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Exercise 1

In this exercise you will create a MyBrownianMotion class, which represents several samples of a ge-
neral standard n-dimensional Brownian motion, in a structured OOP way, using as a model the
BrownianMotion class from the net.finamth library. Following are some guidelines for the creation
of the class, but feel free to use your own patterns, so long as your implementation follows the OOP
principles (encapsulation, polymorphism, creating reusable structures, and so on)

(a) The class should have a field times of net.finamth.time.TimeDiscretization type, holding
the time instants at which the Brownian Motion is simulated, two int fields numberOfPaths and
numberOfFactors giving respectively the number of paths to be simulated and the dimension of
the Bronwian Motion to be simulated, a brownianIncrements double[][][] 3-array of normal
increments whose dimensions represent the number of paths generated, the number of time instants,
and the dimension of the Brownian motion. Finally a brownianPath double[][][] holding the
time evolution of the Brownian Motion for each path, time instant and dimension should also be
present.

(b) the method call for generating the increments generateBrownianMotion(Generator generator)

should accept an enum Generator type whose values AR, INV, BM, BMAR allow the selection of
the four normal random generators we have been discussing so far (see exercise sheet 5; for bivariate
normal generators it does not matter which of the two values you pass).

(c) Remember: the variance of the normal variable generated should be equal to ∆ti for i scanning the
whole time discretisation times. So you should extract the increments from the time discretisation
field times by using the appropriate method, and then fill an array variances that will later on
be used to multiply the generated normal values.

(d) brownianIncrements double[][][] should be filled by a method
generateBrownianMotion(Generator generator) which loops on the number of Brownian
dimensions, number of times, and number of paths. At the inner loop state the correct random
number generator according to the value of that the enum generator has (you may use a switch
statement for this).

(e) * If you are feeling ambitious try to wrap your brownianIncrements double[][][] field into an
object of type net.finamth.stochastic.RandomVariable[][]. Each RandomVariable entry is
basically an array representing the different realisations, for a given time instant and Brownian
dimension, of the path increments. The value in this is that RandomVariable has many method
already implemented which in future will allow you to perform simultaneous operations on different
paths.

(f) Remember to also add any setter and getters you think you might need.

Exercise 2

Perform the following verifications using your MyBrownianMotion class.

(a) for a given simulation horizon and time step, show that W i
t and W j

t are independent for i 6= j.

(b) For t, s > 0 prove first analytically, and then using an object of the class that

E [WtWs] = min{s, t}



(c) Using the same object in the previous item, verify numerically that

∫ t

0
WsdWs =

W 2
t − t
2

(1)

by using the Brownian Integral approximation
∫ t

0 WsdWs ≈
∑n

i=0Wti∆Wti

Exercise 3

This is a theoretical exercise on the Euler scheme. Let t ∈ [0, T ], T > 0. Given an Ito process satisfying
the SDE

dXt = µXtdt+ σXtdWt, Xt0 = x, x, µ, σ ∈ R.

Let T ∆ be a time-discretization with step size ∆, that is,

T ∆ = {t0, t1, . . . , tn} , with ∆ = ti+1 − ti, i = 1, . . . , n

the Euler-Maruyama scheme X∆
t for Xt with discretization step-size ∆ > 0 is

X∆
k+1 = (1 + µ∆)Xk + σXk∆Wk,

where ∆Wk ∼ N (0,∆) are i.i.d random variables.

(a) Derive analytic expressions for E[XT ], V ar[XT ], E[X∆
n ] and V ar[X∆

n ] where n = T/∆.

(b) Let µ = 0.1, σ = 0.3, ∆ = 0.01, , x = 1, T = 1, and n = 100. Calculate E[XT ], V ar[XT ], E[X∆
n ]

and V ar[X∆
n ].


