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Exercise 12

Define the LIBOR log-normal dynamics of the forward rates Li(t) := L(Ti, Ti+1; t) as

dLi(t) = µPLi(t)dt+ σi(t)Li(t)dW
P
i (t), with dW P

i (t)dW P
j (t) = ρi,j(t)dt, i, j = 1, . . . , 10.

We shall assume that the covariance matrix R(t) = ρi,j(t) is known. At time t = 0, we are given market
data on zero bond prices Pi,0 of maturities Ti, i = 1, . . . , 10, with Ti+1 − Ti = 6 months, T1 − t = 1
year. Suppose that we also have the market prices at time t of caplets (unit notional) Vcaplet(Ti, Ti+1,K),
on the future periods [Ti, Ti+1] for i = 1, . . . 5, and a given fixed strike K. We are then also given the
prices at time t = 0 of swaptions Vswaption(Ti, . . . , Tj ;Ti) on the payer swaps S(Ti, . . . , Tj ;K) with the
same fixed strike K, for i < j, i = 1, . . . 5 and j = 2, . . . 10. Let σ̄i denote the Black implied volatility of
each Li computed from the Ti-maturity caplets (i = 1, . . . , 5) and σ̄j,i denote the Black swaption implied
volatilities of the par swap rate Si,j for the swap S(Ti, . . . , Tj ;K); the σ̄j,i’s are computed from the prices
of the given i× j- swaptions.

(a) How can we bootstrap the initial curve Li,0? Give the formulas in your algorithm in terms of the
given market data available.

(b) Suppose you must define the piece-wise approximations σ̄i(t) ≈ σi(t) for t ∈ [0, T10], i.e. approxi-
mations of the form

σ̃i(t) :=


σ1i , t ∈ [s0, s1)
σ2i , t ∈ [s1, s2)
...
σmi , t ∈ [sm−1, sm)

for some choice of the interval end-points 0 ≤ s0 ≤ s1 . . . ≤ sm ≤ T10, such that σ̃i(t) and would
lead to prices that reproduce the given market data. How many discrete values of σ̃i(t) can you
define in the piece-wise approximation, (i.e. what is m) and in which time periods are they valid?
Are we able to define σ̃i(t) for all i, j = 1, . . . 10 and for every t ∈ [0, T10]?

(c) Write your definition for each value of σki in terms of the given market data, the σ̄i’s and the σ̄j,i’s.

HINT: In order to solve this exercise, you must follow the recursive bootstrapping scheme discussed
in the lecture; you may also refer to the scripts, see Section 22.4.2.2 Reproduction of Swaption Market
Prices and Section 22.4.5 Analytic Evaluation of Caplets, Swaptions and Swap Rate Covariance. For
the ρi,j ’s one must take the Black ’76 swaption implied volatilities from a log-normal approximation
of the par swap rate, see Theorem 262 Analytic Approximation of Swaptions under a LIBOR Market
Model (Hull & White 1999) of the Scripts.

Exercise 13

Read the source code for
net.finmath.tests.montecarlo.interestrate.LIBORMarketModelValuationTest.java

in particular public void testSwaptionCalibration() and also
net.finmath.montecarlo.interestrate.products.SwaptionAnalyticApproximation.java.

Using the library, how are the volatilities σi(t) chosen to reproduce a given set of market data? Compare
with your answer to Exercise 12.

Please hand in until Thursday 12.07.2013, 12.00 in Office 230. Source code and spreadsheet (Excel/Open
Office) files should be sent to the following e-mail address: montes@math.lmu.de


