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Exercise Solution 7

A good explanation of how to implement the inverse normal c.d.f. by the ra-
tional approximation of Abramowitz and Stegun can be found at the webpage
http://www.johndcook.com//normal cdf inverse.html, however they provide sam-
ple code in written in C++. An example Java program of the solutions to
(a) - (d) is given in the NormalSamples1.java found in the SVN repository
http://svn.christian-fries.de/lectures/lectures-2014.1/exercises/src/ under the pack-
age net.exercise3.montecarlo.randomvariable.

For letter (d), the program can be easily modified by observing that if X ∼ N (0, 1), then σ ·X + µ ∼
N (µ, σ2).

Exercise Solution 8

Exercise 8.(a)
Let X ∼ N (µx, σ

2
x) and Y ∼ N (µy, σ

2
y) be independent r.v.’s. Prove that

Z = X + Y ∼ N (µx + µy, σ
2
x + σ2y).

Proof. The characteristic function
ϕX+Y (u) = E[eiu(X+Y )]

of the sum of two independent r.v.’s X and Y is just the product of the two separate characteristic
functions of X and Y (see, for e.g. Lemma 15.11.(iv) of [1]), that is:

ϕX+Y (u) = ϕX(u) · ϕY (u), where ϕX(u) = E[eiuX ], ϕY (u) = E[eiuY ].

Since the characteristic function of the normal distribution with expected value µx (respectively, µy) and
variance σ2x (respectively, σ2y) is

φX(u) = exp

(
iuµx −

σ2xu
2

2

)
( and respectively, φY (u) = exp

(
iuµy −

σ2yu
2

2

)
),

(see Theorem 15.12.(i) of [1]) we obtain

ϕX+Y (u) = exp

(
iuµx −

σ2xu
2

2

)
· exp

(
iuµy −

σ2yu
2

2

)

= exp

(
iu(µx + µy)−

(σ2x + σ2y)u2

2

)
.

Thus, ϕX+Y (u) is the characteristic function of the normal distribution N (µx + µy, σ
2
x + σ2y). Since

probability distributions are uniquely determined by their characteristic function (see Theorem 15.8 of
[1]), then

X + Y ∼ N (µx + µy, σ
2
x + σ2y).
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Exercise 8.(b)-(d)
An example Java program of the solutions to problems (b) - (d) is
given in the class NormalSamples2.java found in the SVN repository
http://svn.christian-fries.de/lectures/lectures-2014.1/exercises/src/ under the pack-
age net.exercise3.montecarlo.randomvariable.

For 8.(d)The observed empirical mean and empirical variance of of the samples zi − z̄i should be ap-
proaching 0 and 2(σ2x + σ2y) respectively. This is because both zi and z̄i represent samples of random
variables Z and Z̄ with the same normal distribution, and zi − z̄i represent samples of Z − Z̄. By 8.(a),

Z − Z̄ = Z + (−Z̄) ∼ N (µz − µz, σ2z + σ2z) = N (0, 2σ2z) = N (0, 2(σ2x + σ2y))
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Exercise Solution 9

An example Java program of the solutions to problems 9.(a) - (d) is given in the classes
SamplesOfNormalRandomVariable.java and NormalSamples3.java found in the SVN repository
http://svn.christian-fries.de/lectures/lectures-2014.1/exercises/src/ under the package
net.exercise3.montecarlo.randomvariable.

For 9.(c), the return types of add() and sub(), which was defined for arguments of type
SamplesOfNormalRandomVariable in the example solution, are also SamplesOfNormalRandomVariable

since, by exercise 8.(a), the result of these operations are still normal random variables. However
it does not make sense to set the return types of mult() and div(), defined for arguments of type
SamplesOfNormalRandomVariable, as SamplesOfNormalRandomVariable, since the result of multipli-
cation and division is no longer a normally-distributed random variable. In the example code, these
operations only compute the element-wise multiplication and division on the samples and returns
double[].

If you have further questions or need clarifications, please write an e-mail to the address:
montes@math.lmu.de
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