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(a) See Oksendal, SDEs, page 26-33 (Chapter on Ito Integral).

(b) The example solution may be found in

net.handout7.montecarlo.volatililty.ScaledBrownianTest.java

and

net.handout7.montecarlo.volatililty.ScaledBrownianTest2.java.

Exercise Solution 20

(a) Given an Ito process satisfying an SDE of the type

dXt = a(t,Xt)dt+ b(t,Xt)dWt, Xt0 = x, x ∈ R, (1)

we recall that the existence and uniqueness t ≥ 0 are given by the following two results which we
quote from the book Karatzas J. and Shreve S., Stochastic Calculus 1987 (Chapter 5, Theorem
2.9 and Proposition 2.13, respectively).

Theorem
Suppose that the coefficients a(t, x) and b(t, x) satisfy the global Lipschitz and linear growth condi-
tions

‖a(t, x)− a(t, y)‖+ ‖b(t, x)− b(t, y)‖ ≤K‖x− y‖,
‖a(t, x)‖2 + ‖b(t, x)‖2 ≤K2(1 + ‖x‖2)

for every 0 ≤ t < ∞, x ∈ Rd, y ∈ Rd, where K is a positive constant. On some probability space
(Ω,F , P ), let ξ be an Rd-valued random vector, independent of the r-dimensional Brownian motion
W =

{
Wt,FWt ; 0 ≤ t <∞

}
, and with finite second moment:

E‖ξ‖2 <∞.

Let Ft be the smallest filtration satisfying the usual conditions. Then there exists a continuous,
adapted process {Xt,Ft; 0 ≤ t <∞} which is a strong solution of equation (1) relative to W with
initial condition ξ. Moreover, this process is square-integrable: for every T > 0, there exists a
constant C, depending only on K and T such that

E‖Xt‖2 ≤ C(1 + E‖ξ‖2)eCt; 0 ≤ t < T.

Properties
Let us suppose that the coefficients satisfy the conditions

|a(t, x)− a(t, y)| ≤K|x− y|,
|b(t, x)− b(t, y)| ≤h(|x− y|),
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for every 0 ≤ t <∞ and x ∈ R, y ∈ R where K is a positive constant and h : [0,∞)→ [0,∞) is a
strictly increasing function with h(0) = 0 and∫

(0,ε)
h−2(u)du =∞; ∀ε > 0.

Then strong uniqueness holds for the equation (1)

(b) The example solution is located under the package

net.handout7.montecarlo.BlackScholesImpliedVol

in

ImpliedVolTest.java and ImpliedVolTest2.java.

One choice of parameters for a and b that produces a smile shape for the Black-Scholes Implied
volatility curve K 7→ σbs(Ĉ,K, T ) is a = 0.06 and 0.02.

If you have further questions or need clarifications, please write an e-mail to the address:
montes@math.lmu.de
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