)7152H71 [(2 _ 2H)312H/ uéfH(l _ u)%*H Bsu
0

' H ubB 1 b H 1y d
= 277 (1 3 22y 2—2H)" 27 (1 —w)2 ™ —
| =it S 2 =2y [k - w2
= SQH_z/ raH (s — r)%_H&dr
0 Or
S ) d 5
9 _9f)! 2H—2/ S—H(s _p3—H L |24
e A O
Taking the derivative again we have
v 1 d |
=[1+(2-2H)" 2 — ) — | =2 g
o= 1 =2 [ - i 2 2]
1y 1 B
2 —2H)™! () — |2
+( )"s ; uz™ (1 —wu)? ds2 [OSJ u

Denote r = su. Then

d 65“ _ d 57“ d2 Bsu 2
ds | og, Y o, | ds? |og, — Y ae

16
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du




Therefore,

po=[1+(2~-2H)"] /01 us (1 — )21 dis [fﬂ d
+(2- 215()—15/01 wr B (1 — )z H 5—82 {iﬂ du
=[1+2-2H)"] /01 wr (1 — )2l dii {f—} d
+(2- 215()—15/01 wi "1 — )z H % [f—] d
= —[1+(2-2H)] s*2 /Osri’ Hig—pya=H % [5—} d
+ (2 2H)_132H_3/087’3 Hg r)é_Hj—; {f—] d

Lemma 5.2. Suppose

{ By
sup < |—
0<r<t

Oy

+

d 67" d2 Br
d—(—)’+ d_(—)'}“o

sup [|ps| + 4[] < o0.
0<s<t

Then

Proof. We use C' to denote a generic constant which may have different value in different
occurrences. From Lemma 5.1 and the assumption, we have

|ps| <C |:82H_1/ ’I"%_H(S — T’)%_Hdr + SQH_Q/ T%_H(s — r)%_H dT:|
0 0

<(Cs<C(C.

mggcﬂﬁﬂa/"ﬁ=ws_m;ﬂdw+gwﬁ/734q&_ﬂyﬂm]
0 0
<C+Cs<C.
[ |

Finally we need to express f(f psdy? in terms of f(f psdis, where y* and 4 are defined through
(2.11).
Introduce the following operator

100 =5 [ Knlt.o)sds, §eC(0.71:m)
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Then up to an argument of approximation for y;,0 <t < T, by smooth functions and from

g = / Ku(s,r)ordj, = / Kuls, r)or ,dr,
0 0

we can write . .
/ psdy; = / psT (o) (s)ds .
0 0

Let T; be the transpose of T on the interval [0,¢], more precisely, T, is defined by the
following identity:

/0 g-(T(f)(r))dr = /0 (T7(g)(r)) fdr ,¥ nice smooth functions f, g € C*([0,T];R).

Then . .
| s = [ @00 i
0 0

A simple computation yields that

7 (0)(s) = Kult. s~ | Kulros)giar.

Therefore, we have

Lemma 5.3. For any continuous function p : [0,T] — R, we have

t t t
(5.3) /psdyl‘—/ [KH(t,S)pt—/ KH(r,s)ﬂidT] o, djs .
0 0 s
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