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Exercise 6

An explorative instrument for the examination of the model assumptions in a linear regression is the
so-called residual plot, which confrontes the fitted values ŷi with the fitted residuals ε̂i. In the following
the residual plots corresponding to regressions on four different data sets are shown. Discuss for each
graphic, which of the model assumptions could be violated.

Exercise 7

Proof the five properties of the hat-matrix H from Proposition 2.2.4 of the lecture notes.

Exercise 8

Proof the two properties of the squared sum of residuals from Proposition 2.2.21 of the lecture notes.

(Hint: For the proof of part (i) use the first item of Theorem D.1.6 (ii) from the Appendix D of the
lecture notes with R = In −H, for the proof of part (ii) use the second item of Theorem D.1.6 (ii) with
R = In −H and B = (XᵀX)−1Xᵀ.)



Exercise 9

Import the file datensatz2.txt (available on the lecture homepage) in R. The data contains information
about the plane (in km2, 2. column) and the population size (in thousands, 3. column) of all 190 countries
of the world (status: 1993). We are interested in the relationship between population size and plane.

(a) Import the data set into R and investigate exploratively the distribution of the data. Why could it
be useful to transform the data? Which transformation seems to be reasonable?

(b) Compute the estimates of your regression model and interpret them for the original data as well as
for the transformed data.

(c) Compute 99%-confidence intervals for both regression coefficients and interpret them. Decide, whe-
ther the population density is depending on the country size.

(d) Now omit Germany and perform a regression on the reduced data set. Derive a 95%-confidence
interval for the population size of Germany. Is the true value covered by the interval?

(Hint: keep in mind how the prediction interval for Y0 differs from the confidence interval for E[Y0].)

Exercise 10

As results of a regression analysis (including intercept β0) the following matrices are given:

X′X =


9 136 269 260

136 2114 4176 3583
269 4176 8257 7104
260 3583 7104 12276

 , X′y =


45
648
1283
1821

 ,

(X′X)−1 =


9.6109 0.0086 −0.2791 −0.0445
0.0086 0.5100 −0.2589 0.0008

−0.2791 −0.2589 0.1395 0.0007
−0.0445 0.0008 0.0007 0.0003

 ,

(X′X)−1X′y =


−1.1635
0.1353
0.0200
0.1220

 , y′y = 285

(a) Compute the test-statistic of the overall-F-test and illustrate all intermediate calculation steps in
a table (so-called table of analysis of variances). Interpret your result.

(b) Derive β̂ββ and the diagonal elements of Ĉov(β̂ββ) and test for each regression coefficient the hypothesis,
that it is equal to zero.

(c) Determine the matrix C corresponding to the hypothesis H0 : β0 = 0, β1 = β3, β2 = 0. How many
degrees of freedom does the corresponding statistical test have?

(d) Formulate the estimated model equation for the restricted model from subtask (c).


