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Abstract. In this paper we aim at generalizing the results of A. K. Zvonkin [41]
and A. Y. Veretennikov [39] on the construction of unique strong solutions of sto-
chastic differential equations with singular drift vector field and additive noise in the
Euclidean space to the case of infinite-dimensional state spaces. The regularizing
driving noise in our equation is chosen to be a locally non-Hélder continuous Hilbert
space valued process of fractal nature, which does not allow for the use of classical
construction techniques for strong solutions from PDE or semimartingale theory. Our
approach, which does not resort to the Yamada-Watanabe principle for the verifica-
tion of pathwise uniqueness of solutions, is based on Malliavin calculus.
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1. INTRODUCTION

The main objective of this paper is the construction of (unique) strong solutions
of infinite-dimensional stochastic differential equations (SDEs) with a singular drift
and additive noise. In fact, we want to derive our results from the perspective
of a rather recently established theory of stochastic regularization (see [19] and
the references therein) with respect to a new general method based on Malliavin
calculus and another variational technique which can be applied to different types
of SDEs and stochastic partial differential equations (SPDEs).

In order to explain the concept of stochastic regularization, let us consider the
first-order ordinary differential equation (ODE)

d

for a vector field b : [0,7] x H — H, where H is a separable Hilbert space with
norm ||-||,,.

Using Picard iteration, it is fairly straight forward to see that the ODE has
a unique (global) solution (X7):cpo,77, if the driving vector field b satisfies a linear
growth and Lipschitz condition, that is

16C2, )5, < Cr(1 4 []l5,)
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and
[6(t,2) = b(t, y)ll,, < Collz =yl

for all ¢, x and y with constants C,Cs < 0.

However, well-posedness in the sense of existence and uniqueness of solutions
may fail, if the vector field b lacks regularity, that is if e.g. b is not Lipschitz
continuous. In this case, the ODE may not even admit the existence of a
solution in the case H = R

On the other hand, the situation changes, if one integrates on both sides of the
ODE and adds a 'regularizing" noise to the right hand side of the resulting
integral equation.

More precisely, if H = R?, well-posedness of the ODE ([1}) can be restored via
regularization by a Brownian (additive) noise, that is by a perturbation of the

ODE given by the SDE
dXT = b(t, X[)dt +edBy, te€[0,T), X§=xcR (2)

where (By)icpo,r] is a Brownian motion in R¢ and € > 0.

If the vector field b is merely bounded and measurable, it turns out that the SDE
(2]) — regardless how small € is — possesses a unique (global) strong solution, that is
a solution (X[)scpo,r), which as a process is a measurable functional of the driving
noise (B)icp,r)- This surprising and remarkable result was first obtained by A.
K. Zvonkin [41] in the one-dimensional case, whose proof, using PDE techniques,
is based on a transformation ('Zvonkin-transformation'), that converts the SDE
into a SDE without drift part. Subsequently, this result was generalized by
A. Y. Veretennikov [39] to the multi-dimensional case. Much later, that is 35
years later, Zvonkin’s and Veretennikov’s results were extended by G. Da Prato,
F. Flandoli, E. Priola and M. Réckner [I3] to the infinite-dimensional setting by
using estimates of solutions of Kolmogorov’s equation on Hilbert spaces. In fact,
the latter authors study mild solutions (X;):cjo,7] to the SDE

dX; = AXydt + b(X,)dt +/QdWs, € [0,T], Xo=z€H,

where (Wy).ejo,r) is a cylindrical Brownian motion on H, A : D(A) — H a neg-
ative self-adjoint operator with compact resolvent, ) : H — H a non-negative
definite self-adjoint bounded operator and b : H — H. Here, the authors prove
for b € L>(H;H) under certain conditions on A and ) the existence of a unique
mild solution, which is adapted to a completed filtration generated by (Wt)te[O,T]-
So restoration of well-posedness of the ODE ((1)) with a singular vector field is es-
tablished via regularization by both the cylindrical Brownian noise (Wt)te[o,T] and
A, which cannot be chosen to be the zero operator.

Other works in this direction in the infinite-dimensional setting based on differ-
ent methods are e.g. A. S. Sznitman [38], A. Y. Pilipenko, M. V. Tantsyura [30]
in connection with systems of McKean-Vlasov equations and G. Ritter, G. Leha
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[25] in the case of discontinuous drift vector fields of a rather specific form. We
also refer to the references therein.

In this article, we aim at restoring well-posedness of singular ODE’s by using a
certain non-Holder continuous additive noise of fractal nature. More specifically,
we want to analyze solutions to the following type of SDE:

t
Xf:x+/ b(t, X7)ds + By, te[0,T], 3)
0

where the H—valued regularizing noise (B¢):cjo, is a stationary Gaussian process
with locally non-Hoélder continuous paths given by

Bt = Z )\kBterk

k>1

Here {M\¢}x>1 C R, {ex}r>1 is an orthonormal basis of H and {BHk},~, are in-
dependent one-dimensional fractional Brownian motions with Hurst parameters
Hy, € (0,3), k> 1, such that
Hi, N0

for k — oo.

Under certain (rather mild) growth conditions on the Fourier components by,
k > 1, of the singular vector field b: [0,T] x H — H (see and (23)), which do
not necessarily require that all b are equal (compare e.g. to [38]), we show in this

paper the existence of a unique (global) strong solution to the SDE driven by
the non-Markovian process (By):cjo,r)-

Our approach for the construction of strong solutions to (3| relies on Malli-
avin calculus (see e.g. D. Nualart [32]) and another variational technique, which
involves the use of spatial regularity of local time of finite-dimensional approx-
imations of B;. In contrast to the above mentioned works (and most of other
related works in the literature), the method in this paper is not based on PDE,
Markov or semimartingale techniques. Furthermore, our technique corresponds
to a construction principle, which is diametrically opposed to the commonly used
Yamada-Watanabe principle (see e.g. [40]): Using the Yamada-Watanabe prin-
ciple, one combines the existence of a weak solution to a SDE with pathwise
uniqueness to obtain strong uniqueness of solutions. So

’Weak existence ‘ + ’ Pathwise uniqueness‘ = ’Strong uniqueness ‘

This tool is in fact used by many authors in the literature. See e.g. the above
mentioned authors or I. Gyongy, T. Martinez [22], I. Gyongy, N. V. Krylov [21],
N. V. Krylov, M. Réckner [24] or S. Fang, T. S. Zhang [18], just to mention a few.

However, using our approach, verification of the existence of a strong solution,
which is unique in law, provides strong uniqueness:
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Strong existence ‘ + ’ Uniqueness in law‘ = ’Strong uniqueness |.

See also H. J. Engelbert [I7] in the finite-dimensional Brownian case regarding the
latter construction principle.

In order to briefly explain our method in the case of time-homogeneous vector
fields, we mention that we apply an infinite-dimensional generalization of a com-
pactness criterion for square integrable Brownian functionals in L?*(€2), which is
originally due to G. Da Prato, P. Malliavin, and D. Nualart [14], to a double-
sequence of strong solutions {(Xtd ’E)te[ng]}dZLDO associated with the following

SDE’s
t
Xt =g +/ b (X%)ds + By, t€[0,T]. (4)
0

Here {0} jeneso is an approximating double-sequence of vector fields of the sin-
gular drift b, which are smooth and live on d—dimensional subspaces of H.

The application of the above mentioned compactness criterion (for each fixed
t), however, requires certain (uniform) estimates with respect to the Malliavin
derivative D, of Xtd “ in the direction of a cylindrical Brownian motion. For this
purpose, the Malliavin derivative D. : D'?(H) — L*([0,T] x Q) ® Lys(H,H)
(D™2(H) is the space of H—valued Malliavin differentiable random variables and
Lys(H,H) is the space of Hilbert-Schmidt operators from H to #) in connection
with a chain rule is applied to both sides of (4f) and one obtains the following linear
equation:

t
DX — / (%) (X&) D X2 du + 30 K, (£:8) (en, Yy enn 5 <1, (5)

n>1

!/
where (bdva) is the derivative of b%¢, (-, -)5 the inner product and Ky a certain

kernel function defined for Hurst parameters H,, € (0, 3).

We remark here that this type of linearization based on a stochastic derivative
D; actually corresponds to the Nash-Moser principle, which is used for the con-
struction of solutions of (non-linear) PDE’s by means of linearization of equations
via classical derivatives. See e.g. J. Moser [31].

In a next step we then can derive a representation of DSXtd ° (under a Girsanov
change of measure) in (5]) which is not based on derivatives of b%¢ by using Picard

iteration and the following variational argument:

/t k(s) D f(BY)ds = /R CDUf(2)LN( 2)d

= (1)l ) f(z)DYL(t, z)dz,
R n
where BY := (BIh, ..., BHa . B . BHd)and f: R™ — Ris a smooth function
with compact support. Here D® stands for a partial derivative of order |a| with



RESTORATION OF WELL-POSEDNESS OF INF-DIM SINGULAR ODE’S VIA NOISE 5

respect a multi-index . Further, L"(¢, z) is a spatially differentiable local time of
B on a simplex scaled by non-negative integrable function x(s) = k1(s)...k,(s).

Then, using the latter we can verify the required estimates for the Malliavin
derivative of the approximating solutions in connection with the above mentioned
compactness criterion and we finally obtain (under some additional arguments)
that for each fixed ¢

X — X, in L*(Q)

for e \, 0,d — o0, where (X})ico,r) is the unique strong solution to (3)).

Finally, let us also mention a series of papers, from which our construction
method gradually evolved: We refer to the works [27], [28], [29], [30] in the case
of finite-dimensional Brownian noise. See [20] in the Hilbert space setting in con-
nection with Holder continuous drift vector fields. In the case of SDEs driven by
Lévy processes we mention [23]. Other results can be found in [6], [I] with respect
to SDEs driven by fractional Brownian motion and related noise. See also [7] in
the case of "skew fractional Brownian motion", [5] with respect to singular delay
equations and [§] in the case of Brownian motion driven mean-field equations.

We shall also point to the work of R. Catellier and M. Gubinelli [II], who
prove existence and path by path uniqueness (in the sense of A. M. Davie [15])
of strong solutions of fractional Brownian motion driven SDEs with respect to
(distributional) drift vector fields belonging to the Besov-Holder space B, ., a €
R. The approach of the authors is based inter alia on the theorem of Arzela-
Ascoli and a comparison principle based on an average translation operator. In
the distributional case, that is @ < 0, the drift part of the SDE is given by a
generalized non-linear Young integral defined via the topology of BY, . See also

D. Nualart, Y. Ouknine [33] in the one-dimensional case.

The structure of our article is as follows: In Section 2 we introduce the mathe-
matical framework of this paper. Further, in Section 3 we discuss some properties
of the process B. and weak solutions of the SDE . Section 4 is devoted to
the construction of unique strong solutions to the SDE . Finally, in Section 5
examples of singular vector fields for which strong solutions exist are given.

Notation. For the sake of readability we assume throughout the paper that 1 <

T < oo is a finite time horizon. We define H to be an infinite-dimensional separable

real-valued Hilbert space with scalar product (-, -)3; and orthonormal basis {e }r>1.
1

Denote by || - || the induced norm on H defined by ||z|y = (z,2)}, x € H. For
every x € H and k > 1 we denote by ) := (x,¢e;)y the projection onto the
subspace spanned by e, k > 1. Loosely speaking we are referring to the subspace
spanned by eg, k > 1, as the k-th dimension. In line with this notation we
denote the projection of the SDE on the subspace spanned by eg, k& > 1, by
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X®) = (X er). Moreover we can write the SDE as an infinite dimensional
system of real-valued stochastic differential equations, namely

t
X = a4 [Cs, X)ds 4 BY, 10,7, k21,

where b, and B® are the projections on the subspace spanned by e, k > 1, of
b and B, respectively. Note here that the function by : [0,7] x H — R has still
domain [0,7] x H. Furthermore, we define the truncation operator my, d > 1,
which maps an element x € H onto the first d dimensions, by

d
T4 =Y z®ey. (6)
k=1

The truncated space myH is denoted by Hy. We define the change of basis operator
7:H — (? by
T =T Z z®e, = Z Mg, (7)
k>1 k>1

where {€)}r>1 is an orthonormal basis of ¢2. Tt is easily seen that the operator T
is a bijection and we denote its inverse by 771 : £2 — H.
Further frequently used notation:

o Let (X, A, 1) denote a measurable space and (Y, || - ||y) a normed space.
Then L*(X;)) denotes the space of square integrable functions X over X
taking values in ) and is endowed with the norm

X sy = [, 1 @) ra(do).

e The space L?(Q, F) denotes the space of square integrable random variables

on the sample space 2 measurable with respect to the o-algebra F.

We define B* := x + B.

For any vector u we denote its transposed by u'.

We denote by Id the identity operator.

The Jacobian of a differentiable function is denoted by V.

For any multi-index « of length d and any d-dimensional vector u we define

u® = [, ul.

e For two mathematical expressions F; (), F5(0) depending on some parame-
ter 0 we write Fy(0) < Ey(0), if there exists a constant C' > 0 not depending
on @ such that F1(0) < CEy(0).

e Let A be some countable set. Then we denote by #A its cardinality.

2. PRELIMINARIES

2.1. Shuffles. Let m and n be two integers. We denote by S(m,n) the set of
shuffle permutations, i.e. the set of permutations o : {1,... , m+n} — {1,...,m+
n} such that o(1) < --- < o(m) and o(m + 1) < --- < o(m + n). Equivalently
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we denote for integers k and n by S(k;n) the set of shuffle permutations of k sets
of size n, i.e. the set of permutations o : {1,...,k-n} — {1,...,k-n} such that
om-n+1) <--- <o((m+1)-n) for all m = 0,...,k — 1. Furthermore the
n-dimensional simplex A" of the interval (s,t) is defined by

ALy = A{(ur, .. u,) €[0,T]": s <up < -+ <uy, <t}
Note that the product of two simplices can be written as

AT, x AV = U {(wr, . wiman) € [0, 7] 0w, € ATFTFUN, ()

ceS(m,n)

where the set 91 has Lebesgue measure zero and w, denotes the shuffled vector
(Wo(1), - - -, Wo(m+ny). For the sake of readability we denote throughout the paper
the integral over the simplex A7, of the product of integrable functions f; : [0, T] —
R,i=1,...,n, by

/n ﬁfj(uj)du = /:/:1 t ﬁfj(uj)dun-~-dmdm.

s,t j=1 Un—1 j—1

Due to , we get for integrable functions f; : [0,7] - R, i =1,...,m + n, that

m m+n m+n
[ M hwnda [T ftwde= 3 [T fop(wdu.— (9)
st j=1 st j=m+1 ce€S(mn) " Sst =1

For a proof of a more general result we refer the reader to [0, Lemma 2.1].

2.2. Fractional Calculus. In the following we give some basic definitions and
properties on fractional calculus. For more insights on the general theory we refer
the reader to [34] and [37].

Let a,b € R with a < b, f,g € LP(]a,b]) with p > 1 and a > 0. We define the
left- and right-sided Riemann-Liouville fractional integrals by

19 f(x) = F(la) [ = f)dy,
and ,
12 g(z) = F(la)/w (y —x)*'g(y)dy,

for almost all x € [a,b]. Here I' denotes the gamma function.

Furthermore, for any given integer p > 1, let I& (LP) and I{* (LP) denote the
images of LP([a, b]) by the operator I and I, respectively. If 0 < o < 1 as well as
f eI (LP)and g € I;* (LP), we define the left- and right-sided Riemann-Liouville
fractional derivatives by

Do) = iyt (10
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and

Dy-g(x) = F(ll_a)di /: mdy, (11)

respectively. The left- and right-sided derivatives of f and ¢ defined in and

(11) admit moreover the representations

Daflw) = F(ll—(x) ((xf—<a o / ﬂdy)’

Dgg(x):ml—a)(b—x /g - a+1 y)'

Last, we get by construction that similar to the fundamental theorem of calculus

ar (Dav f) =T, (12)

and

for all f e I3 (LP), and
Dgi(Igvg) = g, (13)
for all g € L”([a, b]). Equivalent results hold for I* and Dj-.

2.3. Fractional Brownian motion. The one-dimensional fractional Brownian
motion, in short fBm, B = (BtH)te[o - with Hurst parameter H € (0, %) on a
complete probability space (2, F, P) is defined as a centered Gaussian process with
covariance function

E (tQH + M - sPH) :

Ry(t,s) = E|B/Bl'| = :

Note that IEUBtH -

and almost surely Holder continuous paths of order H — ¢ for all ¢ € (0,H).
However, the increments of B, H € (0, 2) are not independent and B is not a
semimartingale, see e.g. [32] Prop081t10n 5.1.1].

Subsequently we give a brief outline of how a fractional Brownian motion can
be constructed from a standard Brownian motion. For more details we refer the
reader to [32].

Recall the following result (see [32, Proposition 5.1.3]) which gives the kernel
of a fractional Brownian motion and an integral representation of Ry(¢,s) in the
case of H < %

2
5 ] = |t — s/ and hence B has stationary increments

Proposition 2.1 Let H < % The kernel

Kult,s) = cy [(t>H_é (t— )73 4 (; - H) g3 /: W3 (= )3 du|, (14)

S
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where cyg = \/ 2| 21H2H ey and (8 is the beta function, satisfies

Ru(t.s) = [ " Kt ) Ky (s, w)du. (15)

Subsequently, we denote by W a standard Brownian motion on the complete
filtered probability space (Q, F,FV,P), where FV := (F}V)icjo7) is the natural
filtration of W augmented by all P-null sets. Using the kernel given in it is
well known that the fractional Brownian motion B has a representation

_ /Ot Kul(t,s)dW,, H e (0, ;) (16)

Note that due to representation the natural filtration generated by B is
identical to FW. Furthermore, equivalent to the case of a standard Brownian
motion, it exists a version of Girsanov’s theorem for fractional Brownian motion

which is due to [16, Theorem 4.9]. In the following we state the version given in
[33, Theorem 3.1].

1
But first let us define the isomorphism Kp from L?([0,7]) onto Iéij(LQ) (see
[16, Theorem 2.1]) given by

(Kue)(s) = B3 1127530, o e 12(0,T)). (17)

From and the propertles of the Riemann-Liouville fractional integrals and
derivatives and , the inverse of Ky is given by

_ 1 H pg_1
(Ka'e)(s) = 55D s A DR p(s), g € L (1),
It can be shown (see [33]) that if ¢ is absolutely continuous
(K )(s) = s" 215 s (s), (18)
where ¢’ denotes the weak derivative of .

Theorem 2.2 (Girsanov’s theorem for fBm) Let u = (ut),cjoq) be a process

N te|
with integrable trajectories and set BY = BE + [Tu,ds, t € [0,T]. Assume that

(i) fiuds € IEF3(L2([0,T]), P-a.5., and
(ii) E[&r]= 1, where

Er = exp{—/OTKI}l (/ urdr> W, 2/ K; (/ urdr) (s)ds}.

Then the shifted process BH s an FW - fractional Brownian motion with Hurst

parameter H under the new probability measure P defined by % =&r.

Remark 2.3. Theorem[2.2/can be extended to the multi- and infinite-dimensional
cases, which will be considered in this paper primarily. Indeed, note first that the
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measure change in Girsanov’s theorem acts dimension-wise. In particular, consider
the two dimensional shifted process

where Bt and B2 are two fractional Brownian motions with Hurst parameters H;
and H, generated by the independent standard Brownian motions W® and W®
respectively, and u() and u(? are two shifts fulfilling the conditions of Theorem[2.2]
Then the measure change with respect to the stochastic exponential

M T : 1 /T : 2
Er’ = exp —/ Ky, (/ Uq(})dr) (s)dW ) — 5/ Ky, (/ “51)dr> (s)ds
0 0 0 0

yields the two dimensional process
X =B,
t
X = Bt + [Cu@ds, te[0,7]
0
Here, B! is a fractional Brownian motions with respect to the measure P defined

by & = 8}1). Note that B2 is still a fractional Brownian motion under P, since

WM and W® are independent. Applying Girsanov’s theorem again with respect
to the stochastic exponential

(2) T ([ e S S A A :
e s esp = [ Ky ) i) (9w =5 [ st ([ uar) (s
0 0 0 0

yields the two dimensional process
X" = B,
xP =B telo,T),

where Bt and B2 are independent fractional Brownian motions with respect to
the measure P defined by

BB _

oo _ 5(2)5(1)‘
dP  gpdP " T
Repeating iteratively yields the stochastic exponential — if well-defined —
&= [ &Y
k>1

acting on infinite dimensions.
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Finally, we give the property of strong local non-determinism of the fractional
Brownian motion B¥ with Hurst parameter H € (0, 5) which was proven in [35]
Lemma 7.1]. This property will essentially help us to overcome the limitations of
not having independent increments of the underlying noise.

Lemma 2.4 Let B be a fractional Brownian motion with Hurst parameter

H € (0, %) Then there exists a constant Ry dependent merely on H such that for
everyt € [0,T] and 0 <r <t

Var(BtH ‘Bf St —s| > r) > Ryr*t.

3. CYLINDRICAL FRACTIONAL BROWNIAN MOTION AND WEAK SOLUTIONS

We start this section by defining the driving noise (By)¢cpo,r) in SDE . Let
{W®1},51 be a sequence of independent one-dimensional standard Brownian mo-
tions on a joint complete probability space (2, F,P). We define the cylindrical
Brownian motion W taking values in H by

Wi =S W, telo,T],

k>1

and denote by FW := (]—"tw) its natural filtration augmented by the P-null

te[0,T]
sets. Moreover, we define a sequence of Hurst parameters H := {Hy}y>1 C (O, %)
with the following properties:

(i) Tpo1 He < 5

(ii) suppsy Hi < 75

Using H we construct the sequence of fractional Brownian motions { Bf*},~, as-
sociated to {W®},5; by

t
B ::/ Ky (t,s)dW®, te0,7], &k>1,
0

where the kernel Ky, (-,-) is defined as in . Note that the fractional Brown-
ian motions {Bf*};~; are independent by construction. Consequently, we define
the cylindrical fractional Brownian motion B with associated sequence of Hurst
parameters H by

Bl =Y Bl ey, tel0,T). (19)

k>1

Nevertheless, the cylindrical fractional Brownian motion B is not in the space
L*(Q;H). That is why we consider the operator @ : H — H defined by

Qr=> NaWey,

k>1
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for a given sequence of non-negative real numbers A := {Ag}r>1 € ¢? such that

VH >
the weighted cylindrical fractional Brownian motion

B, :=/QBI = 3" \Bley, (20)
k>1

lies in L?(Q;H) for every t € [0,7]. Due to the following lemma the stochastic
process (By)icpo,r) is continuous in time.

A Ak 1 . . SN TOe
= { \/HT}k;>1 € (. In particular, ) is a self-adjoint operator and we have that

Lemma 3.1 The stochastic process (B)ico,r) defined in has almost surely
continuous sample paths on [0,T].

Proof. Note first that due to [I0][Theorem 1] for any fractional Brownian motion
B with Hurst parameter H € (0, %) there exists a constant C' > 0 independent
of H such that

E| su (52| < 1)

t€[0,T] VH
Using monotone convergence and | . we have that
< )\ki < 00
k; VI
Thus, (vVQBH )tclo,r] is almost surely finite and {(mrav/QBH )iclo,1] }ax>1 is a Cauchy
sequence in LI(Q C([O T);H)) which converges almost surely to (vQB[)ep.r)-
O]

<E

< Z )\kE[ sup ’BH‘“

t€[0,T]

E[ sup. Bl
t

sup Y | Akl )BH’“

te(o, ]k>1

Before we come to the next result, let us recall the notion of a weak solution
and uniqueness in law.

Definition 3.2 The sextuple (Q, F,F,P, B, X) is called a weak solution of sto-
chastic differential equation , if
(i) (Q,F,F,P) is a complete filtered probability space, where F = {F; }icjo.1]
satisfies the usual conditions of right-continuity and completeness,
(ii) B = (B;)icpo,1 is a weighted cylindrical fractional (IF, P)-Brownian motion as
defined in 1.) and
(ili) X = (X¢)iejo,r) is a continuous, F-adapted, H-valued process satisfying P-a.s.

t
Xo=a+ [ b5, X,)ds + By, t€[0,T],
0

Remark 3.3. For notational simplicity we refer solely to the process X as a weak
solution (or later on as a strong solution) in the case of an unambiguous stochastic
basis (2, F,F,P, B).
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Definition 3.4 We say a weak solution X! with respect to the stochastic basis
(QY, FLFL P BY) of the SDE (3)) is weakly unique or unique in law, if for any other
weak solution X2 of (3 on a potential other stochastic basis (Q2, F2,F2, P%, B?) it
holds that

1 2
le - ]PX27

1
whenever PX(} = ng'

Proposition 3.5 Letb: [0,T] x H — H be a measurable and bounded function
with ||bll . < Cpde < 00 for every k > 1 where C := {Cy},~, € £'. Then SDE
has a weak solution (Xi)icjor) such that

El sup] ||Xt||3_[ < 00.

tel0,T

Moreover, the solution is unique in law.

Proof. Let {W®},5, be a sequence of independent standard Brownian motions
on the filtered probability space (£, F,F,Q). Consider the cylindrical fractional
Brownian motion B¥ generated by {W®},5; as defined in (19) with associated
sequence of Hurst parameters H. We define the stochastic exponential £ by

& = exp {%:1 (/Ot Ky, </0 b (u,:c + \/§§5> )\kldu) (5)dW®
_; /Ot K;Ii </0 by, (u,x + @Ef) )\lzldu)z (s)ds> } )

In order to show that the stochastic exponential £ is well-defined we first have to
verify that for every k£ > 1

' SHY) y -1 Hy+g (12
| o (ux +JQBt ) A du € I (22([0,T))) P - as.
Due to this property is fulfilled, if for all £ > 1

T ~ 2
b (u, B du < oo,
/0 ( k(UT A+ \/é u ) Mk U< 00
which holds since ||by||cc < CiAg. Furthermore, we can find a constant C' > 0 such
that

< exp {C’T2 > C’,f} < o0.

k>1

Hence, by Novikov’s criterion & is a martingale, in particular E[£;] = 1 for all
€ [0,7]. Consequently, under the probability measure P, defined by % = &r,
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the process BH = EtH —J3 \/Qflb (u,x+ \/Qéa du, t € [0,T], is a cylindri-
cal fractional Brownian motion due to Theorem and Remark [2.3] Therefore,
(Q, F,F,P,/QB", X), where X, := x + /QB, is a weak solution of SDE (3).
Since the probability measures Q ~ P are equivalent, the solution is unique in
law. O

4. STRONG SOLUTIONS AND MALLIAVIN DERIVATIVE

After establishing the existence of a weak solution, we investigate under which
conditions SDE has a strong solution. Therefore, let us first recall the notion
of a strong solution and moreover the notion of pathwise uniqueness.

Definition 4.1 A weak solution (2, F,F2 P, B, X®) of the stochastic differen-
tial equation is called strong solution, if F® is the filtration generated by the
driving noise B and augmented with the P-null sets.

Definition 4.2 We say a weak solution (Q, F,F,P,B, X!) of is pathwise
unique, if for any other weak solution (€, F,F,P,B, X?) on the same stochastic
basis,

P(we Q: X} w) = X (w) VtZO) =1

The cause of this paper is to establish the existence of strong solutions of sto-
chastic differential equation for singular drift coefficients b. More precisely, we
define the class B([0,T] x H;H) of measurable functions b : [0,7] x H — H for
which there exist sequences C € ¢! and D € ¢* such that for every k > 1

sup sup |bg(t,y)| < CpAg, and
yEH te(0,T]

(22)
sup sup |bg (t, \/éx/ET_ly) |dy < Dy,
d>1 JRY e[0T
where y = (y1,...,yq) and K : H — H is the defined by
Kz = Z ﬁHkx(k)ek, r e H, (23)

k>1

for {Rp, }x>1 being the local non-determinism constant of { Bk}, as given in
Lemma 2.4
In order to prove the existence of a strong solution for drift coefficients of class
B([0,T] x H;H) we proceed in the following way:
1) We define an approximating double-sequence {0} 451 ¢~ for drift coefficients
of type which merely act on d dimensions and are sufficiently smooth
2) For every d > 1 and € > 0, we prove that the SDE

t
X WX B T,
0

has a unique strong solution which is Malliavin differentiable
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3) We show that the double-sequence of strong solutions Xtd  converges weakly
to E {XA.EW}, where X; is the unique weak solution of SDE ({3))

4) Applying a compactness criterion based on Malliavin calculus, we prove that
the double-sequence is relatively compact in L?(Q, FV)

5) Last, we show that X; is adapted to the filtration F® and thus is a strong
solution of SDE (3]

4.1. Approximating double-sequence. Recall the truncation operator 7y, d >
1, defined in @ and the change of basis operator 7 defined in . We define

Ehe operator g : H — R? as 7y := 7 omy. For every k > 1 let the function
be: [0, 7] x R — R be defined by
be(t, 2) = Tgb (t, T’lz> : (25)

Let ¢., € > 0, be a mollifier on R? such that for any locally integrable function
f:00,7T] x R — R? and for every t € [0,T] the convolution f(¢,-) * ¢. is smooth
and

f(t7)*906_>f(t7)7 €_>07
almost everywhere with respect to the Lebesgue measure. Finally, we define for
every d > 1 and &€ > 0 the double-sequence %< : [0,T] x H — H by

b (t,y) =7 (DU Fay) * oe(Fay)) - (26)
Analogously to , we define for ¢ € [0,7] and z € R?
bEE(t, z) == T (¢, 77 12) = bt 2) * (). (27)

Due to the definition of the mollifier ¢, we have that for every d > 1
bt T e) = 7t (Bt =)+ pe(2)) — (8, 2) =TT (28)
15
for almost every (¢, z) € [0,T] x R? with respect to the Lebesgue measure. Thus,
due to (28)) and the canonical properties of the truncation operator we have that
d,e d

pointwise in [0, T] x H, where b? := 74b. Due to the assumptions on b we further
get for every p > 2 using dominated convergence that

T ;
lim hmEV |b%= (¢, BF) — b(t, BY) idt] — 0.
0

d—o0 e—0

Hence, we can speak of an approximating double-sequence {b%¢} ;51 .~¢ of the drift
coefficient b. In line with the previously used notation we define

bZ’S(tv y) = <bd75(t7 y)v €k>H = <gd’a(t> Ty)v ék> = giﬁ(tv Ty),
bz(tv y) = <bd(t7 y)7 €k>H = <gd(t7 Ty)v ék> = gg(tv Ty)'
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Moreover, note that %%, b% € B([0,T] x H;H).

Remark 4.3. Note that we needed to truncate and shift the domain of the
function b to R? merely in order to apply mollification.

4.2. Malliavin differentiable strong solutions for regular drifts. In the fol-
lowing proposition we establish the existence of a unique strong solution for a class
of drift coefficients which contains the approximating sequence {b%¢} 451 .~0. More
specifically, we consider drift coefficients b € B([0,7] x H;H) such that for all
k>1andallte[0,T]

br(t, ) € Lipy, (H;R),
where L € (2. We denote the space of such functions by £([0,T] x H;H).

Proposition 4.4 Let b € £([0,7] x H;H). Then SDE has a pathwise
unique strong solution.

Proof. In order to prove the existence of a strong solution we use Picard iteration
and proceed similar to the well-known case of finite dimensional SDEs. More
precisely, we define inductively the sequence Y° := z + B and for all n > 1

t
v/ =t [b(s Y0 ds + By, tE[0,T], (29)
0

We show next that {Y"},>q is a Cauchy sequence in L*([0,T] x Q). Indeed, due
to monotone convergence we get for every n > 1 and t € [0, 7]

) ] : 0

gl ] <[] o) s vz
0 H

Wl

k>1

t
<Ll [ B|
0

2713 t
E[Hyf _ Y;)HH} _E [H/O b(s, z + B,)ds

B —

2
H

vo v s,

and
1
2

< | CA| 2.

2
H

By induction we obtain for every n > 0 a constant A depending on C, A and L
such that

el vy < e

Hence, for every m,n >0

m—1
Y™ =Y " 2oaixean < D 1Y = Y| 20 myxam)

k=n
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Therefore {Y"},>0 is a Cauchy sequence in L*([0,T] x Q;H). Define
X, = lim ;"

n—o0

as the L?([0,T] x Q; H) limit of {Y"},>0. Then X, is ¥ adapted for all ¢ € [0, 7]
since this holds for all Y¥,*, n > 0. We prove that X; solves SDE :
We have for all n > 0 and ¢ € [0, 7] that

t
Y — gt / b(s, Y™)ds + By
0

Using the Lipschitz continuity of b, we get
]E [

Hence, (X¢)icpo,r is a strong solution of SDE (3.

In order to show pathwise uniqueness, let X and Y be two strong solutions on
the same stochastic basis (€2, F,P,B) with the same initial condition. Then for all
t € [0,T] we get similar to that

t
[ b, = (s, Xo)ds
0

1ré[(ngWﬂm—m@&les

t 1
<IiLle [ B[V - X5 ds == 0.

n—o0

B[ - Yill) < Il [ B[IX, - YilE] s

Using Gronwall’s inequality yields that E[HXt - Yt||i} = 0 for all t € [0,T], and
therefore X; = Y; P-a.s. for all ¢ € [0,7]. But since X and Y are almost surely
continuous we get
PlweQ: X}/ (w)=X}(w) ¥t >0) =1
([l

Next we investigate under which conditions the unique strong solution is Malli-
avin differentiable. But let us start with a definition of Malliavin differentiability
of a random variable in the space H.
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Definition 4.5 Let X be an H-valued square integrable functional of the cylin-
drical Brownian motion (W;)sco,r7. We define the operator D™, m > 1, such that

D"X =Y DX Wey,

k>1

as the Malliavin derivative in the direction of the m-th Brownian motion W™,
Here, D"X® m k > 1, is the (standard) Malliavin derivative with respect to
the Brownian motion W™ of the square integrable random variable X*) taking
values in R. We say a random variable X with values in H is in the space D'?(H)
of Malliavin differentiable functions in L?*(Q) if and only if

X0 = 3 [ E[IDIXI]ds < oo

m>1

Moreover, a stochastic process (X;);co,r) with values in H is said to be in the space
DY2([0,T] x H) if and only if for every ¢ € [0, T

X320 Z/ (1D X, |ds < .

m>1

By means of Definition we extend the well-known chain rule in Malliavin
Calculus, cf. [32, Proposition 1.2.4], to Malliavin differentiable random variables
taking values in H. But first we define the class Lo(#H) of Lipschitz continuous
functions on ‘H with vanishing Lipschitz constants.

We say a function f : H — H is in the space Lo(H) if there exist sequences of
constants L, M € ¢? such that for all k > 1 and z,y € H

[(f(@) = (), exnl < L > Mil(z =y, ei)nl- (31)

i>1

Lemma 4.6 Let f € Lo(H) with associated Lipschitz sequences L, M € (* and
Y € DY (H). Then, f(Y) € DY2(H) and there exists a double-sequence {ng)}k,izl
of random variables with ng) < Ly - M; P-a.s. for all k,i > 1 such that for every
m>1

DF(Y) =SS GP DY, e)per. (32)

k>1i>1

Moreover,
||f(y)||m>172(y) < | Lllez - [[M]lez - ||Y||]D>1,2(H)

Proof. First, consider the case f : R — R? for some d > 1, where Y is taking val-
ues in RY. Usmg the chain rule, seei , Proposition 1.2.4], and the notion of Malli-

avin Differentiability in Definition [4.5| there exists a double-sequence {Gi }1§k,i§d
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of random variables with ng) < Ly - M; P-a.s. for all 1 < k,7 < d such that for
every m > 1

d d
D™ f(Y ZDmfk k:ZZ GP D™(Y, &)y (33)
k=1i=1

Recall the change of basis operator 7 : H — (* defined in (7). Let now f : Hq —
Hgq, where Y is taking values in Hy. Define g : R? — R% by g := 70 fo7~!. Then
g is Lipschitz continuous in the sense of with associated Lipschitz sequences
L, M € (? and due to equality we get the identity

d
PO (Y _Tszfk = o

d d d
ZG k)Dm 7Y, €;)e Z ZG Dm Y, e;)nex

1i=1 k=11i=1

d d
Z Z G k)Dm Y 6z>7.[6k

1:=1

Il
M&

e
Il

Thus, equation holds for f : Hy — Hg4. Let finally f : H — H, where Y is
taking values in H. Recall the truncation operator my; : H — Hy defined in @
Since f is Lipschitz continuous, f(74Y") converges to f(Y) in L*(2). Furthermore,
we have for every d > 1 that

Iraf (a¥ Wiz = Z:l/ (17 (raf (ra ) 2] ds (34)
= zdj/ ZG )DM(Y, ey ]ds

2
T
<z Y [ E ]ds
m>1

< |ILIIZ - [1M]1Z Z/ ID7Y 115, ds = LI - 1M1 - 1Y [3s2gy) < 00

m>1

d
> MDY, ei)n

=1

Note that the double-sequence {Gf’(k)}izl,kzl depends on d > 1. Nevertheless,
[7af(maY )[pregsy) is uniformly bounded in d > 1. Thus, due to [32 Lemma

1.2.3] and dominated convergence we have f(Y) € DV?(H) and D™ (waf(mgY))

converges weakly to D™ f(Y) for every m > 1. Moreover, the sequence {G&*} 45,
is bounded by L - M; for every k,7 > 1. Hence, for every k,7 > 1 there exists

a subsequence {Gf“’(k)}nzl which converges weakly to some random variable éﬁ’“)
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which is bounded by Ly - M;. Summarizing we get that in L2([0,T] x Q;H)
DY) = lim ma, D" f(ma,Y) = lim 573 GO DY, ex)yen
— Z Z égk)Dm <Y, €i>”Hek7
k>1i>1

where the last equality holds due to (34) and dominated convergence. U

Define the class £¢([0,7] x H;H) b
Lo([0,T] x H; H) =
{feB(0,T] x H;H) : f(t,-) € Lo(H) uniformly in ¢ € [0,T},
and note that f(t,-) € Lo(H) uniformly in ¢ € [0, T] implies fi(t,-) € Lip;, (H;R),

k > 1, uniformly in ¢ € [0, T] for some sequence L € (2. Thus, £4([0,T] x H;H) C
£(]0, T] X H;H).

Proposition 4.7 Let b € £4([0,7] x H;H). Then the unique strong solution
(Xt)eepp.1) of is Malliavin differentiable.

Proof. Recall the Picard iteration defined in
—x+/ Y ) ds+ By, t€[0.T], > 1, (35)

and Y° = 2 +B. We denote the k-th dimension of the infinite dimensional system
by YR = (Y™ ep)y.

Using the Picard iteration (35]), we show that for every step n > 0 the process
Y™ is Malliavin differentiable. We prove this using induction. For n = 0 we have
that for all ¢ € [0, 7] using

0 2 T my/0 2 d
¥ = X ) Bl Jos
- 2
= Z/ Z)\kDth €k ds
m>1 k>1 N
_y / AmD?BﬁmemHi]ds
m>1
— Z/ N2 K2 (L s)ds
m>1

=Y ARy, (t,t) =Y N t*Mm < oo,

m>1 m>1
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Now suppose that [|Y;" |20y < 00 for n > 0. Due to Lemma 4.6 b(, ¥;") is in
D'?(H) and we have for every t € [0, 7] that
16C, Y ) Ipr2¢g) < N Elle - 1M ]2 - 1Y [ pragayy < 00,

for some L, M € ¢* independent of n > 0. Moreover, [ b(r,Y*)dr is Malliavin
differentiable admitting for all 0 < s < T" the representation

T T
pm ( / b(r, Y,ﬁ)dr> - / D™b(r, Y™)dr.
0

s

Thus, we get for Y™ *! that

e

(/OT b(s, Y)ds + Y;P)

DL2(H) H DL2(3)

T
< [ lits. v
0

T
<Ll Ml [ I g ds + 12

0
t b2z

DL2(3) < Q.

Hence, Y"*! is Malliavin differentiable in the sense of Definition . Moreover,
we can find a positive constant A depending on L, M, )\ and T such that

1Y lpr2 gy < Z tk <A

Consequently, HY;”H%I,Q(H) is uniformly bounded in n > 0 and therefore, since

Y™ — X in L*([0,T] x Q) and the Malliavin derivative is a closable operator, also
X is Malliavin differentiable in the sense of Definition [£.5. O

Let us finally put the previous results together and show that SDE has a
unique Malliavin differentiable strong solution.

Corollary 4.8 Let b%° : [0,T] x H — H be defined as in ([26)). Then, SDE

has a unique strong solution (Xtd’a)te[o 7 which is Malliavin differentiable.

Furthermore, the Malliavin derivative D;"Xtd’E has for 0 < s <t < T a.s. the
representation

DX = N\ Ky, (t,5)em (36)
d
+ A Z/ Kp,, (u,s) > (H anjbza ) (u]',TXS;_E)) enodit,
n>1 M0y in—1=1 \j=

where 1, = m and b®* : [O, T) x RY — R is defined as in (27).

Proof. If the drift function b%€ is in the class £o([0,7] x H,H), then SDE (24)) has
a unique Malliavin differentiable strong solution by Proposition [4.4] and Propo-
sition [1.71  Thus we merely need to show that b<(t,-) € EO(H) uniformly in
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€10,T]. Let t € [0,7T] and y,z € H. Then, using the triangular inequality and
the mean-value theorem we get for all 1 < k < d that

(0 () = 0(8 ) ex), | = [0 (8 ) — (8. 2) | = !’Bz’%t,ﬂy) — ()

d | i—1 d
<3 |bye (t,szé'j +Zyjé'j) e (t Zz]e] + Z y]ej)|
i=1 j=i

Jj=i+1

d ~ ~
<> sup |97 (4, €)lys — =l = Z sup 9,0 (£,€)[|(y — 2, e3)|-

i=1£€R? i=1 EERY
Note that we can find sequences {Ly}1<x<q and {M;}1<;<4 such that for all 1 <
k,i < d we have supgepa 0,08 (t,€)| < Ly - M;. Hence, b% € £4([0,T] x H;H).

It is left to show that representation holds. First note that due to the
definition of the Malliavin derivative of a random variable Y with values in H, see
Definition , we have that D" (1Y) = 7D™Y, for all m > 1. Consequently, we
get for 0 < s <t < T using Lemma that the Malliavin derivative Dg”Xtd € can
be written as

— t —
DX =+ DX = / Vb (u, X)) DX 2 du + DI'B,.

[terating this step yields

DrX{e =3 / (H i (0 Xd€)> A K n,, (ur, 8)emdu + A K, (8, 5)em

n>1

Further note that

I (o 68 = 9 (3 o X)) = 353 0 (K8

k=1
Thus, we get for every n > 1

n d d
[T Vb (. Xi5) = Z( > Hambzz(uﬁﬁf)) et (37
Jj= m

-
I

1 k=1 7..-"77'1,—1:1_]' 1
where 1y = k and 7, = [ and consequently, representation holds. O
4.3. Weak convergence. In this step we show that the sequence of unique strong

solutions {X%¢}51 .50 of the approximating SDEs converge weakly to the
weak solution of (3)) where b € B([0,7] x H; H).

Lemma 4.9 Let b € B([0,T] x H;H). Furthermore, let (X¢)icpor) be the
weak solution of . Consider the approximating sequence of strong solutions

{(X)icpo.11}as 1,050 of SDEs [24), where b€ : [0, T)xH — H is defined as in (26)).
Then, for every t € [0,T] and for any bounded continuous function ¢ : H — R

D) ——— E[o(X)| 7],
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weakly in L*(Q, FV).
Proof. Using the Wiener transform
T
W) =26 ([ renam) |

of some random variable Z € L*(Q, F/¥) in f € L*([0,T];H), it suffices to show
for any arbitrary f € L*([0,T];H) that

WO e W (B[R] ().

So, let f € L*([0,T]; H) be arbitrary, then by using Girsanov’s theorem we get
WX () = W (Ele(X0)|FY]) (1)

e (/OT <f (Z . </ (0 BN ) ( ) dW> )]
5(B)E (/T< (ZKH () et BN ) ) ) )H
e (o (35 (f oo o) o) )

|

E

—E

<E

~

—5(/0T< (Z i (/ bkuIB%x))\kldu ) )

k>1

Using the inequality
" —e’| <[z —y[(e" + ') Vi,y€eR,

we get

<E

sE||[ <f<s> T (}; Kt ([ b (B ) (s)ek> ,dWs>H
- /OT <f(s)+ (kZIKHk (/ be(u, Bm))\kldu)( e k) ,dWs> ]
/OT <<f(s) - (; Ky (/0 b%ﬁw,lB%i)A,fdu) (s)ek>>2 ,ds>H

[ { (o (g (frmoion)) )

+E
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at ([ B BN — bl B ) ()

|

2 / K, </ (1, B,) Akldu) (s)dW

+Zd+(})
where
Aul(f) = /0 << <ZK </ b (u Bw))\lzldu> (s)ek>> ,ds>H

_ /OT<( (I;KH ([ et BN ) (s)e ))2,ds>H].

For every k > 1, we get with representation that
Kt (d 2, ) = K ([ 8 BOAT = bl BN ) (5
0

— Mgz M (5 (s, BY) — b5, BD)) Ay

At / (u)é—Hk il (pde
= — — s—w) 277k (b (u, BY) — by (u, B) ) du,
Foom) b ) e (0 (0, ) — (. 7))

which is bounded by

e sag g £ () ook

C 3 1
= 217]{3%_1{1“5 (2 — Hy, 5 Hk> S Ck.
I (3 - H)

Consequently, we get for every d > 1 using the Burkholder-Davis-Gundy inequality
that

d d T 2
El SZ]EV Kiil(de.s)| ds
k=1 k=1 0

Hence, by dominated convergence
] 0

:5 zzj(jk‘< 0.

k>1

1
3
S,E C) < 0.

lim lim E [

d—oo e—0

d_ /T
> [ Kitld,e,s)aw®
=1 0

Equivalently, we have

/0 2 K, (/ b Bx)kﬁ“‘) (5)dW®

k>d+1
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Thus, again by dominated convergence

/0 2 K </0 b (11, Bi) A ld“) (s)dw

k>d+1

=0.

lim lim E
d—o00 e—0

Similarly, one can show that A,.(f) vanishes for every f € L*([0,T];H) as € — 0
and d — oo. Consequently, ¢(X) —— E{ (Xt)‘ftw} weakly in L?(Q, F)V).

d—00,e—0
O]

4.4. Application of the compactness criterion.

Theorem 4.10 The double-sequence {Xtd’s}
is relatively compact in L*(Q, FV).

o 1e50 of strong solutions of SDE

Proof. We are aiming at applying the compactness criterion given in Theorem [A.3]
Therefore, let 0 < o, < B < % and v, > 0 for all m > 1 and define the sequence
Psm = 27 my if s =204+ 4,4 > 0,0 <j <2 m > 1 where s, — 0 for
s,m — o0o. We have to check that there exists a uniform constant C' such that
for all {Xtd’e}d21’5>0

H td’e L2(QH) <G (38)
HDthda <C,
m>1 L2(@5L2((0,T):H))
and
‘DmX ~ prxie|’ L
m>1 -

Note first that (38) is fulfilled due to the uniform boundedness of {6%°};51 .~¢ and
the definition of the process (By),cjo 7). see (20).

Next we show uniform boundedness of . Note first that under the assump-
tion ©v < s we have

DX — DX = A, (K, (t,s) — K, (t, 1)) em
+ / t Vb (v, X) D™ X e dy — / R (v, X&) D X % dy
— o (K (1, 8) — K, (t,1)) / Vh (v, X ) D X4 gy
+ / bt (v, X<) (D?Xg»f — DX ) d
= A (Kg, (t,8) — Ky, (t,u)) ey — D™ XY 4+ M\ Kp, (5,1)en,

t ~ —~
v / Vb (0, X0) (DI X5 — DX ) do.
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Using iteration we obtain the representation

DX — DX =\, (K, (t,s) — K, (t,1)) em

+ A Z/ HVdeUJ,XdE) (Kn, (01, 5) — Ka,. (01, ) emdv

n>1 st g=1
[+ / 11 Vi (v;. Xe)do | (AnK, (5, u)em — DPXE) |
n>1 st j=1
where by Corollary
()\mKHm(s, U)em — DL”XSd’E) =
d n
-\ Z/ KHm vi,u) Y Hanjbz;:(vj,Xifs)enodv.
n>1 70y-Mn—1=1 j=1

Consequently, we get due to that
DX — DX = A (314 05+ Ty),

where
d
Jy Z/n (Kn,,(v1,8) — Ku,, (v1,u)) > H@njbzsl(vj,ng)enodv,
n>1 705 Mn—1=1 j=1

(mz/ 5 H@njbzelv],)?fjfs)dv)

n>1 stno ..... Mm—1=1j5=1

d
X Z/ KHm v, u) Y H 8njbzal(vj,Xg]7€)enodv.
n>1 705 Mn—1=1j=1

In the following we consider each J;, ¢ = 1,2, 3, separately starting with the first.
Due to Lemma |B.3| there exists 3, € (O, %) and a constant K7 > 0 such that

|J1||L2QH | Ky, ts) Ky, (t,u)]
//I 1+261dd // e e CUEE SRS

Consider now Jy. Define the density &7 by

d

t .
4= exp {Z ( /0 Ky ( /0 b (u, X2) Akldu) (5)dW®

k=1

1 K (/ bi* (u Xd’g) )\_ldu>2 (s)ds | ¢.
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Then applying Girsanov’s theorem [2.2] monotone convergence and noting that
SUPg>1 SUP¢e[o,17]] 1€ |24 < oo yields

1921172 0
p 2
< Z Z Etd/n (Kp,, (v1,s) — Kg,, (v1,u 1_[({)77 b (vj,TIEBiJ) dv
n>110,..n—1=1 st L2(Q)
d 2
N Z Z /n (K, (v1,5) — Kg,,, (v1,u 1_[(977be§5 L (vj,TIB%‘;’fj) dv
n>1170,..1n—1=1 st LA(Q)

Using equation @ yields that

2

|Ql2 . ‘/ KH"L(Ul7 ) KHm U1, U H 8,7 bda 1 (Uj,TBij) dU

can be written as
1
|Q’[2 - Z / (H 9lo(5)] UJ7TIB )) <H (KHm (v(in-‘rl)a 5) - KH'm, (v(in+1)7 U))) dv
ceS(n,n) Tt =0

where for j =1,...,n

g; (-, 7B) = 9, b%* (-, 7BY)

M5 nj—1

Repeating the application of @ yields

3
RN / (Hg[am] vj, 7By, )) <H(KHm(v(in+1)vs)_KHm(U(m-H)’u))) dv.

ceS(4;m) =0

Defining f;i’a(t, y) = ggf_l (t, \/@\/Kg) permits the use of Proposition B.2| with

Yitie; =4, |aj| =1forall 1 < j < 4n and thus |a| = 4n. Consequently, we get
using the assumptions on H and b that

4

E|[|26|']

|/ (Kg,,(vi,s) — Kg,, (v1,u H aﬂybgg 1 (UPTBZ) dv

L4(9)

4n lo] 4n

< #8(4 n)w C S —u\"m S(Hmf%*’YM) Zj:l €j
- ! \/ﬁéldn Hp,, T S

xﬁ gg;il(',[fzj)

J=1

(Hk 1( ’a(k D ) (t—s)” Sy Hio(4n+2]al® | )+ (Hm—d—ym) 3277, e5+4n
D(8n — oy Hi(8n + 4]a®]) +2(Hy — § = 7) )2 ;)

LY (R%L>([0,71))
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anH T3
28 \/2—4dn CHmTHD —1 ;17]

— 4 m 1
() R T —

sSU

where

S, = sup (ngl (2 ‘O‘(k)‘)!)i
T (30— Sy H 80+ 41a]) 48 (Hiy— 3~ 7))

For n > 1 we have due to the assumptions on H that

N

d
1
Ay =80 — 3 Hy (8 +4 o)) +8(Hm—2_7m)
k=1
16
> 8n — 8n||H||p — 16nsup |Hg| —4 > —n —4 > 0.
k>1 3

Thus, we have for n sufficiently large that
1 1 1 -4
F(A,) >T (36n - 4) ~T (36n 4 1) (36n> ,

and therefore by the approximations in Remark [B.7]

1
d OINE
(1, (2l
r (8n — 4 H,(8n+4|a®]) 48 (Hm _1_ %))
d n
(27)% €3 ((10n)!)4 ({fn)
(20mn)3 T (%0 +1)*
- 2 (0)in¥
r (1—36n + 1) :
where C' > 0 is a constant which may in the following vary from line to line. Using
Stirling’s formula we have moreover that

N|=

~Y

10n
(10n)! e /20 (122 o2 \ i cn
16 2 = 16 2n = 4 ( ) = '
F(?n+1) 327m< ") ’ 3N

Consequently, we have for S,, that

Sy ~ O™ (2)5 ¥ (r(;nlﬂ)) .



RESTORATION OF WELL-POSEDNESS OF INF-DIM SINGULAR ODE’S VIA NOISE 29

Furthermore, using Lemma [C.4] we have for every n > 1 that

d d n

> 1105 - (2 on)
70y Mn—1=1 j=1 k=1

Moreover, due to the assumptions on H there exists a finite constant K > 0 which

is independent of d and H such that Kqg < K, cf. . Consequently, there

exists a constant C' > 0 independent of d, € and n such that for n sufficiently large

d K4n

D721 = 2 D4 )\4. T4nSn
7707---%:11 V 271’4dn (H -1 Mj-1

N nzCn i
r (%n + 1)

and thus due to the comparison test
> D, < .
n>1

Hence, there exists a constant Cy > 0 independent of d and € such that

s — u\2m 1 _1_
||32||i2(Q,H) SCQC?{"“T< “u > SQ(Hm 3 "/m)(t—s)2<Hm 2 'Ym)7

and thus we can find a 5 € (O, %) sufficiently small such that

t HJ2HL (QH)
// 1+25ddu§0}‘i[mT<oo.

Equivalently, we can show for J3 that there exists a 03 € (O7 %) such that

t||J
// H 3HL2QHdd C’ém’T<oo,

1+2ﬁz

where Cy, r = C-cy,, due to Lemma . Here, ¢y, is the constant in . Thus,
we can find a constant C' > 0 independent of H,, such that sup He(0,1) Cur <C<

oo. Finally, we get with (,, := min{f, 2, f3} that we can find 7,,, m > 1, such
that

HDmX — x|
) : / / v e dsdu
mz1 (1= 272Bm=am))y —
t )‘2 Ez 137 (UH
)
<2 1—2- 25m am)y, / / [T dsdu

m>1

Z A2 C4
~ m>1 ]_ —_ 2 2(5m Olm))fy

< 00,
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uniformly in d > 1 and € > 0. Similarly, we can show that

> || Dt

m2>1

2
L2(L2([0,1]5H))

< 00 (40)

uniformly in d > 1 and € > 0 and consequently the compactness criterion Theo-
rem yields the result. O

4.5. F® adaptedness and strong solution. Finally, we can state and prove the
main statement of this paper

Theorem 4.11 Letb € B([0,T|xH;H). Then SDE (3) has a unique Malliavin
differentiable strong solution.

Proof. Let (Xy)icjo,r) be a weak solution of SDE ({3) which is unique in law due
to Proposition [3.5, Due to Lemma we know that for every bounded globally
Lipschitz continuous function ¢ : H — R

H(X1) ———— E|o(X)| 7]

e—0, d—oo

weakly in L*(Q, F}V). Furthermore, by Theorem there exist subsequences
{di}x>1 and {e, },>1 such that

HXT) ————— ¢ (E[X,|AY))

n—o00, d—oo

strongly in L?*(Q, F}V). Uniqueness of the limit yields that X; is F}¥—measurable
for all t € [0,T]. Since F =TF®, we get that (X;)iep,7] is a unique strong solution
of SDE . Malliavin differentiability follows by and noting that the estimate
holds also for ~,, = 1. O

5. EXAMPLE

In this section we give an example of a drift function b € B([0,T] x H;H) to
show that the class does not merely contain the null function.
Let fr € LY(¢% L>([0,T];¢?)), k > 1, i.e. for all k > 1 we have for all z € ¢*

sup |fr(t, 2)| < C’,f < 00 sup sup |fr(t, 2)|dz < D,’: < 00, (41)
te[0,7] d>1 JRY e[0T

such that C/, D/ € ¢* and define for every k > 1 an operator A;, : H — H which
is invertible on A, H such that for all £ > 1

-1,
det (A,;l\/é VK 1) < DA < o0,
where D4 € ¢*. Then, we define
bi(t,y) == fult, 7 Apy).
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This yields
sup |bx(t,y)| = Sup |f(t 7" Ay)| < O,

te[0,T]
by, (t, \/émy)‘dy—/% sup | fx (t T 1Ak[\/_y>’dy

/ sup
H te[0,T] te[0,7)
= su t,z det( VK )dngfD.
T lAkHte[opT]m( ) \f BTk
Due to the definition C7 € ¢! and D/ - D4 € ¢* and thus b € B([0,T] x H;H).
A possible choice for f is
fr(t,z) = C’,{ e te -pll (aﬂ{zeA} + bﬂ{zeAc})

where a,b € R and A C H, which obviously fulfills the assumptions (41)). The
operator Ag, k > 1, can for example be chosen such that there exists a finite subset
N, C N such that for all £ > 1

-1
IT '8, <C.

neNg

and we have for every x € H
Apr = D,‘? Z xWe,,.

neNg
Then Ay, is invertible on AyH for every k > 1 and

det (A,;l\/é_lﬁ_l) =D ] A'/Rm, < CDL.

neNg

APPENDIX A. COMPACTNESS CRITERION

The following result which is originally due to [14] in the finite dimensional case
and which can be e.g. found in [9], provides a compactness criterion of square
integrable cylindrical Wiener processes on a Hilbert space.

Theorem A.1 Let (By)wcor) be a cylindrical Wiener process on a separable
Hilbert space H with respect to a complete probability space (2, F, i), where F is
generated by (Byi)icpom. Further, let Lrs(H,R) be the space of Hilbert-Schmidt
operators from H to R and let D : D'? — L*(Q; L*([0,T]) ® Lus(H,R)) be
the Malliavin derivative in the direction of (By)iepo.r], where DY? is the space of
Malliavin differentiable random variables in L*(Q).

Suppose that C is a self-adjoint compact operator on L*([0,T]) @ Lus(H,R) with
dense image. Then for any ¢ > 0 the set

G- {G €D |Gl 2 + | DG

< c}
L2(;L2([0,T)®LEs(H,R)) —

is relatively compact in L*(Q).
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In this paper we aim at using a special case of the previous theorem, which is
more suitable for explicit estimations. To this end we need the following auxiliary
result from [14].

Lemma A.2 Denote by vs,s > 0, with vg = 1 the Haar basis of L*(]0,1]).
Define for any 0 < o < § the operator A, on L*([0,1]) by

Agvs =2,  ifs=2"+j i>0, 0<j<2

and
Al =1.
Then for a < B < % we have that

1 Lot | f(t) — flu)]?
140 sty < 20 isqony + 7o ) J; e
Theorem A.3 Let D* be the Malliavin derivative in the direction of the k-th
component of (Bi)wcpr)- In addition, let 0 < ap < B, < % and v, > 0 for all
k > 1. Define the sequence pgj = 27~ if s = 20+ 4,4 >0, 0 < j < 29
k> 1. Assume that psr — 0 for s,k — 00. Let ¢ > 0 and G the collection of
all G € DY? such that

HGHLz <c,
lc
o 12e L@ze(oay = ©
and
HDkG D’“G
Z L2 )dtdu <c
i (1—27 25’“ ) ul B

Then G is relatively compact in LQ(Q).

Proof. As before denote by v,,s > 0, with vy = 1 the Haar basis of L?([0,1])
and by e; = (ex,)u,k > 1, an orthonormal basis of Lys(H,R), where ex, k >
0, is an orthonormal basis of H. Define a self-adjoint compact operator C' on
L*([0,1]) ® Lus(H,R) with dense image by

Clus®ey) = pspvs®@ep, >0, k>1.
Then it follows for G € D"? from Lemma that

2
lc~'pG
L2(9;L2([0,1)®L g s (H,R))

_ *\ 2
= Z Z MS’]%EKDG’ Vs @ €k>L2([0,1])®£Hs(H,R))]

k>1s>0

L2(L2([0,1]))

=> " HAakaG
k>1



RESTORATION OF WELL-POSEDNESS OF INF-DIM SINGULAR ODE’S VIA NOISE 33

<22fy HDk

L2(;L2([0,1]))

ot @
* 22 (1—-2- Z(Bk ag) / / |1+25k dtdu

k>1

<M
for a constant M < oo. So using Theorem we obtain the result. O]

APPENDIX B. INTEGRATION BY PARTS FORMULA

In this section we derive an integration by parts formula similar to [6] which
is used in the proof of Theorem to verify the conditions of the compactness
criterion Theorem [A.3] Before stating the integration by parts formula, we start
by giving some definitions and notations frequently used during the course of this
section.

Let n be a given integer. We consider the function f : [0,7]" x (RY)" — R of
the form

z) = ﬁlfj(sj,zj), s=(s1,...,8,) €[0,T]", z=1(21,...,2,) € (RH",
i (12)

where f; : [0,7] x RY = R, j = 1,...,n, are compactly supported smooth func-
tions. Further, we deal with the function s : [0,7]" — R which is of the form

9=1sts). DT, (43)

with integrable factors »; : [0,7] - R, j=1,...,n.
Let o be a multi-index and D% its corresponding differential operator. For
a = (aq,...,0,) € NJ*" we define the norm |o] = 30 S0, a§-k) and write

n

D%f(s, z) HDO‘ fi(sj,25).

Let k be an arbitrary integer. Given (s, 2) = (51,.. ., Skn, 21, - - -, 2n) € [0, T]¥" x
(RY)™ and a shuffle permutation o € S(n,n) we define the shuffled functions

kn
fo(s,2) = 11 fion (55> 20 i)
j=1
and

kn
#,(8) = [ 2000 (55),
j=1
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where [j] is equal to (j —in) if (in+1) <j<(i+1)n,i=0,...,(k—1). For a
multi-index «, we define

U/ (0,t, 2, H,d) = (H (2] yy) 3 / 1£0(5, 2)] |As|~H (F @) dg

oeS(n,n)
(44)
and
vio.e )= (IVEIO)) 5 [ sl a0, (o)
ceS(n,n)

where for any a,b € R

Hk(a+ba:) ) Hy, (a+b( (1:) (:) n )) Hy, (a—&—b(a(:)v +a(:)._ ))
|As| oM . — |81| Yo (1)) T o (2n)) H |5] 5j71| [ " T le(-1)]

i

d (k)
| As|H (atbarmay) H |As| (a+baf’(A)]>.

Theorem B.1 Suppose the functions W/ (0.t,z, H d) and V*(0,t, H,d) defined
n and . respectively, are finite. Then,
'>dsdu, (46)

) d,H
Af(9 t,z) (2m) dn/ dyn / Hfj i, %5)( Zuy)a’e i(uy B =2
R n

0,t j=1
where BXH = ( 5, B! )T and Ry, 1s the constant in Lemma |2.4), is a
t — \/ﬁ_Hl’ ey \/@ Hk‘ .
square integrable random variable in L*(2) and
7l
(2m)

~

E[\Aﬁ(@,t,z)\z] < 1(0,t,2 H,d). (47)

lo

Furthermore,
7'l

]EH/ A (0,1, 2)dz|| <
(Rd)n \/27r

and the integration by parts formula

D* S,E?’H ds:/ A (0,t,2)dz, 49
fyp D (s B ds = [ AL0-t2) (19)

——(VZ(0,t,H,d))? H ’fjHLl(Rd;LOO([O,T}))’ (48)

holds.

Proof. For notational simplicity we consider merely the case § = 0 and write
Al (t,2) == A(0,t,2). For any integrable function g : (R%)" — C we have that
2

o)y . duy,
|/(Rd)ng(u1 Up,)duy...du
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= g(uy, ..., up)du;...du, /(Rd)n G(Ung1y eey Uy ) AU 11 ... dUsy,

(Rd)n
= ULy oovy Uy )dUy...du, (—1 d"/ —Upg 1y eeey —Uop ) AUy 1...dU,,
iy 9(u Jduy...duy (=1) 5y 9(=tn i1 on)dUn 1. duy
where the change of variables (w41, ..., u2,) — (—Upy1, ..., —U2,) Was applied in

the last equality. Thus,

2 —2dn n - . o —i u',ﬁg‘.H—z
‘Aé(t’z)‘ = (2m) (1) /<Rd)zn/n TT 55y 23) (—iug) e 0B =) g
0t j=1
2n ) ~aH
8 /n T (s, ) (i) o6 P57 =20 ) dsdy
0,t j=n-+1

— 2 —2dn _1 dn |a| / 7i<zj,u]~+u]~+n>

oyl [ (1T

oceS(n,n j=

2n omn
oo (Tt s {15 (i 1)
0,t j=1 =

where we applied shuffling in the sense of @ Taking the expectation on both
sides together with the independence of the fractional Brownian motions B
k=1,...,d, yields that

EUAg(t, z)ﬂ

= (QW)—Qd"(_l)dn jlel Z / N (ﬁ e—i(zwuj-ﬁ-u]'m))
(Rd)2n

ceS(n,n) Jj=1
2n o 1 2n .
X / fo(s,2) (H UUE;SJ)]) exp {— Var (Z <ua(]~), Bff’_H>)} dsdu
AF j=1 2 j=1 !
_ (27T)—2dn<_1)dn i'al Z / (ﬁ 6_i(zj7uj+Uj+n))
ceS(n,n) (Re)2n Jj=1

2n o 1 d 2n ) Bfk
X /2 fo(s,2) Huog‘;gm exp —52\/&1" Zuo(j)ij dsdu
A j k=1 j=1 \/ﬁin
— (2 —2dn -1 dn ;| / a
(2m) 7 (=1 Y] oy | L

e~z +Uj+n)>
J

1

2n , d 1
%o ()] _ ENTs o (K)
X/A fo(s,2) (H Uy )Hexp{ T (u) TSl }dsdu, (50)
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(k) (k) ® "
where uy”’ = (ua(l), e 7uo’(2n)> and

Yk = X(s) := (E [BHkBs] D 1<ij<on’

Moreover, we obtain for every o € S(n,n) that

- o (k) asz )] - ZRI (“gk) )Tzkugk)
/2 |f0(s,z)]/ II ({11 ‘ua(j) e T duds
A (Rd)2n faiet i

d n o\ 1 By )
= | fo(s,2)| T / H’ugk) L@l | o 2<§Hku u >du(k) ds, (51)
AZG k=1 \/B*" \j=1

-
where u*) := (ugk), e ,ug;)) . For every 1 < k < d we have by using substitution
that
n _1{ By (k) (k)
/Ran (H‘ (;(])) 2<RH’“ >du(k) (52)

Rir ~1/2, (k) 5 it ) 1 u® u®Y 5
metZZ)W/R% (HK R, 2 €j> e~ Y du®

Considering a standard Gaussian random vector Z ~ N (0,1dy,,), we get that

/Rzn (H ’< $-1/2, (k) ~,> [0(3)) o H () u®) (k) (53)
i (s722,2,) afﬂm]

y €5 .
P

Using a Brascamp-Lieb type inequality which is due to Lemma we further get
that

= (27)"E

2‘05(’“)|

< y/perm(Ag)= Z H agjr)(i),

WESQ,Q(IC” =1

U(J)

e (o)

where ’a(k)’ =30 a§~k) and perm(Ay)is the permanent of the covariance matrix

k :
Ay = (a; )1§i,j§2‘a(k)| of the Gaussian random vector

<<2k1/2z, &), (Sk 22,800, (5022 ) o (512, 52n>>,

o
Yo (2n)]

times times

(k)
Yo (1)
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and S, denotes the permutation group of size m. Using an upper bound for the
permanent of positive semidefinite matrices which is due to [3], we find that
2|04(k)| 2|a(k)|
perm(Ay)= Y H al Tr(l < (2 ’a(k)‘)! 11 ag’ki). (54)
i=1

WES | |

Now let 37~/ o ))] +1<i<yl 104[ l)] for some fixed j € {1,...,2n}. Then
o) =E[(x,?2,¢) (5, 2,&)].

0

Substitution gives moreover that
1/2 1/2 _ 12 L 2 1
EKE Z, e]> <Z Z, e]>} = (det Xg) @) /R?n uj exp{ 5 (E;ﬂ,u)} du. (55)
Applying Lemma we get
1 (2)@n—1)/2 1 1
2 _ 2 2
/Rzn uj exp {—2 (ZkU,U)} du = (det 5,172 /RU exp {—2”0 }dvaz

S
 (det )12 02

B, ..., Bt without BIl+).

§1 0t

(56)

where 07 := Var (BHk

Subsequently, we aim at the application of the strong local non-determinism
property of the fractional Brownian motions, c¢f. Lemma 2.4] i.e. for all 0 < r <
t < T exists a constant K, depending on Hy and 7" such that

Var (Bf{’“ ) > Ry
Hence, we get due to Lemma and Lemma [C.6] that
(det $p(s))/% > .ﬁ |81| M5y — sq|™ L [son — sona|™ (57)

and

o} > Ry, |52 — 81\2Hk ;

032- > Ry, min {]sj — ;1) |sj41 — sj|2H’“} , 2<j7<2n-1,

05, > Rar, |Son — Szn—1|2Hk .

Thus,

Mo Dl . i, a®
HU Ul < o [t A g| ~2Hkea (58)

J
Concluding from , , ., and (| . we have that

2[al®

perm(Ag) < (2‘04(]“)‘) H a”
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2n

(k)
1 (2m)" 1\ Yot
(k)1 1/2 il
(2 ‘oz D H ((det Ek) (27r)" (det Ek)1/2 sz>

i=1

IN

_91a(®) _ (k)
(o

IN

Consequently,

H (£122,6) 0| < (2 a1 T2Hue | A i,
Therefore we get from ( , , , , and that

EUAg(t,z)ﬂ

(2m) % 3 / |fgsz|H</R2nu

ceS(n,n) =1

(®)
Yo (4)]

k) __1 OO
(k)’a e MHk@k ’ >du(k)> ds

2n 1 agk)_
11 <2kzz, 5j> (”D ds

ol

ceS(n,n) Agﬁ k=1 (det Ek(s))% Jj=1

d (g
<en Yy | |fa<s,z>|H(E

C S [ e (T

c€eS(n,n) k=1

d
<1l (\/Wﬁ"a( Al Ay Hk%m) ds
< 000 % (IR0 5 [ 1o a0
k=1

c€S8(n,n)

Since sup;>; A, € (0,1), inequality . ) holds.
Next we prove the estimate . With inequality (47| . we get that

IEH/ A (0,8, 2)d> g/ UA”f X z)’zrdz
(R (R

lal
< 1 /(d) (U= (0,1, 2, H, d))3 dz.
V2™ Jway

Taking the supremum over [0, 7] with respect to each function f;, i.e.

=1,....2n,

Fo) (85 20i)| < Sup]\f[o—(jn(sgﬂ[aon) ) ]

s;€[0,T

yields that

E[ / A (0,t,2)dz
(Rd)n




RESTORATION OF WELL-POSEDNESS OF INF-DIM SINGULAR ODE’S VIA NOISE 39

1
l 2

\
T 2n
N oeS(nm) /(Rd)n (]Hl Hf [o(j)]('=Z[oo)l)HLw([mT])) o

Q

N

IA

D=

X
=

PRI iy MO [0y <l+wn>d)

ceS(n,n)

E
Il
—

2

f[a(j)](-,Z[au)])HLm([O’TD) dz (V5(0.1,H,d))?

B

A

S

2n
= 5 d o'égl%z},(n) /(Rd)" (]1_‘[1‘

- 75[/1@01 H 1£i (- 2 HLOO(OT z (V50,6 H, d))%

, 8]

4

§
3
3

Q

lo|
- \/ﬁdn (H ||fj||L1(Rd;Loo([07T]))) (\If%(ﬁ t, H, d))
j=1

Finally, we show the integration by parts formula . Note that a priori one
cannot interchange the order of integration in , since e.g. form =1, f =1
one gets an integral of the Donsker-Delta function which is not a random variable
in the usual sense. Therefore, we define for R > 0,

A(J;R(Q t,z) = (2m) d”/ OR)/ II fj(sj,zj)(—iuj)afe_i<“f’Bg}'H_zj>dsdv,

0t] 1

where B(0, R) := {v € (R)" : |v| < R}. This yields

M
wh—t

AL R0 < Cr [ TT 155 (550 25)lds
0 t j=1
for a sufficient constant C'r. Under the assumption that the above right-hand side
is integrable over (RY)", similar computations as above show that Af; r0,t,2) —
A(0,t,2) in L?(Q2) as R — oo for all 6, and z. By Lebesgue’s dominated con-
vergence theorem and the fact that the Fourier transform is an automorphism on
the Schwarz space, we obtain

AL(B,,2)dz = ]i A (6., 2)d
/(Rd)n 2 2)dz = im iy SR z)dx
i Sd,H
= lim ( d"/ / / $;,25)(—iu,) e (85" ~2%) 42 duds
i (2 rin JB(0,R) gt]Hlfj 7 i) J
: —dn . i(Uj,25 . a; —1 u-,gg’.H
I}%glgo/g’t /B(O,R)(QW) d /(Rd)n}:[lfj(sj,zj)e< 12 dz(—iug)* e (3:B5") qudss

R—o0

noo /. HdH
= lim/ / fi(s, —u-)(—iu-)aﬂ'e*l@j’st ) duds
. B(O’R)jl_[1 j j j
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= Def (5, E;“{) ds
Af
which is exactly the integration by parts formula . 0

Applying Theorem we obtain the following crucial estimate (compare [1],
[2], [6], and [7]):

Proposition B.2 Let the functions f and s be defined as in and ,
respectively. Further, let 0 < 0 < 0 <t <T and for some m > 1

x#;(s) = (Ku,,(s,0) — Kp,,(s,0))7, 0 <s<t,
for every j = 1,....n with (e1,...,e,) € {0,1}". Let o € (NI)" be a multi-index.
Assume there exists 6 such that

d 1
_ (k) _ - _

;Hk(1+2aj )+(Hm 5 vm) >8> —1
forallj=1,...n and d > 1, where v, € (0, Hy,,) is sufficiently small. Then there
exist constants Cr (depending on T ) and Ky p (depending on d and H ), such that
forany 0 <60 <t <T we have

E /n (HDa]fJ(SJ7 SJ)%J(SJ)> ds
0,t
I - S e
Kig-Tr 0—0\" _1_ =
< (C’T< 00 ) gitm=2 7m)> H I1£5 (-, 25 ||L1(RdLoo([0T]))

J=1

\/ﬁdn
(Hk 1( ‘OK(MD')%( — )—Eilek(”“W“D (Hm_* 7m)2;116j+n
P Sy Aaon s 4100 20— 5 ) S

In order to prove this result we need the following two auxiliary results.

Lemma B.3 Let H € (O, %) and t € [0,T] be fized. Then, there exists [ €

(O l) and a constant C > 0 independent of H such that

12
| K ( t 9’ — Kg(t,0)]?
/ / a0 S C < oo

Proof. Let 0 < 0" < 0 <t be fixed. Write

1

KH(tae) - KH<ta 9/) =CH [ft(e) - ft(e’) + (2 - H) (gt(‘g) - gt(‘9/>> )

where f,(0) := (£)" 7 (t — 0)=5 and g,(0) = J; 2D du.

u
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We continue with the estimation of Ky (t,0) — Ky (t,0"). First, observe that
there exists a constant 0 < C' < 1 such that

y—a — o
(x —y)

forevery0<y<x<ooand0z::(%—H)E(0,5) as well as 0 < 7 < 3 — o

Indeed, rewriting yields using the substitution z := 5, z € (1, 00),

< Cy 7, (59)

1

o T e
Furthermore, since o + v < 1 we get that
1 — @ 1 —a—1
lim g(z) = lim - :limL:O,
z—1 z—1 (z — 1)’7 z—1 fy(z — 1)’7*1

and
M 9(=) = 0.
Moreover, for 2 < z < oo we get the upper bound
1—z7 1

<g(2) < S=1
0_9(»‘6‘)_(2_1)7<1 :

and for 1 < z < 2 we have that

(2) z¢—1 - z—1

Z) =
g (z—=1)z¢  (z—=1)7(z—1)°
This shows inequality which then implies for 0 < v < H that

-0~ o)

t H3= (0 —0) H-ty (0-0)
<9(t—«9)) t Wé(t—@ R

=(z-D'"e <L

fe(0) = fu(0)

N

Further,

/fu —ful®) /qu(‘)’)du
</fu —ful®) '

(6 —6') / (u—@)H’%’7
du
6

gt

S (00") u

(0=0) 1, (<=1
< - 277 7
= oy ! /1 o
OO s

~o(00)
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=0y
~o00)

Consequently, we get for v € (0, H), 0 <0 <0 <t <T, that
(0—06)
(00')
where C' > 0 is a constant merely depending on T". Thus

/\\2

01zt — )12,

KH(t’g)_KH(t’Ql)SC'CH QH—%_W(t_Q)H_%_,Y’

|0 9/|1+2,B
|9 9/| 1-2542y
N (90, > 82H—1—2’y(t . 0)2H—1—27d0/d0

— / 62H—1—4’y(t . 0)2H—1—27 /9 |9 . 9/|—1—25+27<8/>—27d6/d0
0 0

t o 1o (=28 +29)(=2v+ 1)
— 02H 1—4~v—208 t—20 2H—1—2~ do
/0 (t=9) [(—26 + 1)

< /t g2H—1-4=26 4 _ §)2H-1-214¢
0

_ F(QH - QV)F(QH — 4y — 25)t4H—67—2ﬁ—1
['(4H — 6y — 25)
for sufficiently small v and 5. On the other hand, we have that

(Ky(t,0) — Kg(t,0))?
// T AL

</ G141y _ g)2H-1-2y
~Jo

< 00,

t |9 — 9/|—1—25+2v
0 (9/)27

< /t 92H7176'y(t . 9)2H7172'y /t ’9 . 9/|7172ﬁ+27d9/d9
—Jo 0

dg'do

< /t 02H7176'y(t _ 6)2H*1*25d9 < AH—6y=26-1
~Y 0 ~ *

Therefore,

(Kg(t,0) — Kg(t,0))* .,
// g 400 < oo

O
Lemma B.4 Let H e (0,3),0<60 <t <T and (ey,...,,) € {0,1}" be fized.
Assume w; + (H —-1_ ’y) gj > —1 forall j=1,...,n. Then there exists a finite

2
constant Cyp > 0 depending only on H and T such that for v € (0, H)

/n T (55 6) = Kua(s,,8))[s; — 5,4 ds

0,t j=1
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g \7 1 Z;L:lﬁj " L

where
?:1 [(w; +1)

T(Shwi+ (H=2=9) X0 g5+n)

Proof. Recall, that for given exponents a,b > —1 and some fixed s;;; > s; we
have

IL,(m) = (60)

T(a+1)T(b+1)

Sj+1
/9 (5541 = 85)"(s; — 0)'ds; = (sj11— )"+

I'(a+b+2)
Due to Lemmawe have that for every vy € (0,H),0< 60 <6 <s; <T,
O—=0) ;4 1 1
KH<SJ',9) — KH<SJ',6/) < C}LTW@H 2 ’Y(Sj — 9)H 2 '7,

for Cyr := C - cy, where cy is the constant in and C' > 0 is some constant
merely depending on T'. Consequently, we get that

/9 \Ku(s1,0) — Ku(sy, @) |52 — 51|51 — 0" ds,
(0 — o) (H-3

€1 —5—7)e1 o2 o w2 _ ploit(H-3—7)e
< Cilr gy 2 [ s =iy — o ),
(9—9/)’781 (H_;_ ) F(UA)l)F(wg) n +<H—l— ) 11
—ca 3—Y)ear s AT AT o gywrtwe 5—7)e1
HT (90’)7‘51 r (’UAJI + UA)Q) ( ) )

where .
IIA}lI:wl—F(H—Q—’}/)El—f-l, wQZZ’LUQ—i‘l.

Noting that

Lyw+ (H=4 =) S e +5) T (wjen + 1) )

n—1 F( /
jHl F(Sifw+(H-3—v)Sia+i+1) ().

and iterative integration yields the desired formula. 0

Finally, we are able to give the proof of Proposition [B.2
Proof of Proposition[B.3. The integration by parts formula yields that

/A (Jﬁl Dajfj(smésj)%j(sj)) ds = /Rdn A1 (0, ¢, 2)dz.

Taking the expectation and applying Theorem we get that

/Az,t (H D% f;(s;, st)%j(sj)) dS]

=1

n
9,t

E
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Lo

P 1 a
S _27Tdn (\Ija(67 t’ H7 d)) 2 Jl_Il ||fJ ||L1(Rd;L°°([O,T])) ’
where
d
Ux(0,t, H,d) = (H (2|a(’“)|)!>
k=1
X Z /A2n ’AS|7 1+a[U(A) ) H (KHm(S.]7 0) KH'm (Sj7 9/))6[U(j)] dS.
oceS(n,n)
Under the assumption —Zk L Hi( 1+oz[ () +04[0 (G—1)] %—vm)g[a(j)] > —1
for all j =1, ...,2n, we can apply Lemma and thus get
vUx(6,t, H, d)
AN X > )
< ¥ (or Q(Hm—5—"1m) I1,(2n)
c€S(n,n) 00"

(H m) (1 — ) Shoa (244l )4 (G h 30 S22, oyt

where IL,(2n) is defined as in (60). We define the constant K,z by

Kog:=2 sup r (1 — Z Hy, (1 + oz[(jgj)] + oz[((]fzj 1)]>> (61)
and thus an upper bound of IL,(2n) is given by

K?n
I1,(2n) < d ¥ L 2 .
T G Y YRS e R

Note that 22”1 Elo(j)] = 2 Z?Zl e; and

n 2n [ (n % )

Hence, it follows that
(Wi (6.t H,d))?

H — 9/ Ym Z?lej
S KZH (CT ( 00’ ) Q(Hm_;_')’m))

(I, (2 ‘a(k)‘)!)i (t — )~ Zios B (2o )+ (Hn—d ) 5y 2
X

1 Y

T (20— Sy He 20+ 4|a®]) + 2 (Hyp — § =) Zioyg5)
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Proposition B.5 Let the functions f and s be defined as in and ,
respectively. Let 0 < 0 <t <T and
»;(s) = (Kp,,(s,0))7,0 < s <t,

for every j = 1,...,n with (e1,...,,) € {0,1}". Let a € (NI)" be a multi-index
and suppose that there exists § such that

d
(k) 1
-3 He (14 20 )+ (Hn—5) 20> -1

forallj=1,...,n and d > 1. Then there exist constants Cr (depending on T)
and Kq g (depending on d and H ) such that for any 0 <60 <t <T we have

£ /n (HDanJ(Sﬁ 5])%](8.7)) ds]
0,t \j=1
Ko, T
< d\;{% (CTQ ) H 1755 2 ”Ll(Rd ;L>([0,T1))
0y (o)) e o T A0
[(2n — Sy Hi(2n +4]a®))) +2(Hy — 5) S €5)?

The proof of Proposition [B.5is similar to the one of Proposition [B.2] by using the
subsequent lemma instead of Lemma[B.4 and thus it is omitted in this manuscript.

Lemma B.6 Let H € (0,4), 0 <60 <t <T and (e1,...,,) € {0,1}" be

fized. Assume w; + (H — 5) e; > —1 forall j = 1,...,n. Then there exists a
finite constant Cpyp > 0 dependz’ng only on H and T such that

/ H Kr(sj,0))%|s; — sj—1]|"ds

9tj 1

1 Z?:l €j n ) 1 ]
< (CH,TH(H_2)) o(n) (t — Q)ijl(wﬁ(H—i)EJ)*",
where 11y is defined in .

Proof. Using similar arguments as in the proof of Lemma we get the following
estimate

|Ku(s;,0)| < Crls; — 072072
for every 0 < 0 < s; < T and Cyr := C - cg, where ¢y is the constant in and
C > 0 is some constant merely depending on 7. Thus,

/e (K(s1,0)) |52 — s1]“2]s1 — 0] ds:

52
< Cir G(H_%)al/g 52— s1]"2]s1 — 8 +H(H=2)e1 g
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)ElF(w1+(H—%)51+1)F(w2+1)

c H-1 wiwo+(H—2)e1+1
) Hl7T9( 2 F(w1+w2+(H_%)51+2) 2= o 2)1+'
Proceeding similar to the proof of Lemma [B.4] yields the desired estimate. 0
Remark B.7. Note that
a a1 (3ol +1)

(k) 3
kl;[l (2 ‘oz D‘ <V2re ?W|a|

Indeed, since for n > 1 sufficiently large we have by Stirling’s formula that

2mn (n) <nl< e /21 (n) ,

(& €

we get by assuming without loss of generality that |a(®)] > 1 for all 1 < k < d,
that

d d L

(k) 2l
H (2|Ck(k)|)! < H e 24la(®)| /47T|Oé(k)| (2|a|>

k=1 k=1 €

la(F)|

d z‘a(k)|
. 18 & /5 2 |aR)|
< i [2 2 (k))
=BT ,El<2|0‘ | e

Nt

APPENDIX C. TECHNICAL RESULTS
The following technical result can be found in [26].

Lemma C.1 Assume that Xy, ..., X,, are real centered jointly Gaussian random
variables, and ¥ = (E[X;Xk])1<jk<n is the covariance matriz, then

E[| Xq] ... | X,]] < y/perm(X),

where perm(A) is the permanent of a matric A = (a;;)1<ij<n defined by

perm(A)= Y [] aj0)

TESy j=1

for the symmetric group S,.

The next lemma corresponds to [12, Lemma 2]:
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Lemma C.2 Let Zy,..., Z, be mean zero Gaussian random variables which are
linearly independent. Then for any measurable function g : R — R, we have
that

/ g(vl)e_%var(zyzl”ij)dvl...dvn: 2m) = 1/9(U> e dv,
R™ (det Cov(Zy, ..., Z,))z /R™ \0O1

where o} = Var(Zy | Zy, ..., Zy,)-

Remark C.3. Note that here linearly independence is meant in the sense that
det Cov(Zy, ..., Z,) # 0.

Lemma C.4 Leta e P, 1 <p<oo. Then, for everyn >1 and d > 1

Z Hak = (Z @k> s (62)
kl ..... kn—lj 1
and
d

tim > T fow, = (lallo)”. (63)

d—o0

Proof. We proof equation by induction. For n = 1 the result holds. Therefore
we assume that holds for n and we show that it also holds for n + 1. Thus,
we get by the induction hypothesis that

Z nffak = zd: Ok (k Z H@k)

k1, kn+1 1j=1 kn+1:1 ----- kn=1j=1
n d n+1
= Z - (Z%) =<Zak> :
Epp1=1 k=1

Equation is an immediate consequence of and the continuity of the
function f(z) = 2™ for fixed n > 1. O

The subsequent lemmas are due to [4].
Lemma C.5 Let (Xy,...,X,) be a mean-zero Gaussian random vector. Then,
det Cov(Xy,...,X,)= Var(X;)Var(Xs|X;)- - - Var(X,,| X1, .. ., X1).

Lemma C.6 For any square integrable random variable X and o-algebras G, C

Gs
Var(X|G,) > Var(X|Gs).
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